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2. Bsegenme

BBegenune

2.1. KpaTkoe omnucaHue

OTa KHUTa, PACCINTAHA, HA MKOJIHHUKA WIN CTYIEeHTa MIAIINX KYyPCOB, 3Ha-
KOMOI'0 C OCHOBAMH MATE€MATUIECKOr'0 MBIILIEHUS (XOPOIIEro MIKOILHOTO
y4eOHUKa MATeMaTUKU JOCTATOYHO).

MoxHo 4nTaTh €e Mo YacTAM WM IIEJUKOM; HAPUMED, PeIlaTh 331349,
npomyckas TekcT aeknun. ’Teomerpudeckas”’ 4acTh 33134 u Jeknui (mep-
BBII TOM) He OU€Hb CBA3AHA C aAre6pamvdeckor (BTOPOW TOM), a JeKIUH J0-
MOJHAIOT JUCTKHU C 3aJadaMu. 3a1a4qu pa3OUTHl HA ABEe TPYNIBL (IPOCTHIE
3aja49u 6e3 3Be3JOYKU U CJOKHBIE — CO 3BE3M0YKOM), MOXKHO DEIATh JIu60
BCE€ IIPOCTHIE 3a1a4M, JUOO BCe CJIOXKHEBIE, OO U Te U ApyTHe.

[Iporpamma Kypca B HEMAJIOU CTEIeHN OCHOBAHA Ha, IPOTPAMMe MAaTIITKO-
JIBI, ¥ COJEPXKUT MAaTEPUAI, KOTOPLIA B OOIIUX Y€PTaX M3BECTEH XOPOIIEMY
MATIOKOJIBHUKY. [[OMHBIM Kypc COCTOUT U3 ABYX YacTel, aJreOpbl U reoMe-
Tpuu. B 5TOM TOME UYMTaTENh HAWAET 3a4aYM W JEKIUU [0 TeOMEeTPUU U
TOMOJOTHHU. B IpUIOXKeHN MPUBOIATCA HEOOXOAMMBIE ONPENeTeHU U 3a,1a-
M IO OCHOBAM aHaIM3a (OmpeleteHue MOJs BEMIECTBEHHBIX YUCEN).

TFeomerpus (1-u ToMm):

e (. Merpuyeckue mpocTpancTBa. [locaeroBaTensnocTu Kommm, mpene-
JbI, TIOTIOTHEHNE MeTPUIeCKUX TpocTpaHCcTB. Teopema Xomda-Punosa.
l'eonesndeckme B MOMTHBIX MeTPUIECKUX MPOCTPAHCTBaX. BekTopHBIE
MPOCTPAHCTBA ¢ HOPMOU.

e 1. TeopeTuko-MHOXECTBEHHAs TONOJIOIUs (OIPeje/eHne HelIPEePBIBHBIX
0TOOpaXeHU!, KOMIAKTHOCTD, OTAEIUMOCTD, CYeTHasA 06a3a).

e 2. JleMMa YPBICOHA M TEOPEMa O METPU3ANUA HOPMAJILHOT'O TOIOJOT -
YeCKOI'0 IIPOCTPAHCTBA CO CIETHON 6A30M.

e 3. Teopema TuxoHOBa 0 KOMIAKTHOCTH, PABHOMEPHAA CXOIUMOCTD, Te-
opema Aprnena-Ackonun. Koncrpykmusa kpusou [leano.
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e 4. dynmaMeHTaJbHAsA T'PYIIa, CBOOOMHBIE TPYIILI, TOMOTONWYECKAS
SKBUBAJEHTHOCTD, HAKPBITHUsA [ 'anya, KOHCTPYKIUsA YHUBEPCAJBHOT'O Ha~
KPBITUSA.

Aunre6pa (2-u1 Tom):

0. I'pynmer, koasna, mogs. [lercTBuTe bHbIE 1 KOMILIEKCHBIE duciaa. Te-
opema EBximaa-I'aycca 06 0THO3HAYHOCTHM Pa3JOXKEHUs HA ITPOCTHIE
MHOXUTeNU. Pemenne mpocTenmux 1u0haHTOBLIX YPABHEHUHN.

e 1. KoneynomepHble BEKTOPHBIE MPOCTPAHCTBa. bBasuc, pazMepHOCTS.
Bununenusie, noannuuenubie GOPMbI, TBOUCTBEHHBIE TMPOCTPAHCTBA.
Onpenenenne TeH30PHOTO MIPOU3BEJEHNUS BEKTOPHBIX TPOCTPAHCTB. CuMm-
IIEKTUYECKUE W KBAAPATUYIHbIE (POPMEL.

e 2. ['paccmaHoOBa aarebpa m ONMpeneJUTENN.

e 3. Jluneunsie onepaTopsl. [lorynpocToTa, HIIBIOTEHTHOCTD. TeopemMa
Konu-T'amuabTona. 2Kopaanosa HopMaabHas (popMma.

e 3. Anre6Gpanveckue pacIIMpEHUs MoJed. APTUHOBBI KOMMYTATUBHBIE
aare6pel. Pacmmupennsa [Maaya.

4. IlpencraBieHus KOHEYHBIX I'PYIIIL.

5. OcuoBHas Teopema Teopuu larya.

[Tocnenuue 3-4 aucTka Mo reOMETPUN U 110 aJarebpe MOBTOPAIT APYT APY-
ra, Mmectamu gocjaoBHo. [lemo B Tom, uro rpynna [anya ycrpoena anajgormd-
HO (PyHIAMEHTAJIBHOU I'PYIIIE, a HAKPHITHE TOMOJOTHIECKOT0 IPOCTPAHCTBA
- KOHEYHOMY pacimupenuto moaen. Iloab3ysck srou amajormen, I'poreHmk
HOCTPOUI (PYyHIAMEHTAILHYIO TPYIILY, MOJb3YACH TOJIBKO aJdre0paniecKuMu
MeTOZaM# (9TOT pa3jIen MAaTeMaTUKU HA3BIBACTCA 9MAAbHOU 2eomempueti).

B. . ApHoJbx mpodes OCHOBAHHBIM Ha, DTOM aHAJOTUU Kypc Teopun ['a-
aya B (PU3MKO-MATEMATHIECKOM HHTEepHaTe 18; BOOCAENCTBUHM €r0 JeKIUH
6bum 3anucansl B. B. Asekceessim (”Teopema AGeast B 3aja4ax u pelieHu-
ax”).

B cury TOro, 9T0 METOIBI TOMOJIOTUH U AJITeOPHl B DTUX Pa3renaX CTOJIb
cxoxu, Teopuio [anya, GpyHIAMEHTAIBHYIO TPYNIY U HAKPHITHA MOXHO (I
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2. Bsegenme

HYKHO) M3y4YaTh [0 OJHOMY ILUIaHy. B3aumoBiusaHue aire6pandeckux u reo-
METPUYIECKUX MU DTO MATUCTPAJIbHOE HATPABJICHWE BCEU MaTeMaTUKu (a
B MOCJETHEE BPEMSA — M TEOPETUYECKOUW (PU3UKHM), a MATEMATUK, KOTOPHIA
BJIAJ€ET TOJBKO OJHUM M3 DTUX aNNapaToB, HE JydYIlle MHBAIUIA.

Marepuan >Tot KHUTH IOMXKEH ObITH B OOIIUX Y€PTaX U3BECTEH XOPOIIe-
MYy MATIHIKOJIbHUKY ¥ IIPOJABAHYTOMY ME€PBOKYPCHUKY-MaTEMaTHUKY.

Kpowme 5T0r0, mepBOKypCHUK OKEH 3HATH OCHOBBI AHAIM3A; X MOXKHO
mog4epnuyTh B y4ueOuuke B. A. 3opmua ”"Maremarudeckuu anaius” u B
y4yeonuke Jlopana [IBapma ” Anaans”.

B »Ton kHUTe aHAMM3a HET, MOTOMY 4YTO (B OTAMYHUE OT aareGphl U reo-
MeTpUH) TpPeNoJaBaHue aHAJIM3A HA TEPBOM KypCe YHUBEPCUTETA BEAeTCH
BECHbMa, MHTEHCUBHO, M HAYAJA AHAJM3A HENPEPBIBHLIX W TVIAJTKUX (PYyHKIUN
HA TPAMOU Xy10-0€HO yCBaWBaeT KaX b cTyaeHT. K ToMy Xke, M3I0XKUAThH
MaTeMAaTUIeCKUH aHAIN3 B 33a9aX He TaK IPOCTO.

CoaBTOPOM ¥ pemJakTOpPOM JUCTOYKOB ¢ 3agadaMu ObL1 [Imurpun Kaue-
IUH, KOTOpOMY aBTOp 6e3MepHO Oaarogapen. Cnacu6o Mapuue [Ipoxoposon
3a peJakTopcKyo padory Hax 3agadamu u A. X. [lleHto 3a psAI IeHHBIX 3aMe-
vauun. CTPyKTypa KHUTH OTpaxaeT nporpammy, cocrasieruyio A. X. [lle-
HeM, B. A. 'uH36ypromM u ApyruMu npemnosaBaTeaaMi MaTKIACCA, 57 IIKOJIBI,
rae yYwicsa aBTop. /[IpyruM MCTOYHMKOM HAed W BIOXHOBEHUA OBLIA yUeO-
uuku ”Teopema AGena B 3amadax u pemrenuax’ AuaekceeBa u ”TeopeMbl u
3a1a9u PyHKINOHAJLHOTO aHaau3a’ Kupumnoa u ['Bummanu.

2.2. MaTkaacchel: o6ydeHue 110 JUCTOIKAM

B 1970-e B MOCKOBCKMX MATIIKOJAX KPUCTAJLIA3OBAIACH HEOOBIIHAS (hpOpMa
obyueHua mareMaTuke. Fe BO3HUKHOBeHNEe OOBIKHOBEHHO CBA3BIBAIOT C MMe-
mem H. H. KoncranTunosa, koropuin padorara B 57, 91 u 179 mxoaax. Ilo
DTOU CUCTEME BBIYIUIUCH COTHU MATKJIACCOB, W KA IBIA BHOCHUI IIPEIIO1aBa-
TeJb HEYTO CBOE B IPOTPAMMY ¥ B MOAXOA K 00y4ueHu0. CaMbIM M3BECTHBIM
HA HACTOSAIIMM MOMEHT IIPAKTUKOM MATIIKOJIHHOT'O OOYYeHUA IO JUCTOYKAM
asaserca B. M. /laBuroBut, 3aByY MOCKOBCKOY TITKOJHI 57; aBTOPA DTOU KHU-
ru yauau A. X. [lens, B. A. ['uu36ypr, B. II. 'euaman u A. FO. BaunTpoo,
7 OH OJaroJapeH UM CBEPX BCAKOU MEPHI.

3mech OBLT OB YMECTEH MCTOPUYECKUH OY€PK MATIIKOJLHOT'O 00pa3oBa-
HUS, HO MOKA HPHUIETCA OCPAHWYUTHCA DTUM KYyIBIM cOOoOImeHueM. ABTOpD
3apaHee IPUHOCUT M3BUHEHUS BCEM, KOO OH He YIOMSIHYI.
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Huxkonau Hukoaaesuu KoncTanTunon

Cucrema sra B KaHoHUYecKou (opme ycrpoeHa Tak. OOyueHme mare-
MaTHUKe B MaTKJIacce pa3buTo Ha ABa HapaIelbHBIX mpeaMera. OObdHAA
MaTeMaTuKa (a1re6pa u "eOMeTpHs) IPENoIaeTCsA B PAMKAX IIKOIBHOW TIPO-
TPaMMBI U CBEDPX TOT'O, P DTOM (popMa 00yIeHUS HE OTJIUIAETCA OT MPU-
BeruHOU umHOBHMKaM POHO u mposepsiomum xomuccuam. [lapanrensro ¢
5TUM, TPO(hECCUOHATbLHBEIE MATEMATUKY, ACTIUPAHTHI U CTYAEHTHI, He IUCIA-
mmeca GOopMaTbHO VIUTEAAMHI, BEIYT YPOKM ‘CIEeNuaJbHOM MAaTeMaTUKH
niam ke “mMaraHaausa’ . Jacel 1eaATCsA MPUMEPHO TIOPOBHY, HO caMO OOy ueHme
“cenuasbHON MAaTEeMAaTUKe Maj0 COOTHOCUTCS CO IIKOJBHOU TPOTPAMMON,
U 3aHATUA YCTPOEHBI IPUHIUIUAILHO WHAYE.

Ha ypokax “crmenuajbHON MaTeMaTUKH HUKTO HE CTOUT Y JOCKHU C yKa3-
KOW ¥ MeJOoM; Bce (WIM MOYTH BCe) OOLIeHNe KOJIBHUKA C TPEIOJABATEIAMA
BEJeTCS 33 MApPTOW W TeT-a-TeTr, aubo B moxogax. llIkorpHukaMm BeIgaeTCA
JUCTOK C 33jJa4aMu, OOBIKHOBEHHO - TIO0 OJHOMY WJIU IBa B HEIENIO; Yepe3
KaK0e-TO BPeMs IOCJe BBIIAYU JUCTOYKA, CTYAEHTHI JOMXKHBI “CIATh 3a]a-
9u”, TO €CTh PACCKa3aTh UX MPEMOAABATEIAM Ha ypoke. [Ipu Takou cucreme
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2. Bsegenme

npemnogaBarenen Ha kaacc u3 30 deaoBek Tpebyercsa rae-to 5-10.

3ana4uu pa3OUTH HA 3a1a4u “6e3 3Be3M0uYKM’ (CIada DTUX 33134 00132~
TelbHa A BCEX) U 60Jee CIOXKHBIE 3aMa9i, OTMEYEHHbIE OJHOU WIU IBYMS
3BE3JOYKAMU. 33 a4h C OJHOU 3BE3J0YKON JOJKHBEI OBITH JOCTYIHBI CAMBIM
IPOJABUHYTHIM IIKOJBHUKAM B UX KJacCCe. 3&,118“‘11/1 C IBYMA 3BE€3J09KaMU BEChb-
Ma CJ02KHBI — YPOBHA CTYJAC€HYCCKUX HAYYIHBIX OJUMIINA I, J160 CJI0XKHBIX (a
9aCTO U HEPEUICHHBIX) Hay4HBIX Npo6aeM. /11 WHANBUAYAIBHOIO OOYYeHUs
2Ta CUCTeMa BeChMa yA00OHA - MKOJbHUK MOXET BHIOUpATH cebe 3a1avu 1Mo
mwievy, pemas au6o 00a3aTeTbHbIe 33a9u, JU00 33 a1 CO 3B€3OYKON.

[IpenonaBaTenu moxbupaioTcsa U3 YUCIA DHTY3UACTOB IIOT06HOTO 00y4e-
HUSA, TPO(PECCHOHAIBHBIX MATEMAaTUKOB U CTYIEHTOB; B OCHOBHOM 3TO — BBI-
MYCKHUKY MaTKJIAcCOB. OHM Pa3bACHAIOT IMKOJbHUKAM HEIOHATHBIE MECTA.
Takxke mMKOTLHUKAM He BO3OpaHAeTCA HAXOIUTh PEIIeHre 33129 B KHUXKKAX
au60 (KOT1a COBCEM MPUTIPET) CIPANIMBATE y TOBapuie. [[pUHATO CIATATS,
YTO DTa 4acTh OOy4YeHUA He MeHee BayKHasd, 9eM COOCTBEHHO peIleHue 3a-
naq. [lercTBuTenbHo, cBO60gHOE 0OpaIleHNe ¢ JUTEPATYPOR U CHOCOOHOCTH
paCCKa3aTh aubo BBICIYUIATH HEYTO MaTeMaTU1I€CKOE€ HE MEHEe€ BaXHa, 1eM
pelreHue 3a71a4.

O6beM mHMOpPMAIUN, YCBAWBAEMBIM INKOJLHUKOM IIPH TAKOU CHCTEME,
BIIOJIHE CPABHUM C IOJYYEHHBIM M3 OOBIYHOU IIKOJBHOU CUCTEMBI 0OydeHMUs,
HECMOTPS Ha OTCYTCTBHE “ypPOKOB” B OOBIYHOM CMBICJE. TeopeTniecKuu Ma-
TepuaJ pa3MeIIaeTcs, II0 BO3MOXKHOCTH, B TEKCTe 331349, TAKUM 00Pa3oM Jo-
601 IITKOMBHUK, YCHEITHO CIaBIINYU 3a1a4u, Oy1eT 00s3aH YCBOUTH U OCBOUThH
TeOpHIO.

Ha mpotsaxenun 1980-x mporpamMmMa MaTKIaCCOB CAOXKUIACH OKOHYATE b
HO, ¥ C T€X MOP OCTAeTCA MPAKTUIECKN HEeM3MeHHOU. B o0mmx deprax uje-
AJU3NPOBaHHasA NIPOTrpaMMa MaTIIKOJBI YCTPO€Ha NPUMEPHO TakK.

e OOGyuenue Begercs 3 wau 4 roga. Ha mepBeIf 101, MKOJLHUKA TIPUY A~
I0TCsSI OOPAIIEHUIO C MHOXECTBAMHU (DIEMEHTAPHON TeOPUM MHOXKECTB,
KJIaCCaM DKBUBAJEHTHOCTH, OTOOPAXKEHUAM, HAJOKEHUAM, BIOKEHUAM
U OMEKIUY, PABHOMOIITHOCTHY, CIeTHBIM U KOHTUHYAILHEIM MHOXKECTBAM ).
Nanaratorcs Hadaga akKCHOMATHIECKOT0 moaxoaa. OupemneasiorTcs mo-
HATHA DJIeMEHTAaPHON aareOpHl: IPYIILL, KOJbIA U 1I0Js1. BBouTcs a-
roput™M EBKimIa, ero nCooab3yioT IS JOKA3aTeIbCTBA OTHO3HATHO-
CTHU PA3JOXEHUSA HA MHOXWUTEIN B KOJBIIE IEJbIX THCE.

e Ha BTOpOM rof, MKOJbHUKY U3Y9aIOT OCHOBBL aHAIU3A (IPeIesl, Ps-
Ibl, HEIPEPHIBHOCTEL U Au(DHEPEHIUPYEMOCTh (DYHKIUU Ha MPSAMON),
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CBOUCTBA JOorapudMa ¥ HKCIOHEHTHI. V3raraercs akCHOMATHIeCKOe
OIpeJeNeHre BEIIECTBEHHBIX 9ucel (OOBIKHOBEHHO, YepPe3 I0CJIeI0Ba-
reapHocTu Komm). IIpoxoasT KOMIUIEKCHBIE YuCIa ¥ UX TeOMeTpUude-
CKYIO MHTEPIpeTanuio. BeIBOAAT U3 CBOUCTB KOMILIEKCHBIX YUCET TO-
KJECTBA A1 TPUTOHOMETPUIECKUX (DYHKIUH, KaK OObIYHbIE (hopMy-
Ja KOCHHYCOB M CHHYCOB), Tak u HeoObrdHble (popmynaa mia sin”(x)
u T.1.). Takxke u3y4aroT HaYala JUHEMHON aareGpbl (KOHEYHOMEPHBIE
IIPOCTPAHCTBA, 6A3UC, PA3MEPHOCTH ).

e Ha Tperuu roj, MKOJLHUKEA U3YYAIOT OCHOBEI TEOPUM METPUIECKUX
IPOCTPAHCTB (KOMIAKTHOCTD, MOMOJHEHUE) W TOMOJOTHH (AKCHOMA-
TUYECKOe ONpeJeIeHNe TOIOJOIHIIeCKOr0 MPOCTPAHCTBA, TOIOJOTTIe-
CKHWe CBOUCTBA METPUYECKUX MPOCTPAHCTB, AKCUOMBI OTAEJIUMOCTH).
B xypce anre6psl MIKOJbHUKKA YCBAWMBAIOT OIPEIEICHUE P-aIU9eCKUX
qucen, KiacCu(puKannio KOHEYHBIX TIOJEN U DJeMeHTH Teopuu ['arya.

2.3. Kak uuTaTh 3Ty KHUTY

B 5o kHUre ecTh ABE HE3aBUCUMBIX YaCTH OCHOBAHHBIC HA OJHOU U TOU XKe
porpamMMe: MUK JeKIA 1 MUK 331249, OHU B HEMAJIOU CTEIIeH! IOBTOPSIOT
IpPyT Apyra, U UX MOXHO YMTaTh He3aBucuMo. Sl crapaJjcsa cieaaTsb 3aga4uu
U JEKIAW He3aBUCHMBIMHU IPYT OT ApyTa.

JImcTodkm cocTtaBaeHBI TaKUM 0Opa3oM, 4TOOBLI pelleHue BceX 3a1a4d CO
3BE3J0YKON M3 OJHOTO JUCTKA OBLIO HECKOJBKO MEHEe TPYIOEMKO, YeM pe-
meHne BCexX 3a4ad 0e3 3Be3J0YKH M3 d>TOoro ke Juctka. CTymzeHTy ummeer
CMBICT NIPOYECTh BCE 33Ja49U W YCBOUTH UX (POPMYJIUPOBKY, 3aTEM PElIuTh
BCE 3aa49M CO 3Be3J0YKOM, eCau 3a1a49u 0e3 3Be3J0YKN I HUX He TPYIHBI
1 WX PeIIeHne KaXeTCsA OECCMBICACHHON 3aTPaToON TPYAa. 3aJa4du C BOCKIHU-
IaTeJbHBIM 3HAKOM HA 0 PEIIaTh BCEM.

Taxum 06pa3oM, KaxK TN JUCTOYEK IPEICTABAACT COOOU Cpa3y ABa Kyp-
ca — OIWH AJd TPOABUHYTBIX CTYAEHTOB, KOTOPHIE B OOIMUX YepTaxX 3HAIOT
IporpaMMmy, IPYTOd — I HAYUHAIOIINX.

dopmanbHO TOBOPsA, NIA MOHUMAHUA JUCTOYKOB JOCTATOYHO MIKOJLHOU
IPOrPAMMBI ¥ 3HAHUSA OCHOBHBIX OIPEEJeHNN TEOPUU MHOXKECTB (BJIOKEHUE,
HAJIOXKEHUe, OTPAHUYEHNe OTOOPAXKEHUsA, KIACCH DKBUBAJIEHTHOCTH). MHO-
rUe MKOAbHBIe y4eOHuKHU (Hampumep, yieOHuK Kommoroposa) yxke cojgep-
XKaT BCe HYXHBIE ONpeneJeHus.
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[lnst pereHnss HEKOTOPHIX 3a1a4 CO 3Be3M09YKON (0COOEHHO B KOHIE Kyp-
ca TeOMeTPHUH) U XOPOIIEro MOHUMAHUA OCTATILHOTO MaTepraa, Heo06X0 UMMO
HEMHOT'O TIOpO0HEee 03HAKOMUTHCA C TEOPUEN MHOXKECTB, B YaCTHOCTH, Ha-
YYIUThCA MOAb30BaThCA JemMmou Llopua. O6 sTom cwm. riasy 1.4.

OcranbHBIE JEKIUYM YUTATH HE 00A33aTEJIbHO, s BAAJEHUS MATEPUAJIOM
BIIOJIHE JOCTATOYHO TMpopemaTh 3aaa4u. C Ipyron CTOPOHBI, EITATHCA Pe-
IATh 3a0a9U MOAPAL U B U3OJANUKA OT MPEMOAaBATEIEN U CTYIEHTOB TOXKE
HEe OYeHb IMOJE3HO — BCErAa €CTh PUCK 3aCTOMOPUTHCA HA KAKOU-TO TPU-
BUAJBLHOU BENIW U 3aCTPATH HAAOATO. B HOpMaibHOU y4eOHOU 0O6CTAHOBKE,
Takasg nIpobaeMa pemaeTcs IPOCTO: HAJ0 CIPOCUTH APYTOr0 CTYIEHTA WIN
npenogaBarend. Keau ux HeT, HAIO MOXOMUTh, IOAYMATh, IOYUTATh KHIXK-
Ky, MOIpPO6OBATh M3YyYUTh KOHTEKCT HEMOHATHOW BEIId, TOAYMATh O TOM,
KaK MCTOPUYECKN BO3HUKIW TaKWe IMTYKU B MaTeMaTuke. [[porme Bcero Bui-
ACHATH 5TO (eCaU 3HATH AHIVIMUACKUMN), CIeIaB MOUCK Ha HYXHBIE KIIOYEBHIE
croBa B Unrepuere. Ho na cayuan, ecim Vnrepuer ue paboraer, mim ec-
JU DTO CAUIIKOM TPYAHO, WJIU MPOCTO 4TOO OTJIOXHYJa TOJOBA — MOXKHO
MOCMOTPETH JEKIWW, COMYyTCTBYOIMe 3TOMY JUCTO4YKY. OHE aJapecoBaHBI
CTYAEHTY, KOTOPOMY 3aJa4 HeIOCTATOYHO, HO YUTATh WX MOXKHO U HE3aBU-
CUMO.

Takxe B JeKIUAX COJAEPKUTCS AHTIUUCKUU TEPEBOJ KJIIOUYEBBIX CJIOB U
KPATKWW COUCOK JUTEPATYPHI, MOJE3HON s TaHHOTO MPeIMeTa.

2.4. BaxHoe 3aMedaHue

B 4yrenuu kHUT 10 MaTEMAaTHKE €CTh ABE MPOOJEMbI, KOTOPhIE HE BO3HUKAIOT
npu ounoMm oOyuenuu. [lepBas mpobiema Ha3bIBaeTCA OMEYATKU: OOIBITNH-
CTBO HAYYHBIX KHUT COAEPKAT OnedaTKd, u HeMaao. CTyIeHT Wi IKOJIbHUK,
He TOTOBBIN K DTOMY, MOXET MPOBECTU HECKOTHKO MECAIEB B TIOMBITKAX TPU-
IaTh CMBICI 3aABI€HNIO0, KOTOPOE CMEICIA HE UMeeT, IOTOMY 9TO CAEIaHO IO
ommmbke. [loporue ynrareau! Hukorga ve nymanTe, 9TO aBTOpP YMHee Bac, U
BUIUT YTO-TO, Y€r0 BBl He BUAUTE. B GOJBIIMHCTBE CIydaeB, aBTOD TAaKOU
XKe TypakK ¥ HeYTO BaXHOe UCKA3WJ, IPOIYCTUI U HAIIOPTUII.

Huxakoro Bpega B TOM HeT: UYTeHWEe KHUTU TOMXKHO OBITH 3aHATUEM
TBOPYECKUM; B eaje - COBMECTHBIM TBOPYECTBOM aBTOpa U dyuTaTestd. s
9TOT0 HEKOTODHIE aBTOPHIL CIIENUAILHO J00ABAAIOT B CBOM KHUTH ONEIATKH,
9TOOBI CTyIeHTaM OBLIO O YeM 33a1yMaThCA.

Bropasa nmpob6aema, TOXe BechbMa HEIPUATHAA — JIOIU JIOOAT YUTATH
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kuuru noapsg. [lpm sToM mouas g0 mecra, rje HEMOHATHO, JIOIU YATAIOT
5TO MECTO CHOBA M CHOBA, A0 MOJHOIO OTyIeHus. JTo Henpasuibao! Haxo
OTKPBITH KHHMXKKY Ha APYI'OM MeCTe W YUTaTb TaM, a HEIIOHATHOE MeCTO
nepeduTraTrb IIOTOM.
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1. OcHoBaHUA MaTeMaTHUKHN

OcHOBaHUA MaTeMAaTUKN

1.1. O MmaTeMaTU4IECKOU CTPOrOCTH

"TouHble HAYKW OTJIUYAIOTCA OT ~ COUMO-T'YMAHUTAPHBIX TEM, 9TO B TOY-
HBIX HAYKaX YTBEpPXKJIEHNEe MOXKHO IPOBEPUTH BOCIPOU3BOIUMBIM DKCIEPU-
MeHTOM Jau60 HabmoxeHueM. Poab BOCIpOM3BOAMMOT0 HAOMIOAEHUA B MaTe-
MaTUKe UTpaeT doka3amenbcmaeo.

Unes moxazarenhcTBAa BOCXOIUT K IPEBHUM I'PDEKAM, W JOILIA MO HAIIUX
THEeN MpakKTUuIecKu 0e3 m3MeHeHnr. MaTeMaTu4deckas TeOpusa CTPOUTCS aK-
cuoMaTu4decku. B 0CHOBe J1€XXaT HECKOJIBKO MTOCTYJIATOB — aKCUOM, ITPUHSA-
THIX KAaK HEYTO aOCOIOTHO BEPHOE; BCE XK€ OCTAIBHOE BBIBOUTCS M3 AKCHOM
OCPEACTBOM (POPMAJTLHON JOTUKH.

[Tpu Taxom moaxoae, TOKA3aTEALCTBY IMOAMCKAT 3a4ACTYIO BEIIW, UHTY-
UTUBHO O4YeBUAHBIE. VIMEHHO DTO M HA3BIBAETCA MAMEMAMUUECKOT CMPO20-
CMbi0.

Ha nmporsaxenuu uctopuu, CTaHIAPTH MATEMATUIECKOU CTPOTOCTH Me-
HAJIUCH JOBOJBHO 9acTO. OTKA3 OT CTPOrOCTH B TOIB3Y UHMYUYUL, MbIULLC-
HUSA NO GHAA02UY U I8PUCTNUUECKUT AP2YMEHMOB8 — IeJO He BCErIa BPeIHOE.
Mmuorue coBpeMeHHBIE MATEeMAaTUKN CINTAIOT, ITO IPUHATHIE B KOHIIe XX Be-
Ka CTaHIapTH MaTEMATUIECKOU CTPOrocTu (Bocxonsmme K ['uisbepTy u K
dpannysckon rpynne Byp6aku) uzaumau. Hemano 06 oTpuniaTeIsHOM BIH-
aann ['mab6epra u Byp6aku rosopua B. Y. Apuoasa.

OTyacTu OH mpaB — OOJBIIMHCTBO DBPUCTUYECKUX APTYMEHTOB MOXKHO
JOBECTH [0 MAaTEeMaTWYeCKUA CTPOTUX NOKA3ATEIbCTB IMOCPEICTBOM DPyTHH-
HOW (M He BCerja IMOJe3HOU) pabGoThl. DTy TOYKY 3PEHUs JYy4lle BCErO Bbl-
ckazaau camu Byp6aku (" Teopus Muoxects”).

... Mamemamux, sceasarowuti yoedumosca 6 noanot NPa8UuIbHOCIU,
ual, Kak 2080pam, “cmpozocmu”, dokazamesbcmea uaAl Meo-
puu, omuiode He npube2aem K 00MOT U3 Mexr NoAHLIT dopma-
AU3AYUT, KOMOPLIMU Mbl CEUUAC PACNOAG2GEM, U JaxHCE 60AbWET
YACMBIO HE NOALIYEMCA YACTUYHBIMY U HENOAHBIMU HOPMAAU3 G-
YUAMU, JOCMABAACMBIMY AA2EODAUNECKUM U OPY2UMU NOJ0OHI-
MU ucuucaenusmu. QObikHOBEHHO OH 00804bCMBYEMCA MEM, UMO
NPUBOOUM UBAONHCENUE K MAKOMY COCMOARUN, KO20aA e20 0Nbim U
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YAcTb I. OCHOBAHUS MATEMATUKHA

YYMbe MAMEMATNUKG 2080PAMN €MY, UMO NEePesod Ha Gopmaiu3o-
8aHHBIT A3bIK ObLL Obl MENEPL AUWD YNPAHCHEHUEM 6 MEPNEHUY.
Ecau eo3nukxaiom commenus, mo, 6 KOHEUHOM CUEME OHU OMHO-
CAMCA UMEHHO K 803MONCHOCU NPUTMU Oe3 08YCMbICACHHOCMU
K makot Gopmasu3zayuy — ynompebasioch Al 00HO U MO He
CAOBO 6 PASHBIL CMBICAGL 8 3ABUCUMOCTYU O KOHMEKCMA, HO-
PYULAAUCH AU NPABUAL CUHMAKCUCE OECCOZHAMEALHBIM YNOMpe-
baenuem cnocobos paccyrcoenus, He Pas3peuLGembly S6H0 IMUMU
nPasUAAMU, ObLAG AU, HAKOHEY, COBEPUWENA HarMuuecKas ouuo-
ka. Texcm pedaxmupyemcs, 6ce Ooavuie U 004bWE NPUOAUNCA-
ACL K POPMAAUI06AHHOMY MEKCMY, NOKA, NO MHEHUN CNEYUQ-
AUCM08, daabhetiwee npodoaxcenue smot pabomvl He CMaHem
UBAUUHUM.

WaaumHsas yBJae9eHHOCTE (DOPMATbHBIMU METO JAME, BO3MOXKHO, JeUCTBH-
TeJbHO BPEIHA, HO B OOYYEeHHH CTYIEHTOB 0e3 MaTeMaTHIeCKOU CTPOrOCTH
He obouTuchk. [IpodeccnonalbHBIE MaTEMATUK CIOCOOEH JIEMKO ONPEIeIUTh,
KOT'/[Ia, DBPUCTUYECKUN apryMEHT MOXHO $OpMaAU308aMb, TO €CTh JOBECTH
10 M0001 TpeOyeMOU CTeeHr MaTeMaTUIeCKOW CTPOTOCTH; HO DTy CIOCO0-
HOCTb MOXKHO IPHOOPECTH, TOALKO YIPAXHAACH B MOAYyYeHUN (HPOPMAILHO
CTPOr¥MX JOKA3aTEIbCTB.

1.2. O ¢popmasbLHOM MeTOdE

dopMaIbHBEIM METOJ BOCXOAUT K [ 'miIbbepTy, KOTOPBIM HAIEAICA, ITO C ero
MTOMOIIBIO yIacTcAa 060CHOBATH MaTEMAaTHUKY. Ko HaTeX bl He ONPaB TaJIUCh,
6marogaps TeopemaM l'egens o HemonrnoTe. Ho n cendac popMaibHBIA METOT
0CTaeTCsA MNPOCTEHIINM (M JIydIle BCEro Pa3BUTHIM) METOJOM IOCTPOEHUS
OCHOBAHUU MaTeMaTUKH.

dopmasnbHas Bepcus MaTeMaTHKH yCTpOeHa Tak. Maremarumdeckas Te-
OpHA ONKUCHIBAET CBOMCTBA OMPEJIEJEHHBIX OOBEKTOB, C IIOMOIIBI0 AKCHOM I
mpaBui BeIBOJAA. CymIHOCTBH DTUX OOBEKTOB ¢ (POPMAIBLHOU TOYKM 3DEHUS
HEMHTepecHa - mo 3amedanuio ['manbepra, “caedyem dobumbcs mozo, umo-
Obl BMECNO MOUEK, NPAMBIE U NAOCKOCMNELN C PABHBIM YCNETOM MOHCHO ObLAO
2080PUMb 0 CMOAAT, CMYALAT U NUBHHLIT Kpysxrckar”. IIpaBura BEIBOIA CyTH
dhOpMaTbHBIE OTIEPAIMH HAl YTBEDXK IEHUAMU; BEPHBIM (T0KA3AHHBIM) HA3bI-
BAeTCA TaKOe YTBEPXKIeHNE, KOTOPOE MOXHO BBIBECTH M3 aKCHOM.
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1. OcHoBaHUA MaTeMaTHUKHN

David Hilbert
(1862 — 1943)

DdopMaabHBI METO MOAPA3yMEBAET, YTO HUKAKOU CBA3M MEXIY MaTe-
MaTHYIeCKUM MHPOM M MHUPOM, OKPYXKAaIOIINM Hac, HeT BOBce. B kadecTse
6a30BBIX MOHATUN U AKCHOM MOXHO OpaTh 9TO yroguo. [las Toro, 9Tob sToT
MeTO1 060CHOBAHUA MATEMATUKY CUUTAJCA JeMCTBEHHBIM, HEO6X0IMMO (Kak
MUHVMYM) AOKa3aTh, YTO U3 MCIOJb30BAHHOIO HAOOPA aKCUOM HEIb3S II0-
JY9UTh MPOTUBOPEYNS - WHAYE B DTOU Teopuu OyaeT BEPHO 41000€ yTBEp-
Xk jerue. [lenCTBUTEILHO, " UMILTUKAIUA C JOXKHOM IMOCLLIKOM UCTUHHA . DTO
CBOMCTBO CUCTEMBI aKCHOM HA3LIBACTCA HEIIPOTUBOPEYUYUBOCTD.

Takxe HYXHO T0Ka3aTh, YTO JIOO0E YTBEPXKCHNEe MOXHO TOKA3aTh JH-
60 ONPOBEPIHYTb, UCXOASA M3 AKCHOM. IJTO CBOMCTBO TEODUU HA3BLIBAETCA
nojaHOTa. B mporuBHOM caydae GopMaJbHOE ONMMCAHIE MATEMATHICCKAX
00BbEKTOB HEAJEKBATHO UX CYIIHOCTH, XOTsA DTO HE TaK IIPOCTO BUIETH.

[les0 B TOM, 9YTO MaTeMaTHIECKIM OOBEKTaM MOXKHO IPUIKMCATHL Peadb-
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YAcTb I. OCHOBAHUS MATEMATUKHA

HOCTBH 06€30THOCHTEJIbHO K aKCHOMaM, KOTOPbIE UMK OMUChIBafoTCA. CKaxeM,
aKCHOMBI apu(pPMEeTUKM ONUCHIBAIOT TEOPHUI0 UHUCeN, HayKy O peIleHUu’ IUO-
(aHTOBBIX ypaBHEHUW (YDABHEHWW B IEJbIX YMUCJIAX). YTBEpXKIAeHue ~ypas-
nenue P(ty,ts,...t,) = 0 ne umeem yeaouucaenwnix pewenud ty, ...t,” Moxer
BBIBOAUTHLCA U3 akcuoM apudmeruxu (akcuom [leaHo), a MOXKeT U HE BBIBO-
muThbesi. Bo BTopoMm caydae, MOXeT CAYYUTHCA, UYTO ypaBHEHHE UMeEeT pe-
meHusA. MoxeT CIyIuTheA W TaK, 9TO U3 aKCUOM apu(pMETUKUA HEBO3ZMOXKHO
BBIBECTU HU HaJUYUA, HU OTCYTCTBUA pemeHHﬁ.

Korga B kakou-to Teopun ecTh yTBepkKaeHme (), KOTOPOE HEAb3s BHIBE-
CTU U3 aKCHUOM, U IPU DTOM HEJIb3s BHIBECTH U3 aKCHOM €r0 OTpUIaHue ~He
()7 — oTa cucTeMa aKCHOM Ha3BIBACTCsA HETOJIHOM.

"MaTeMaTH4IeCcKO PeaJbHOCTH TaKad CHCTEeMa aKCHUOM, OYeBUIHO, He-
ajekBaTHa. [[eNCTBUTENBHO, MPEANOJOXNM, UTO MCXOoada u3 akcuom Ilea-
HO, HEJB3S HU [0KA3aTh, HU ONPOBEPIHYTH yTBepkiaeHue () " ypaBHeHUE
P(t1,to,...t;,) = 0 He UMeeT UENOYUCIEHHBIX DemeHud iy, ...t,". B srou cu-
rTyauuu ypasuenue P(ti,ts,...t,) = 0 Taku He uMeeT pelreHuu, 6O, ecau
OBl Takoe pereHne ObLIO, MBI OBl MOTJIM €r'0 TOJCTAaBUTh B ypaBHEHWE, U
MOMYYUTH TeopeMy () JTOoXKHO” .

B sTon curyanum pasroBop O UHCIAX, ANELTUPYIOMUA K yVTUIATAPHO-
MYy TOHUMAHUIO YUCIa, TOPA3a0 CoAepKaTeIbHEe PAa3roBOPa 0 (POPMAIBHBIX
aKCHOMAaX U CJAeNCTBUAX. /[eNcTBUTEIbHO, POPMATLHO TOJIYIUTD () KaK Cae-
CTBHE aKCHOM HeJb3s, U00 TeOpus HeloJIHa; HO () TeM He MeHee BEPHO, 4TO
ACHO M3 HEBO3MOXHOCTM €r'0 ONPOBEPIHYTH (y ypaBHEHUs JubGO HeT perre-
HUH, 1160 OHU €CTh — TPETHEro He MaHO).

lmabbepr Hamesncs, 9To cucreMa akcuoM lleano (u mupe — cucrema
AKCMOM TeODPUM MHOXECTB, JeXABIIEH B OCHOBE MATEMATUKU TOT'O BPEMEHN )
MIOJIHA, ¥ HEMPOTHUBOpeunBa. /[0Ka3aTeabCTBO DTOrO (PAKTUIECKU TOKA3AJIO0
OBl SKBUBAJEHTHOCTH (POPMAJIBHOIO METOA U yTUIMTAPHOIO (OCHOBAHHOI'O
Ha eCTeCTBeHHO—Hay‘-IHOfI I/IHTyI/I]_II/II/I) npeancraBJeHUA O YUCIaX U O MaTeMa-
TUKE.

ODTOr0 He CIYYUIOCH.

K xonny 1920-x romos, ¢opmaabHas nporpamma [‘manbepra 6au3miach
K 3asepmenuio. B 1930-m roay moasckuu martemaruk Aabdpen Tapckun
PA3BWI CUCTEMY aKCHOM JIJs DJEMEHTAPHOU TeoMeTpuu, 6omee PopMaTLHYIO
u cTporyio, ueM y ['manbepra, u J0Ka3aj, 9TO DTa CUCTEMAa aKCUOM TIOJHA U
HEIIPOTUBOPEIUBA.

Ho B camom madgaae 1930-x, coBepimeHHO Heoxumanuo, Kypt ['egens mo-
Ka3aJ JBe TEOPEMBI O HEeMOJIHOTe, KOTOPhIE He OCTABUIN KaMHA Ha KaMHE OT
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nporpammer ['mas6epra.

['egens moxaszan, 9TO HE OLHA TOCTATOYHO OoraTas ¢opMajabHasg TeOpus
He MOXeT OBITh MOJHA; TaK¥Xe OH JOKa3aJ, YTO T0Ka3aTeIbCTBO e€e Helpo-
TUBOPEYUBOCTHU TOIYIUTE HEB03MOHCHO.

Kurt Godel
(1906 — 1978)

DdopManbHBI METO MOJY YU TIOPAXKEHNE, 3 AKCHOMATHIECKOe TTOCTPOe-
HUE MaTeMaTuKu ObLIO 3HAYUTENHHO NUCKPEIUTUPOBAHO.

1.3. Teopusa MHOXECTB U €€ aKCUOMAaTHU3aIIUA

[lonoTHUTEIBHYIO OCTPOTY KPU3UCY NPUAABAIA NAPAJOKCHL MEOPUU MHO-
scecms. [leno B Tom, 9TO B npeacTaBienun [ mabbepra u COBPEMEHHBIX €My
MaTEeMAaTUKOB, eCTECTBEHHBIM (PyHIAMEHTOM [JIi MATEMATUKU MOTJa OBITH
TOJTHLKO TeOpus MHOXeCcTB, pa3paboranHas KanTopom B koume XIX Beka.
Ho B maugame XX Beka, B TeOpUU MHOXECTB 00HAPYXUINCH HEYCTPAHUMBIE
MIPOTUBOPEINA.

"HauBHasg Teopus MHOXKECTB  HMEeT JIeJ0 C MHOHNCECMBaMU — JTIOObI-
MM COBOKYIMHOCTAMU OOBEKTOB, KOTOPHIE HA3LIBAIOTCA ~DIeMEHTAMU MHO-
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XKeCcTBa” . YTBepxKaeHNe ~ ¥ ABIAETCA daeMeHToM X~ 3amnuceiBaeTca © € X.
Orpunanve ero 3anucsiBaercsa r ¢ X.

MoxHO roBOpuUTh 0 "MHOXKECTBE BCEX MOCJAEI0BATEIBHOCTEN , ” MHOXKE-
cTBe Bcex OykB asdaBuTa’, ”MHOXKECTBE BCEX CJIOB”, W NPOAEJIBIBATH HAJ
TAKAMU MHOXKECTBAMU €CTECTBEHHBIE onepanuu (nepecedenns, 06 beuHeHUs
u 1. 1.). ITogmMHOXKECTBOM MHOXKeCTBa X HA3BIBAETCS JI060€ MHOXKECTBO
X' Takoe, uTo Bce naeMeHTH X' apasiorca saemenTamu X . Orromenne ” X'
ABJIAETCA TOAMHOXecTBOM X 7 3anuceiBaerca X' C X.

"IIycroe MHOXecTBO” (0603HaUaeTcs () He UMeeT BIEMEHTOB BOBCE.

KanTop He 1o6muBaJjca abCOIIOTHON CTPOrOCTH B T€OPUU MHOXeCTB. [lep-
Bas MOMBITKA MTOCTPOUTH TEOPHUIO MHOXKECTB CTPOT0 U AKCUOMATUIECKHU TP~
HapIexana ['orTiao6y dpere, KOTOPHIN NPEATIOIATAT, YTO MOJYIATCSA JOTH-
YeCKU BBIBECTM BCI0 MAaTEMATUKy U3 CAMOOYEBUIHBIX MOCTYJIATOB TEOPUU
MHOXECTB (3TOT IOAXO K OCHOBAHUAM MATEMATUKU HA3BIBAETCA ~ JIOTAIIU3-
moMm”). Tlocrpoennyo Ppere Teopuio HA3LIBAIOT ~HAUBHOU TEOPHUEM MHO-
xecTB”. OHa HeBepHA (COAEPKUT MPOTUBOPEUNA).

CaMoe mpocToe 3 MPOTUBOPEYNH HAMBHON TEOPUU MHOXKECTB OBLIO 00-
Hapyxeno beprpanom Paccerom B 1901 rogy. Pacemorpum MHOXecTBO A
Bcex MHO¥XecTB X TakuX, 4To X He fABIgeTcA smreMeHToM X. Bymer qam A
npuHaanexath A? Ecau A He mpunamiexut A, To A TOTXHO GBITH CBOUM
saemeHTOM. To ecTh opManbHbM ciencteueM A ¢ A asaserca A € A.

OTOT MapajgoKc — (opMa XOPOIIO U3BECTHOI'O ~MapagoKCa MUPIOJIbHU-
ka”. B omHOM cese XuBeT MUPIOJBHUK X., KOTOPHIN OpeeT BCEX XKUTENeHu,
KpOMe Tex, KOTOpbie OpefoT cebs camu. Bpeer au nupioasauk X. cam cebs?

Co Bpemen Paccerna moaydeHO MHOXECTBO MapagfoOKCOB HAWBHOU TEOPUU
MHOXecTB. OHHE BCe CBOAATCA, TPy0O0 TOBOPSA, K TOMY, ITO CTPOUTCA ~ CJAUIII-
KOM 60JIbIIoe” MHOXKECTBO, KOTOPOE M MPUBOIUT K MAPaATLOKCAM.

Pacces u YauTxen noctponin BepCUI0 TEOPUU MHOXKECTB, CBOOOTHYIO OT
M3BECTHBIX TapaJOKCOB, HO OHA OKa3ajach HeymoOHa. Bosee ymobuas Bep-
CUs AKCHMOMATHYECKOW TeOpUU MHOXKECTB ObLia paszpaborana J. llepmeno B
1908. B 1922 A. ®penkeab IOMOJHUI DTy CHCTEMY AKCHOM; COBDEMEHHAs
BEpPCHA AKCHOMATUICCKON TEOPUM MHOXKECTB HA3LIBAETCA CUCTMEMI GKCUOM
Lepmeno-Ppenkeas (ZF). Oraudue 5TOU BepCUU TEOPUU MHOKECTB OT HAUB-
HOM OBLIO B TOM, 9TO ~waaunide 6oabmux’ MHOX)ecTB [lepmeno-Dpenkens we
ponyckanau. Ix Teopus omepupoBaJa He " BceMu MHOXECTBAMMU, a TOJIHKO Te-
MM, 9b€ CYIIeCTBOBAHUE MOXKHO N0Ka3aTh (BHIBECTU U3 aKcuoM). Taxue MHO-
XKeCTBa KOHCTPYUPYIOTCA U3 APYTUX MHOXECTB IMOCPEJICTBOM HAOOPa 4eTKO
ompeeJeHHbIX omepaiui. V mapamoKcalibHble 0OBEKTHI, TAKWe, KaK ~ MHO-
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JKEeCTBO BCEX MHOXeCTB”, B cucTeme akcuom llepmeno-Ppenkens npocTo xe
CYWECNBYIOM.

HoBoabHo noaro (Bmaors g0 lenens) MareMaTuku HaIeAIUCH, 9TO TEO-
pus muoxecTsB llepmeno-Ppenkens noaua u HenporusBopedunsa. Cendac ACHO,
9TO OHA HENOJHA, U, BO3MOXHO, IPOTUBOPEYNBA (BO BCAKOM CJIydae, HEIPO-
TUBOPEYUBOCTD DTOUM CUCTEMBI AKCHOM [OKA3aTh HEBO3MOXKHO, U 3TO (GaKT).
Tem He MeHnee, B GONBIIMHCTBE BEPCUU ~OCHOBAHUU MATEMATHKH MaTeMa-
THUKa 6a3UPyeTCs HA TEOPUH MHOXKECTB.

B o6ydenun maremaTwke, HAM HOPUXOAUTCA MOCTyHaTh Tak xe. OTda-
CTH DTO CBA3aHO C TeM, YTO AJIbTEPHATUBHBIE IOAXOABI (KOHCTPYKTUBHAS
MaTeMaTHKa, TEOPUsA KATErOopui W JAPYrue) TpyAHEe W MeHee M3BECTHHI. A
OTYACTH C TeM, 9TO GA30BBIE MOHATUA TEOPUH MHOXKECTB (0TOOpaKeHuU,
MPOM3BENEHNE MHOXKECTB, MOJIMHOXKECTBA, OMEKIINN, KIACCHI DKBUBAJIEHTHO-
cTH) HEOOXOAMMBI MATEMATHUKY B JIO0OM CIydae.

Byp6aku KOMMEHTHPYIOT BO3BMOXKHOCTE IPOTUBOPEINN B OCHOBAHUAX Ma-
remaruku TakuMm o6pazom (" Teopus muoxkecTB”).

3a 40 aem ¢ mezr nop, kax copmyauposasu ¢ Jdocmamounot
MOUYHOCMBIO AKCUOMBL Teopuy MHOMCECTNE U CMAAU U3BAEKAND
U3 HUT CACICMBUA 8 CAMBIT PA3HO0OPA3HBIT 00AGCTNAT MAMEMA-
MUKY, ewe HU Pa3y HE 8CMPEMUALOCL NPOMUBOPEUUE, U MONCHO
C 0CHOBAHUEM HADEAMbCA, YMO OHO U HE NOABUMCA HUK02Dq.

Ecau 6bl deao u caoxdcusoch unaue, mo, KOHeuHo, 3aMEUEHHOE
npomueopeuue 0biao Obl BHYMPEHHE NPUCYULE CAMUM MPUHYU-
nam, NOAOHCEHHbIM 6 ochosanue Teopuu MHoKHCECNS, a4 NOMOMY
HYHCHO Obla40 Obl 6UIOUSMEHUMb IMU NPUHYUNDL, CMAPAACL TO
B03MONCHOCTNU HE CMABUMDb NOJ YePO3y Mme Yacmu MaAmemamu-
Ku, Komopvimu 6oaee dpyeux dopoxcam. U sacrno, docmuub amoezo
mem 60aee Ae2K0, YMO NPUMEHEHUE AKCUOMAMUYECKO20 MEMO-
da u GopMasu308anH020 A3BIKG NO3E0AUM HOPMYAUPOBAML IMU
NPURYUNDLL O0Aee YEMKO U 0MAEAAMb OM HUT caedcmeus boee
onpedesenno. Bnpouem, npubiu3umetsbro 3mo u NPou3owio He-
dasno, Ko2da yempanuau napadorcevr Teopuu muoxcecms npuns-
muem Gopmaau3osanno2o szvika. Ilodobuyto pesusuio caedyem
NPEONPUHAMD U 6 CAYUGE, K0200 IMOM A3bIK OKAHCEMCA 8 CE0N
ouepedv NPoOMUBOPEUUBDIM.
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1.4. TepMmunogorusa u 6ubsuorpadpusn

[To amrmmucku, Teopus MHOXKeCTB HasbiBaercsa set theory, llepmeno-Ppen-
keab — Zermelo-Fraenkel. B anrauuckon sepcun Bukuneann ocHOBaHUA Ma-
TEeMaTUKN M3J0XKEHBI BeCbMa MOAPOOHO, 0COOEHHO DK30TUYECKUE U AJTbTEp-
HaTUBHBIE Bepcuu. [lonyaapHoe nznoxenue ¢hpopMaIbHOTO METOIA U €0 UCTO-
puu ectb B " Teopun muOx)ecTB” Bypbaku. [lone3usit yuebHuk Teopun MHO-
xkectB - Teopus muoxectB” Kyparosckoro m MocToBckoro. Buorpadus
['mas6epra — "TI'manbepr”’, Koncranc Pun.

Harypdurocodpckue acnextsl TeopeMm ['enens moapobHO 06CyX)Ta0TCSA B
kuurax P. [lempoysa "Hoswii pasym mmneparopa”’ (”The Emperor’s New
Mind”) u ” Ternu pasyma” (”The Shadows of the Mind”).
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2. OcHOBHBIE HOHATHA TeOpuu MHOXECTB

OcHOBHBIE MOHATHUA TEOPUU MHO-
XKEeCTB

2.1. O6Go3HavYeHUsT TEOPUU MHOXKECTB

I'. KauTop ompenensan MHOXeCTBO Tak: ’ MHOXeCTBO eCTh MHOTO€, MBICIHU-
MOe HaMu Kak equnoe” . ['oBops 4yTh 6oaee cTporo, ” MHOXeCTBO 3T0 equHOE
UM I COBOKYITHOCTH BCEX OOBEKTOB, 003 Jal0MUX TAHHBIM CBOUCTBOM”
(roxe Kanrop).

B HamBHOU TeOpuMM MHOXKECTB, MHOXECTBO €CThb ~JI00asg COBOKYIHOCTH
00BEKTOB, HAa3BIBAEMBIX dIeMeHTaMu MHOXecTBa . Bo msbexkanue mpotu-
BOpE€YNH, KOTOPLIMU CJIABUTCA HAWBHAS TEOPUS MHOXKECTB, DTO OIPeIeIeHIe
IPUIETCA HECKOJIBKO U3MEHNTh, 0TOPOCHUB ~ M3auiiHe 60bire” KJIaCChl MHO-
XKecTB. MHOXecTBa PaBHBI, €CJIM OHM COCTABJEHBI U3 OMMHAKOBBLIX DJAEMEH-
TOB.

MuoxecTBO S clreayeT MOHUMATH KaK CBOETO PO YEePHBLIN ANUK - IJIA
KaXJI0ro O0OBEeKTa X, DTOT HYEePHBIU AMWK yMeeT OTBeYaTh HA BOMPOC —
"npunanrexuT au r MuHOxkecTBy S’ 7 Boabme mudero S meratn He ymeer.
[lBa MHOX€CTBa paBHBI, WK X€ COBIAJAIOT, €CIU OHU OTBEYAIOT HA DTOT
BOIIPOC OJWHAKOBO.

Ecau z npunaniexur S, 570 o603HavaeTcsa x € S, wau S O T, eCIu He
NPUHALIEKAT, DTO 0003Ha4aeTcsa ¢ ¢ S. 1o o6o3HadeHue (Kak u GOIb-
IIXHCTBO APYruX 0003HAYEHWU IS JOTMYECKUX OmepaTopos: J, N, U m Tak
nanee) npugyman /Ixysenne [leano B koune XIX Beka. B arux 0o603na4venu-
AX, PaBEHCTBO MHOXKECTB MOXHO 3alliCaTh TakK:

5'1:52<:>(Vx | 37651@37652)

"MuoxecTBa S; 1 Sy PaBHBI TOT'JIa ¥ TOJBKO TOTJAa, KOTAa IS J000TO I,
T € S1 paBHOCUIBHO € Sy”. 3Ha40K V 0603Ha4YaeT ” 1A KaxkKJ0T0”, a <& —
DKBUBAJEHTHOCTDH yTBEPXK el (”Torga u Toabko Torga”, ” paBHOCHIBHO” ).
TTogMmHOXecTBOM MHOXeCTBA S HA3BIBAETCA MHOXECTBO S, HEINKOM
comepxkaimeecs B S. DTo o6o3uadaerca S; C S (0603HAaYEHNE BBEICHO DPH-
crom IIpexepom B 1890). B morudecknx 0603HAICHUAX, MOKHO 3AMUCATH

S;cSe (Vx| z€8Si=xz€8)
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B srou dopmyse cTpeaka = 0003HaYaeT uMmInKanuio (7 caeqoBaTenbHo” ).
Wrorga sro xke camoe sanucbiBaor S DO Si. Ecimm Sy C S7 m S7 C 5o,
MHOXeCTBa S; u Sy PABHHL.

[MogmuoxkecTBO S7 C S, He coBmajawmee ¢ S, HA3LIBAETCA COOCTBEH-
HBIM IO JMHOXECTBOM. JT0 o6o3Hadaercsa 51 C 5.

[Tycroe mHOXecTBO 0603Ha4aI0T (); TO 0603HAYEHNE BIEPBLIE IOABUIOCH
y Bypb6axu, u npunamiexur Auape Bemrio.

MHOXeCTBO BCeX HMOIMHOXKeCTB S 0603HadaeTcsa 25,

3aga4a 2.1. Ilycrs S — KOHEYHOE MHOXECTBO U3 S 2JeMeHTOB. /[Jokaxure,
410 2% — KOHEYHOE MHOXECTBO 13 2° IeMEeHTOB

Ecau S, n Sy — 1Ba MHOXECTBa, MOXHO TOBOPUTE 00 X 06be AMHEHUN
S1 U Sy (MHOXeCTBe BCEX DIEMEHTOB, MpUHAAIeXammxX S; uau Sy) u nepe-
ceyenuu S; N Sy (MHOXECTBE BCEX DIEMEHTOB, TpUHALIEKAMNX S; U So).
dopMaTbHO 00BbeTMHEHNE ONPENEadeTCA TaK:

SiUSy; = {LE | (I < Sl) vV ($ € SQ)} (211)

B srou dopmyre {x | P(x)} o6o3HauaeT "MHOXKECTBO BCEX I, YI0BJIETBO-
psromux P(z)” (sTo o6o3nadenne npuHamiexut Kanropy). Cumsoasr V u
A osHavaoT “wian”’ u "u” (MCnoab3oBaTh V 1A 0003HAYEHUA TU3BIOHKIIUN
nepseM cTal B. Paccen; BMecTo "u” Paccenr ucnoaszoBar TOUKY).

3agaga 2.2. 3anumure S; N Sy Gpopmyaon, anansorudson (2.1.1).

Ecan 3amanbr MHOXecTBa S; 1 Sy, MOXHO ONpENEJUTh MPOU3BEIECHUE
S1 X Sy — MHOXKecTBO Beex map (z,y), rae x € S1, y € Ss.

omomuenue muoxecrsa A 1o moamuoxecrsa B C A - MHOXECTBO BCeX
a € A, koropsie He aexar B B. [Jonorxenue o6oznadaercsa A\B.
2.2. CooTBeTCTBUSA N OTOOpaXKEHUSA
[Iycrs Si, Sy — muoxecTrBa. CooTBeTcTBHMeM! HazbIBaeTcA I1060€ IO/I-

MHOXeCTBO P C S7 X Sy. Ecau napa (z,y) npunanaexut P, roBopaT ”cooT-
BercTBue P BhimonHeHo aas napsl (x,y)”. Dro obosnavaerca P(z,y).

1COOTBGTCTBI/Ie MHOI'Ta HA3BIBAKOT COOTHOIIIEHUEM. OTO CMHOHUMEL
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CooTrBeTcTBUE OOBIKHOBEHHO 3a0a€TCA KAKOU-IuO0 (DOPMYJIOU: HATIPU-
Mep, ecau S; U Sy 5TO MHOXECTBA BEIECTBEHHBIX YHUCET, (OPMYILl T < Y,
T > Y, T # Y 3a1a10T COOTBETCTBUS.

OTobpaxenuneMm, wim pyaknuen [ : S; — S, HazEIBaeTCAa Takoe
coorBercTBue 'y C 57 X Sy, 9T0 An1a Kaxgoro x € S; CymecTByeT eJuH-
CTBEHHBIN dJeMeHT Yy € Sy Takou, ¥ro (z,y) € I'y. Muoxecrso I'y B aTon
CUTyaluu Ha3biBaeTCcsa rpadukoM (yukiuu. 3Hadennem GyHKuuu [ Ha
pJeMeHTe T € S] Ha3BIBAETCA TOT €IUMHCTBEHHBIM Yy € Sy, MIA KOTOPOrO
(z,y) € T'y. Dro 0603na4aerca Tak: y = f(x).

Dyuxknmio gacto 3aga0T Gopmynamu: ecan S; U So DTO MHOXKECTBA Be-
IMECTBeHHLIX 9YHUCed, TO GOpMyasl T — 22, © — |z|, * — = + 2 3ajgafoT
0TOOpaXKEHNS.

Caegyer mymarsh mpo (PYHKIUU KaK PO HAOOP MPABMI, CTABAIIAX B CO-
OTBETCTBUE KaXAOMYy T € 5] HEKOTODBIN dIeMeHT So.

Orobpaxkenne m3 MHOXeCTBa B cebs Ha3bIBaeTCsA HMpeoGpa3oBaHMEM
MHOXeCTBa. T0OX JeCTBEHHOE IIPE06pPa30oBaHMe MHOXECTBA S MEPEBOIUT
kKax et £ € S B cebsa. Ero rpaduk HasbiBaeTcs JuaroHanbio. 10X 1ecTBeH-
HOe mpeobpasoBanue S o6o3nadaerca Idg : S — S.

Ecau f: S — Sy, g: Sy — S5 n1Be PyHKINM, MOXKHO ONPEIETUTEH UX
KOMIIO3UIMIO f o g, cTaBamyio B coorsercreue T € S1 g(f(x)) € Ss.

3ama4a 2.3. Ilycts f: S1— S5, 9g: So— S35, x: S3— S, — Tpnm
dyakuun. [JoKaxnuTe, 9T0 KOMIIO3UIUA yIOBIETBOPAET CBOMCTBY ACCOIH-
ATUBHOCTH

fo(goh)=(fog)oh

3amedanme 2.1. Uuorga 3Hadok o 0003HAYAET KOMIIO3HUIIAIO OTOOpaXKe-
HUI, TPUMEHEHHYI0 B apyrom mnopsanke: ue g(f(z)), a f(g(zx)).

Ecau f(z) =y, y HassiBaeTCsa 06pa3oM , a £ — IPpoo6Gpa3om .

O6pasom S; (o6osmaugaercsa f(S;)) upu orobpaxenun f : S; — Sy
HA3BIBAETCA MHOXKECTBO BCeX Y € So, KOTOPHIE ABIAIOTCA 00pa3aMy KaKhX-
TO X € Sl.

ITpoo6pa3 noamuoxectBa Ry C Sy - MHOXKECTBO BCeX DIEMEHTOB & € St
mepexonAmnux B daeMeHTH FRp; o6pa3 moamHoxecTtBa R; C S; - coBo-
KYIHOCTBL BCEX DJIEMEHTOB, IIOMy9eHHBIX KaK 00pasbl a1emeHToB K. O6pas
noaMHOXKecTBa o6o3nadaerca f(R;), mpoobpas — f~1(Ry).
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Orpaunyenuem ¢yukmuu f : Sy — Sy Ha moamHOXecTBO IRy C S
HasbBaeTCA Gynxuua f| 1 Ry — Sz, KoTopas Ha KaxgoM = € R; mpunu-
1

Maer 3Hadenue f(x).

Dyuknua [ : S; — S, HA3BIBAETCA BIAOKEHUEM, UM MHHEKITAEH, U1K
WHBEKTUBHBIM OTOGPAXEHUEM, eCau 1A PasHbix T,z € S, ux o0passl
He paBubl: f(x) # f(2').

Dynkuua f: S; — S, Ha3LIBaeTCA HAJOXKEHHEM, IUIN CIOPHEKIINEH,
WIM CIOPBEKTUBHBIM OTOGpaxenumem, ecau f(S;) = Sy; uHade rosops,
KaX bl iy € Sy ABIAETCA 00PA30M KAKOIO-TO DJIEMEHTa Si.

Ecmu ¢pyukius f: Sy — Sy — OIHOBPEMEHHO HAJOXKEHUE U BJIOXKEHUE,
OHA HA3LIBACTCA OMEKIUen, nau OMeKTUBHBLIM 0TOOGpakeHueM, uin B3a-
MMHO OJHO3HAYHBLIM OTOOpaKeHumeM, min 0GpaTHUMOH.

3ama4ga 2.4. Ilycts f: S1 — Sy — Gueknusa. /lokaxuTe, ITO CyIIIECTBYET
oTrobpaxenue g : So — S Takoe, YTO KOMIIO3UIUA [ 0 g — TOX JIECTBEHHOE
npeobpaszoBanue S, a g o f — ToXgAECTBEHHOE TIpeobpa3oBaHue So.

Omnpenenenne (HyHKIUEI Yepe3 MOAMHOXKECTBA MPOU3BEICHUSI MPUHATO B
BEPCHUM OCHOBAHUU MATEMATUKW, KOTOPasA 6A3UPyeTCsA HA TEOPUN MHOXKECTBR.
B apyrux BepcusAx OCHOBAHWNM MATEMATUKU OCHOBHBIM SIBJIAETCA TOHATHUE
(pyukuum, 3a1aHHON (POPMYIOU JUOO KAKUM-TO AJITOPUTMOM, 8 MHOXKECTBA
OTpEeIeJsAIOTCs B TepMuHAX (yHKIUMKA. /laxke B aKCMOMATHYIECKOW TEOPUU
MHOXKECTB TIPUBEJICHHOE BHIIIE ONpeeeHrne (GYHKINN UCTOIb3YeTCA HAPALY
¢ GOpPMATBLHO-IOrMIeCKUM ~ (hYHKITNA, 33 JaHHAsA (POPMYJION Ha A3bIKe Llepmero-
Dpenkens” (BoickaspiBaTeabHas Gpyuknus). [loxyunTs u3 ”BEICKA3BIBATEb-
HOU (pyHKIMKM’ (DYHKIUIO B CMBICJE BBIMIEPUBEIEHHOTO ONPEIeJeHIs MOXHO,
BOCIIOJIb30BABLIACH OJHOU U3 akCHOM (”CXeMOU MOACTAHOBKH ).

2.3. OTHOIIIEHNA SKBUBAJEHTHOCTH

Onpegenenne 2.2. I[Iycrs Ha MHOXecTBe S 33aJaHO COOTHONIEHUE' ~, y10-
BJETBOPAIOLIEE CIACIYIOIUM YCIOBUAM.

PedaekcuBuocts [l1a awoboro r € S, x ~ x.
CummerpuunocTs [lis ai00bix z,y € S,
(z~y) & (y~ )

1 CooTHOIIEHNE 3TO TO K€ CaMOe, UTO U COOTBETCTBIE, TO €CTh IIOAMHOXeCTBO B S X 5.
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TpausuTuBHOCTL /[l1a M100BIX T,7, 2 € S,

(@~y) m (y~z)= (@~ 2)
Takxoe cooTHOIIEHWE HA3LIBAETCA OTHONIEHNEM >KBUBAJIECHTHOCTH.

3agada 2.5. [Ipuaymanre npuMepsl COOTHOIIEHUN, KOTOPHIE
® ABIAIOTCA PePICKCUBHBIMU ¥ CAMMETPUYHBIMA, HO HE TPAH3UTUBHBIMU
® ABJIAIOTCA pe(bJIeKCI/IBHbIMI/I 1 TPaH3UTUBHBIMU, HO HE CUMMETPUIHBIMU

® ABJAIOTCA TPAH3UTUBHBIMU U CUMMETPUIHBIMHA, HO He pedIeKCUBHBIMHA

Omnpeaenenune 2.3. Ilycte X, ~ — MHOXecTBO, CHabXKEHHOE OTHOLICHUEM
sKBUBaJeHTHOCTH. K/IacCOM SKBUBAJIEHTHOCTH djeMeHTa T € X Ha3bIBa-
eTcsi MHOXeCTBO Beex ¥y € X Takux, 4To = ~ y. [IpeacTaBuTeneMm Kiaacca
S HazpIBaeTCA JIOO0U dAeMEeHT & € X, KOTOPHIU JeXUT B DTOM KJacce.

3agaua 2.6. /JokaxuTe, 9TO B TaKOU cuTyanuun X pa3buTo B 00beIUHEHNIE
HeIlepeceKalomuXCsa KJIACCOB DKBUBAJEHTHOCTH.

B cumny srom 3amaum, ma X 3a7aHO CIOPBEKTUBHOE OTOOpaXKeHUE T
X — Y B mMHOXecTBO Y KJIaCCOB DKBUBAJEHTHOCTH, KOTOPOE MEPEBOIUAT
DJIEMEHT B €r'0 KJIACC DKBUBAJIEHTHOCTH. JIerk0 BUIETH, YTO JI000€ CIOPbEK-
TUBHOE OTOOpaxeHue 7w : X — Y moxydaeTcs TaKuM 0OpPa3oM.

2.4. AxcmomaTumieckas TeOpus MHOXKECTB

HauBnas Teopus MHOXeCTB NMpMBOAUT K mapagokcam. Mcrodnukom sTux
MapajgoKCOB MPUHATO CUUTATh HECYIIECTBOBAHUE ~ CJAUIIKOM OOJBIINX MHO-
xkecTB”. AkcmoMaTHIecKas TEOPHUsS MHOXKECTB MMeeT Iel0 He O ~BceMu”
MHOX€CTBAaMH, a8 TOJbKO C TEMH, Ybe CYIIeCTBOBAHNE MOXET ObITH MOJIYIEHO
13 aKCUOM.

AxcumomaTudeckas TEOPHUS MHOXKECTB TPeOyerT MPOJABUHYTOrO JOTHUIE-
CKOI'O alimapaTa. BOJII)HII/IHCTBO MATEMATUKOB HE€ IIOMHAT 3TUX aAKCUOM "
IMU He TOJb3YIOTCA. BMeCTO 5TOro MCHONb3yeTcsas MPUHIIUAT ~ TPUMEHEHTEM
€CTEeCTBEHHBIX OMEepalliil HaJl MHOXECTBaMU TOoJydaeTcsa MHOXecTBO . Ilox
”eCcTeCTBEHHLIMY OIEePAIUAMN’ IMTOHUMAIOTCA OIEPAINN, ONMCAHHLIE BBIIIIE:
B3ATHE MepecedeHns, 0ObeJuHeHNs, IPOU3BEIeHNs, I0IMHOXECTBA U MHO-
JKeCTBa BCEX ITOMHOXKECTB.
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B kanonmueckon dopme, cucrema akcuom llepmeno-Ppenxens (ZFC) co-
cToutT u3 9 aKCuoM.

1. AkcmomMa 06BEMHOCTH (IKCTEHCHOHATLHOCTH). [[Ba MHOXecTBa A
1 B paBHBI TOrJa W TOIBKO TOLJA, KOTIa OHU MMEIOT ONHU W Te XKe
DIEMEHTHI:

Ve(re A xeB)=A=B

2. Akcmoma mapsl. [lasa 061X MEOXeCTB A 1 B cyimecTByeT MHOXKECTBO
C Takoe, 4T0 A 1 B ABIAIOTCA €ro e IUHCTBEHHLIME dIeMeHTaMu. MHO-
xectBo C' obosnauaercsa {A, B} u Ha3bBaeTcs HEYIOPSLOYEHHOMN
napou A u B. Ecim A = B, To C cOCTOUT U3 OJHOTO BJIEMEHTA.

3. Akcmoma noamuoxecTBa. I[lycTs ¢(p) — CBOMCTBO, KOTOPHIM MOXKET
o6a1aTh MHOXECTBO p. [las Kax 10ro MEHOXecTBa X CyIIeCTBYET TI0 -
MHOXKeCTBO Xy C X, cocTaBleHHOe U3 BeeX T € X, yI0BIeTBOPAIOIIIX
CBOUCTBY .

4. Axcuoma o6beaguuenus. /liasa a00bx MHOXecTB A m B cymecTByer
o0wequuenne A U B:

AUB:={z | (x€ A)V(z € B)}

3ameduanme 2.4. OrmeTuMm, uTo mepecedenue A N B cymecTByeT B CHILy
Axcuomer [logmuOXECTBA.

5. Akcuoma crenmeHu. [lis 106010 MHOXKECTBA S CyIIECTBYET MHOKECTBO
ero IMOAMHOXeCTB 2°.

3ameuanme 2.5. Koneynbie MHOXECTBA B aKCHOMATUYECKOW TEOPUM MHO-
KECTB CTPOATCA Caegyomum 06pazom. MHOXecTBO u3 HyJs daeMeHTOB — ().
MuoxecTBO u3 0fHOrO d1emenTa — 510 {()}, MHOXeCTBO U3 ABYX DIEMEHTOB

— 3TO
{{0}, 0},
MHOXECTBO U3 TpeEX 3JEMEHTOB -
{{{0}, 03}, {0}, 03,

u Tak gaxee. Ha xaxjgoMm mare, Kk MHOXecTBY S 100aB/IsgeTCs HOBBIU Die-
MEHT, HOJYYeHHBIN U3 OQHOrO U3 1eMeHTOB = € S kak x U {z}. Anamrorud-
HEIM 06pa30M MOXKHO IIOCTPOUTH U 6eCKOHEYHOe MHOXecTBO. MHOXecTBO S
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HA3BIBACTCA MHAYKTUBHEIM, €CIU OHO COAepxkuT (), 1 114 106010 dIeMeHTa
x €8, S comepxur x U {zx}.

6. AkcmoMa 6€CKOHEYHOr0 MHOXE€CTBaA.
CyIl[eCTByeT WHAYKTHUBHOE MHOXKECTBO.

3ameuanne 2.6. U3 5T70u aKCHOMBI ClIeayeT CyIEeCTBOBAHUE MyCTOr'O MHO-
JKECTBA, a TaKXe CYIIECTBOBAHNE KOHEYHBIX MHOXECTB U3 ¢ DJEMEHTOB, ONU-
CAHHBIX B JaMedaHuu 2.5.

Omnpegenenne 2.7. Ilycrs Ha aswike lepmeno-Ppenkens 3a1aH0 CBOUCTBO
®(z,y), KOTOPBIM MOXKeET 00Ja1aTh apa MHOXKECTB X, i. [[pemonokum, 9To
VIS KQXKIOT'0 T €CTh He GOMbIIe 0THOTO Y Takoro, 4ro P (x,y) BEIIOMHAETCA.
B raxou curyanuu, ® 3agaer ” pyHkiuio’ u3 KIacca MHOXKECTB X, IJsS KOTO-
PBIX Y CYLECTBYET, EPEBOALLYIO0 T B DTOT (€JAUHCTBEHHBIM 06pa3oM ompe-
nenennbin) y. Taxas ” GyHKIUA” Ha3BIBAETCS BHICKA3LIBATEILHOM (DYyHK-
[Men, a MHOXEeCTBa, TJle OHA ONpeJeTeHa - ee 00IaCThIO ONpPeeICHU.

OTMeTuM, 9TO ” BEICKA3BIBATEIbHBIE (DYHKIINYN He ABIAIOTCA (PYHKIUAMA
B OOBIYHOM CMBICJE HTOrO caoBa (cM. pasgern 2.2).

Ob6uaacTp ompeneneHus BBHICKA3BIBATEABHOU (DYHKIMKM — He 00A3aTelb-
HO MHOXecTBO. CkaxeM, 006J1aCTh OIpPeNeNeHNus TOXIECTBEHHOU BBICKA3bI-
BATEIbHOU (DYHKIUU

O(z,y) & (z=y)
5TO BCe MHOXKECTBA, HO COBOKYIIHOCTH BCEX MHOXECTB HEe 06pa3yerT MHOXKe-
crBa (3amevanue 1.3.6).

7. CxeMa MOACTAHOBKM /A BbhICKasbiBaTerbHOM pynknum d. Ilycts
®(xz,y) — BBHICKa3bIBaTEAbHAA DYHKIHUSA, & X - MHOXKECTBO, BCE DIEMEH-
THI KOTOPOTO JexaT B obmactu ompenenenus ®. Torma cymecTsyer
MHOXECTBO Y, COCTABJEHHOE U3 BCEX ¥, MJs KOTOPhIX BepHOo P(z,Yy), ¢
KakuM-10 = € X.

3ameuanme 2.8. "Cxema MOJACTAHOBKU — HE AaKCHOMa, a ~ MPABUJIO BHI-
B0Ja” , KOTOPOE M0 KaXXJOU BHICKA3BIBATEALHOU (PYHKIMM CTPOUT CBOKO aK-
cuomy. VHade rosops, ”akcuoma 7’ 5TO CUETHBHIM HAOOpP AKCHOM, KaxKiIas
3a/JaHHASA CBOEU BHICKA3BIBATEABHOU (DYHKIIUEN.

8. Akcuoma peryJaapHocTH. J[1060e HemycToe MHOXECTBO S COMEPKUT
saeMeHT T € S Takoi, 4To £ NS = 0.
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9. Akcuoma BeIGOpaA. Ilycth ¢ : X — Y ciopbekTuBHOE O0TOOpaKEHUE
MHOXecTB. Torga y ¢ ectb cedenme v : Y — X, T0o ecTb oTOOpAa-
xenue 1 : Y — X, ynosaersopsiomee 1) o ¢ = ldy. Unade rosops,
1) CTABUT KaXKJIOMY DJIeMEHTY Y B COOTBETCTBUE HEKHU DJIEMEHT U3
npoo6pasa ¢ 1 (y).

Axcuoma BBHIGOpA BiI€YET PAI MAPaJOKCAIBHBIX CaegacTBuu. Hampumep,
3 Hee cJAefyeT, 9TO eIMHUYHBIA map B R® MoxHO paséuTs Ha 5 KOHTPY-
DHTHBIX (OJMHAKOBBIX) YACTEH, a 3aTeM CJIOXKHUTH U3 HUX [ABa IIapa TAKOTO
xe pasmepa (mapajgokc Banaxa-Tapckoro). Akcuoma BEIGOpa HE3ABUCAMA OT
ocTaibHbIX akcuoM llepmeno-Dpenkens: ee HeIb3s HU T0KA3aTh, HU ONPO-
BEPrHYTh B 5TOU cucreme akcuoM (sro gokaszan ITon Koo, ucnoassys me-
Tox ¢dopcunra). Eciu cucrema lepmeno-Ppenkens HenpoTuBopednsa, TO
OHA HEITPOTUBOPEYNBA B MPEANOJIOKEHNN, 9TO AKCUOMA BBIOOPA BEPHA, KAK
U B NPEIOJOXKEHNH, YTO aKCHOMa BeIGOpa HeBepHa (310 nokasan [enens).
BoabmmHCTBO ATbTEePHATUBHBIX BEPCUN OCHOBAHUN MATEMATUKY (KOHCTPYK-
TUBU3M, WHTYWUIMOHU3M, YALTPADUHATHUZM) He IPU3HAET AKCHOMY BHIOODA U
ee caencTBui. B GONBIIMHCTBE Pa3aenoB MaTeMaTUKU 6e3 aKCUOMBI BEIOOpA
MOXKHO 0OOUTHUCH, UCTIOIB3Ys BMECTO AKCUOMBI BEIOOPA, KAKYIO-TO OCIabJIeH-
uyto Bepcuio (cM. 1.4.3), He Baekymyo napanokcos. [looToMy MHOTHE yIeHBIE
CTaparoTCa n30eXKaTh aKCHOMBI BLIOOPA 1 €€ CICICTBUH, WIH, IO KPAWMHEN Me-
pe, 0TMedaloT BCe CIydau ee ynoTpeb/eHus.

[lokazaTennCTBO, UCIOMB3YIOEE AKCHUOMY BBIOODA, HEKOHCMPYKMUBHO,
TO €CTh UCIOIb3yeT MATEMATHIEeCKUE OOBEKTHI, KOTOPHIE HEBO3MOXHO 3a-
naTh ABHO. MHOrMe MaTeMaTUKU MOJAraloT, 9YTO TeOpeMa CYIIeCTBOBAHUA
BEpPHA TOJBKO €CJIU 0O0BEKT MOCTPOEH ABHO.

Axcuomer llepmeno-Ppenkess IpUBOAATCA B TOU IVIaBe A O3HAKOMJIE-
uudA. /[na 6oapIMIMHCTBA pa3leloB MAaTeMATUKU HAWBHOU TEOPUUM MHOXKECTB
BIIOJIHE TOCTATOYHO, XOTA HEOOXOAMMO MOMHUTEH U U36eraTh BO3MOXHOCTHU
mapaq0KCOB.

2.5. Tepmunosiorus n o6ubauorpadpus

[To-aurnuucku, orobpaxkenune HasbIBaeTCA map, mapping, function, o6pas
m npoobpa3 — image, preimage. CooTrHomenue — relation, cooTHomenune
SDKBUBAJEHTHOCTH - equivalence relation. Bueknus, MHBEKIINA U CIOPHEKIIUA
— bijection, injection, surjection (>Tu caoBa uzo6perens rpynmnon Bypb6a-
ku). [Ipoussenenne muoxects — Cartesian product (B 9ects exapra, ums
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KOTOPOT0 B JATUHCKUX TekcTax mucanu Cartesius). Akcmoma BbIGOpa HA3bI-
Baerca Axiom of choice (coxpamaercsa 10 AC). Cucrema lepmeno-Ppenkess
(ZFC) moapo6HO OCBEIAeTCs B aHMOA3KIYHON Bukuneguu.

BoJbimas KoMIeKnua CChIOK Ha CTPAHWITHI, TTOCBANICHHBIE AKCHOME BhI-
0opa, TeXuT TyT
http://www.math.vanderbilt.edu/ schectex/ccc/choice.html

Kuura U. B. fAmenko ”[laparokcsl Teopun MHOXeCTB” -
http://www.mccme.ru/mmmf-lectures/books/books/books.php?book=20
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Kapaunanel u1 Teopema KaHTo-
pa

3.1. Teopema KanTopa-Bepumrenna-Illpegepa

[IBa MHOXecTBa A 1 B Ha3BIBAlOTCA PABHOMOIIHLIMUA, eciu Mexay A u B
CYIIECTBYET B3aMMHO-OTHO3HAYHOE cOOTBeTcTBHEe. CHUeTHOE MHOXKECTBO
€CTh MHOXECTBO, PABHOMOIITHOE MHOXKECTBY HATYPAJbHBIX IUCE.

Ecau MmEOXECTBO A PABHOMOIIIHO TIO IMHOXECTBY B, TOBOPUTCS, 9TO MOIII-
HOCTh A He GoJbIie MomHOCTH B.

Teopema KauTopa-Bepamreunna-IlIpeaepa. Ilycts A, B Takue MHO-
XKeCTBa, 9T0 A PABHOMOIIHO MOAMHOXECTBY B, a B paBHOMOIIHO ITOIMHO-
xectBy A. Torma A uw B paBHOMOIIHEL.

Paszbuenue A u B no wucay npoobpazos

HokxasaTenncTso: [lycrs f: A< B Bioxenneus AsB,ag: B— A
Biaoxkenne u3 B B A. Paccmorpum oro6paxenne fog: A— Aumgo f:
B — B. O6o3unauum 3a Ay nonoanenue A\g(B). OnpenenuM uHIYKTUBHO
A; o popmyae A; 1 = fog(4;). Onperemum A, kak nepecedenue 06pa3soB
orobpaxenuin (f o g) mna Bcex i (3a (f o g)' o6o3HAYAETCA KOMIOBUIIUA
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f o g c cobon i pas). Jlerko Bugers, 4T0 A pazbuBaerca B 0O0beIUHEHUE
HeIepeCceKamuxca moaMuoxecTs, A = AgU A1 U ... U A.

[IpumenuM aHagTOTWIHYIO MpONERypPy K B, moayuus pa3buenue B B 00b-
eTUHEHNEe HelepeceKauxcs noaMHox)ecTs, B = By U B; U ... U B..

Jlerko Bugers, uTo f 3amaer Omekiuio u3 A, B B,. Takxe f zamaer
6uekTuBHOE OTOOpaxkenue m3 Ao U Ao UA,U... B BiUB3UBsU...,ag
3aaeT OmeKTUBHOE oToOpaxenue u3 By U Bs U B, U ... B Aj UA3 U A5 U ...
(eM. mTIOCTpAnUIo).

Mur pazouau A u B Ha HemepeceKalolumecs Mo IMHOXeCTBa, KOTOPHIE TI0-
MapHO OMEKTUBHHL. W

3ameuanme 3.1. B maremaruke, 3HAYKOM W WJIU TTOXOXKUM 3HAYKOM 000-
3HAYAETCA KOHeIl JOKa3aTelbCTBa. JTOT 3HAK HAa3LIBACTCA ~XAJMOII’ WIN
”tombstone”. Ero uzo6pexn Ilon Xanamorn, n3BeCTHBI aMEPUKAHCKUNA MaTe-
MaTUK.

3.2. MomuocTsr MHOXKECTBa

Omnpeaenenune 3.2. IlycTh HA MHOXecTBe S 3aJaHO COOTHOIIEHHE >. DTO
COOTHOIIEHNE HA3BIBAETCA OTHOIIEHNEM YaCTUIHOIO IMOPA KA, €CIN BhI-
MOMTHEHBI CIEIYIOIINe aKCUOMBI

(i) (PedaexcusrocTs) s 11060r0 G, UMEET MECTO G = G
(ii) (TpamsuruBrOCTB) 0 = b u b = ¢ BI€UeT 0 = C
(iii) (Acummerpuunocts) Ecau a = bu b = a, To a = b.

Ecau, B momorHenue x ToMy, A1 JIOOBIX ABYX a,b mMeeT MecTo a >~ b aubo
b > a, To > Ha3BIBAETCSA OTHOIIEHUEM MOJHOT'O MOPAIKA.

B kadecTBe mpumepa ”OTHOWIEHWA YACTUYHOTO MOPSAAKA  PACCMOTPUM
COOTHOIIIEHUE ~OBITh MOIMHOXECTBOM HA MHOXECTBE BCEX I0IMHOXECTB
X. flcwo, uro A; C A, - cooTHOmeEHNe YaCTUIHOrO mopsaaka. OTHoImeHHE
IOJTHOTO TIOPSATKA UMEETCA HA MHOXKECTBE BeIIeCTBeHHBIX uuncesa (7 MeHbire”:
a <b).
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Omnpegeneune 3.3. /IBa MHOXECTBa HA3LIBAIOTCSA PABHOMOIIHBLIMMY, €CJIN
MexX 1y HUMU €CTh 6I/IeKTI/IBHaH OKBUBAJEHTHOCTB. ECJII/I MHOX€eCTBO A JOITyC-
KaeT BJIOXeHWe B B, roBopurTcs, 94T0 MOIIHOCTL A MEHbIIIE WIA paBHA
MoImiEOoCTH! B.

Jlerko BUIeTh, YTO PaBHOMOIIHOCTH — JTO OTHOIIEHUE DKBUBAJEHTHO-
cru. Kapaunag, win kap iuHAJIBLHOE YHMCJIO0 MHOXECTBa A 5TO €ro MoIl-
HOCTh. Ha A3bIKe HAMBHOW TEOPUU MHOXKECTB, OTHOIIEHNE PABHOMOIIHOCTH
pa3bmBaeT BCE MHOXKECTBA, Ha KJIACChl DKBUBAJEHTHOCTH, TPOHYMEPOBAHHBIE
KapauHajamu. MHade roBops, kKapauHaa X — 5TO KJIACC DKBUBAJEHTHOCTH
MHOXECTB, PABHOMOIIIHBIX X .

C TOYKHM 3peHHus aKCHOMATHUYIECKOU TEOPUM MHOXKECTB, ~ KJIACC DKBUBA-
JEHTHOCTH MHOX€CTB, PABHOMOIIHLIX X~ MHOXECTBOM He SBJISeTCS, U TO-
BOPHUTH MPO HEr'O HeAb3s. 1eM He MeHee, " MHOXECTBO KapIWHAJIOB MEHbIINX
NAHHOTO” OIpPeJIeNnTh MOXHO. JOTO jeaaercs Tak. Bosbmem mMHOXecTBO X.
PaccmoTpnM MHOXecTBO 2% Bcex moaMHOXecTB X . PABHOMOITHOCTD 3a]3eT
Ha 2% COOTHOIIEHNE YKBIUBATCHTHOCTH. MHOXECTBO KIACCOB DKBUBAICHTHO-
CTU HA3LIBAETCS MHOXKECTBOM KapIWHAJOB MEHBIINX WIA PABHBIX X.
B nanwmenteM MBI 6y1eM Ha3BIBATH DTO MHOXKECTBO ~’ MHOXKECTBOM Kap IuHa-
JOB”, mpeamonaras, 9To X — Ype3BBIYAWHO OOJIBII0E MHOXKECTBO, MOIITHOCTh
KOTOPOIr'0 MOXKeT OLIThH TPU HEOOXOTMMOCTH YBEJINIEeHA HACTOJIBKO, HACKOIb-
KO HYXHO.

3agaua 3.1. BruBeaure u3 Teopembl Kanropa-Bepumrenna-Illpesepa, 1To
” MOIIHOCTL A MeHbIIe uin paBHa MOIHOCTH B” 3aj1aeT Ha MHOXKECTBE Kap-
MUHAJOB OTHOIIEHNE YaCTUIHOTO MOPAIKA.

3ameuanue 3.4. KapauHaibl KOHEYHBIX MHOXECTB HA3BbIBAIOTCA KOHEY-
HBIMHM KapAuwHAJIaMM. Jlerko BugeTh, 9TO KOHEYHBIE KAPIUHAILI B3AUMHO
OHO3HAYHO COOTBETCTBYIOT HATYPAJbHBIM YKUCJIAM.

Ucnoab3ysa akcuoMmy BeIOOPA, JETKO TOKa3aTh, YTO MHOXKECTBO KapIuHA-
JOB Ha, CAaMOM Jejie YHOPAZOYEHO: Miasd JoObXx MHOXecTB X u Y, mmb6o X
BKJaTbIBaeTCA B Y, ub0 Y BKiIambiBaeTca B X.

3.3. CueTHBIEe MHOXKECTBAa

Onpenenenne 3.5. MHOXECTBO HA3BIBAETCA CIETHBIM, €CJIU OHO TOMYCKa-
€T B3aMMHO OTHO3HAYHOE COOTBETCTBUE C MHOXKECTBOM HATYPAJbHBIX YHUCE.
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3agmaua 3.2. [lokaxure, 9TO CJAEAYIONINE MHOXECTBA CIETHHI
o MHuoxecTBO Z 1eJIbIX YhCe
e MuoxecTBo () panmoHAJBLHBIX YHCET

e MHOXeCTBO Z[t] HOJMHOMOB C HEABIMU KOX(DHUIMEHTAMY.

EcrecrBenuble onepanuyu ¢ KOHEYHBIMM MHOXECTBAMHU (B3ATHE IPOU3Be-
JeHUs, B3ATHE 00BeIMHEHNs HellePeCeKAOINXCA MHOXKECTB U TaK Jajee) Kak
IPABUIO YBEIXYUBAIOT MOIIHOCTH MHOXeCTBa. C 6eCKOHeYHBIMU (HAmpuMep,
CYETHBIME) MHOXKECTBAMH BCE COBEPIIEHHO WHAYEe — €CTECTBEHHBIE Olepa-
UM He MEHAIT WX MOUIIHOCTH.

3agaua 3.3. Ilycte X — cuernoe MHOXecTBO [lokaxuTe, uTo X X X cuer-
HOe€.

3ama4a 3.4. Ilycte X, Y — Hemepecekaomuecs cieTHbIE MHOXecTBa. [[o-
Kaxute, 4To X U Y cueTHO.

W3 axcuombl BEIOOPA J€TKO BEIBECTH, YTO JI000€ 6€CKOHETHOE MHOXKECTBO
COJIEPKUT CIETHOE MHOKECTBO (J0KaXuTe 5T0). VI3 TaKuxX MHOXKECTB MOXKHO
BBIKMHYTH KOHEYHOEe IIOIMHOXKEeCTBO, He MeHAA MOIIHOCTH.

3agaua 3.5. Ilycts X — 6eckoHEYHOE MHOXECTBO, KOTOPOE COMEPKUT CHET-
HOEe ToAMHOXecTBO. PaccMoTpum koHewHoe moamuoxecTtBo Z C X. [loxa-
xKure, 9T0 gononHenue X \Z paBHOMOIIHO X .

3.4. [ImnaroHaabHBbIM MeTOh KanTOpa

W3 n3BeCTHLIX HAM OIEPAIlNi HAJ MHOXKECTBAMHE, OEPAINA ~ B3ATUA MHOXKE-
cTBa moaMHOxkecTB” X — 2% cTouT 0coGHAKOM: Kak Tokaszal Kantop, oHa
BCerga yBeININBaECT MOONIHOCTH MHOXKE€CTBA.

Teopema KanTopa: Ilycrs X memycToe muoxectso. Torga X m 2%
HEPABHOMOIIHEI.

HMoxazaTeancTBo: Ilycts ¢ : X — 2% 6uexnma. PaccmoTpum MHO-
xecTBo S Beex x € X, koroprie He cogepxkarca B ¢(z). Ilycrs ¢(zg) = S.
3amanuMcsa BOIPOCOM — JeXUT Jau Ty B S? Ecau He jJexuT, TO 1o ompee-
aenuio S, xo ¢ ¢(zo) Baeder xy € S - nporusopeune. Touno Takxke, ecau x
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aexuT B S, umeeM Ty € ¢(Zo), 4T0 Baeder xy ¢ S. CaegoBaTeabHo, OueKIUA
¢: X — 2% meposmoxHa. m

KonTunyym 510 kapauaaasaoe ducao 2V, rae N 510 MHOXecCTBO HATY-
pPaabHBIX ducen. MHOXeCTBO, PABHOMOIITHOE KOHTUHYYMY, HA3bIBAETCA KOH-
TUHY AJIbHBIM.

CormnacHo Teopeme KanTopa, MOITHOCTH KOHTMHYYMa CTPOTO OOJBIIE
momrHocTH N. /lokazaTenscTBo TeopeMmsl KanTopa amda caydas X = N MoxHO
HATJIATHO W3JOXKUTH CACIYIONIM 06PA30M.

[Tycrs S C N Hekoropoe moaMHOXKeCTBO. PaccMoTpuM mocae10BaTe b-
wocrs {x;}, i = 0,1,2,..., rge x; paBed 1 ecaim i € S u 0 ecoim 7 ¢ S.
DTO TIO3BOJAET 3AMUCHIBATEH DJIEMEHTH 2" KaK IOCIeJ0BATeILHOCTH HyJIel
U eJuHUI. SICHO, 9TO HOXy49eHHOe COOTBETCTBHE MEXIy dAeMeHTaMu 2" u
MOCJIEe[OBATENBHOCTSAMY B3aNMHO OJTHO3HAYHO.

[Mpeanonoxum, 9T0 331aHO B3AMMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY
N u 2V. D10 3HaUUT, 4TO eCTH MOCIEIOBATEIHHOCTH MOCIEI0BATEILHOCTEN,
B KOTOPOU HAWJIETCA JI00as II0CIeI0BATEIHLHOCTD:

JluaroHa s 5TOW AMATPAMMEL - BTO MOCIENOBATETLHOCTL {\!}.

PaccmoTpuMm nocie1oBaTenbHOCTS ag, A1, A2, --. TOIYIEHHYIO TaKUM 00pa-
30M: ecau /\é paBHO 1, TO a; paBHO 0, B mpoTuBHOM cay4dae a; = 1. Takas
TI0CJIeI0BATEILHOCT OTINIACTCA OT KaxkAou u3 {\'} B i-M wieHe, a 3HAYUT
He COBNAIaeT HU C ONHOU m3 mocrenoBaTenbrocTeln {\}. TloaTomy oToGpa-
wenme N — 2N oTHocamee i mocaenosaTensHoCTh {\.}, He MOXeT OGLITH
CIOPbEKTUBHO.

OTOT apryMeHT Ha3bIBAeTCA ~ MUArOHAABHBIM MeToaoM KanTopa’; on
un3obperen KauTtopom B 1891-m roxy. HecdeTHOCTh BeIIeCTBEHHBIX HHUCET
KanTop mokasan Bmepsbie B 1873-M, HO COBEPIIIEHHO APYIUM CIIOCOOOM.

Bemecrsennoe ducao or 0 10 1 MOXHO 3amucarTh B JBOUYHOU CUCTEME
CYNCJIEHUA, TOJIYYNB MOCICI0BATEIbHOCTh U3 HyJdew W eauHuil. HekoTopwie
MOCJAEOBATEIbHOCTU COOTBETCTBYIOT OJHUM U TEM XK€ YUCIaM; HAIPUMED,
0.0011111111... » 0.01000000...
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3agada 3.6. [Joxaxure, 9TO CIeAyIOMIAe MHOXECTBA PABHOMOIIHBI KOHTH-
HyyMYy

e MuoxecTBO R BelecTBEHHBIX YUCET

e MuoxecTBo moctegoBaTeabHocTen u3 ducea 0,1,2,3

e MHOX€eCTBO MOCIeJOBATETEHOCTEN MEIBIX TUCET

e MuoxecrBo ¢pyuknuu ¢ : Q — Q
Ykazanue. Bocnoassyurecs Teopemon Kanropa-Bepumrenna-Illperepa.

3ameduanme 3.6. V3 muaronaanrnoro merona Kanropa cpasy cremyer, 4To
MHOXECTBO BCE€X MHOXKECTB HE CYIIEeCTBYET. ﬂeﬁCTBHTeﬂbHO, 2TO MHOXe-
CTBO JOJ2XKHO 6bIT]) PaBHOMOIIHO MHOXKECTBY CBOUX IIOAMHOXECTB, a TaKOI'O
He ObiBaeT. Ha s3bIke akCMOMATUYECKOM TEOPUU MHOXECTB DTOT IapaJoKC
MpPEBPAIaeTCsA B TEOPEMY - ~ MHOXKECTBA BCEX MHOXKECTB He CYIIeCTBYeT .

3.5. KoHTUHYyyM-Tunore3sa

[Tocneauue roawr xu3uau KanTop mpoBes, IHITAACH JOKA3aTh 2UNOME3Y KOH-
MUKYYMa, KOTOPaA yTBEepXKAaeT, ITO M060e MOAMHOXKeCcTBO R aub60 KOH-
TUHyaJbHO, Ju60 cuyeTHO. O6O00IMEHHAA KOHTUHYYM-TUIIOTE3a YTBEPXK IAET,
YTO A JI000T0 GECKOHEYHOI0 MHOXEeCTBa X, HE CYHIECTBYET MHOXECTBA
7 wmomuocTta 2% u Goawmre X.

B 1940-m roxy Temensr mokasan, uro rumoresy KOHTHHyyMa (1 06006-
MIEHHYIO TUIOTe3y KOHTUHYYMA) HEBO3MOXHO OIPOBEPIHYTh, MOAb3YACH AK-
cuomamu llepmeno-Ppenkensd; mHaYe TOBOPA, TUMOTE3a KOHTUHYYMa MOXET
OBITH OIPOBEPTHYTA TOJBKO B TOM CJIydae, eCId 3Ta CUCTEMa aKCHOM caMa
o cebe mporuBopeduBa. Apryment ['enens Beckma npoct — [egens onpee-
JuI ” KOHCTPYKTUBHBIM YHUBEPCYM” , HAOOD MHOXECTB, TMOJYIE€HHBIX U3 Y-
CTOT0 MHOXECTBA €CTECTBEHHBIMU TEOPETUKO-MHOXKECTBEHHBIMU OTI€PAIIHSI-
MU, ¥ JOKA3aJ, YTO B KOHCTPYKTUBHOM YHUBEDCYME BBIMOTHAITCSA AKCUOMBI
[Hepmeno-Ppenkens. MomHOCT, MHOXKECTBA, MOJTYIEHHOTO KOHCTPYKTUBHO,
JOBOJBHO JIET'KO BBIYUCIUTE SBHO, ¥ TPOBEPUTH, 9TO KAPJIUHAIOB, TPOMEXKY-
TOUHBIX MexTy X u 2% He GBIBaeT.

B 1963-m roxay Iloa Kosu pokazaun, uro runoresy konTunyyma (1 06006-
MIEHHYIO TUIOTe3y KOHTMHYYMA) HEBO3MOXHO BBIBECTH U3 DTUX AKCUOM, TO
eCTh OHA HeJOKaA3YEeMa.
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EcTtb MaTeMaTuku, cuuTamomue, YTO TEOPUI MHOXKECTB OMUCHIBACT ~ pe-
aJbHO CyHIecTBYyIONue OOBEKTHI ; MTPyIrMe MaTeMaTUKA CIYUTAIOT, 9TO TEO-
pPUA MHOXECTB COCTOUT 13 (POPMATHHBIX MAHUMYIANWNA, HE UMEIOIINX OCHO-
BaHUsA B ~peaJbHOM Mupe’. DTHU [IBa B3MVIAJA 9aCTO HA3BIBAIOT ~ILIATOHOB-
ckuMm” u ”popmaabubiM”’. [laaTon B xuure "l'ocymapcTBo” ymomobua Jiro-
Ieyl y3HHKAM, & MAaTEeDUAJIbHBIM MUD TEHAM HA CTEHAX TEMHOI'O Y3HIUIIA-
nemepsl. CBeToM, ¢ Touku 3penus l[lnaTona, ABigeTrcsa MyapocThb, HOCTYI-
Has Juilb n30paHHbiM. MaTepuaabHbBIU MAD — HECOBEPIIEHHBIA OTHeYaTOK
MCTUHHOTO MUPA CUMBOJIOB, UJEW W 3HAHUA.

[as popmaaucTa BOIPOC O "BEepHOCTH KOHTUHYYM-TUIOTE3LI TIOCJE pe-
3yapTaToB l'enena u KosHa He mMeeT cMBICIA; AMA peaTuCcTa dTOT BOIPOC
BCE ellle OCMBICJCHHBIN.

legenn GbLT CTOPOHHUKOM IIATOHOBCKOW TOYKHU 3DEHUs HA MAaTEMaTH-
KY; OH CYUTAJ, YTO KOHTUHYYM-TUTIOTE3a HEBEPHA, U HEBO3MOXHOCTDH OTPO-
BEPTHYTH €€ WILTIOCTPUPYET HECOBEPIIEHCTBO CuUCTeMbl akcuoMm llepmerno-
Dpenkeas.

3.6. 3ameuanus

Teopema Kanropa-Bepumrenna-Illpesepa OvLta moaydena KanTopom ¢ mo-
MOIIIbIO AKCUOMBI BHIOOpPA M TPAHCHUHUTHOU WMHAYKIUHU. [[0Ka3aTeabCTBO,
mpuBeIeHHOe BhIe, mpuHaanexuT JpHcTy lpenepy, omnomy u3 ocHoOBa-
TeJe MAaTeMATUYeCKOU JOTUKU U U300peTaTeN0 UCIUCACHUS TPEeIuKaATOB,
u Peaukcy Bepumrenny, yuenuky Kantopa. [losTomy 5Ty Teopemy Takxke
HasbBaloT TeopeMa [llpenepa-Bepumrenna. Unorga ee HazsiBaoT TeopeMa
Kantopa-Bepumrenna (gokasarenrscrso [llpexepa cogepxkano omubky, uc-
IPAaB/JEHHYIO BepHIITeNHOM B €ro Auccepranum).

WNurepecuo, uTo »ry Teopemy nokaszan [lemexkwung B 1887 roxy, HO ero
JMOKa3aTeIbCTBO OBLIO BIEPBLIE ONMYyOJNKOBAHO B coOpanuu counnenuu /lene-
kuuga (1932).

CyeTHble MHOXECTBA TO-aHTVIMUCKHU Ha3bIBatoTCsa countable, mwaum denu-
merable, cooTHOIMEeHNs YacTUIHOTO Nopaaka — partial order relations.

Yro6b n36exaTh napagoKkCcoOB HAMBHOM TEOPUM MHOXKECTB, HYXKHO OIle-
pPUPOBATH C MHOXKECTBAMU ~ MOIIHOCTH He OOJbINe 3aJaHHOU , TO €CThb C
MHOXECTBaMU, KOTOPHIE JOMYCKAIOT BJIOXKEHWE B 33JaHHOE (0YeHb 6OJbIIoe)
MHOXKECTBO. JTO MHOXECTBO YaCTO Ha3bIBaeTCA yHUBepcyMmom. B 1920-x
Mxou ¢pou Houman (John von Neumann) copMyIupoBas CUCTEMY aKCHOM
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TEOPUM MHOXECTB, OCHOBAHHYIO HA MOHATUY KJIACCOB (7 04€Hb GOIBIINX MHO-
*ecTB” ) u MHOXKeCTB (” MHOXKECTB HeOOMBIION MOITHOCTH, KOTOPBIMYU MOXKHO
OTEPUPOBATH B COOTBETCTBUY C HAUBHBIM MPEICTABICHUEM O MHOXKECTBAX ).
JTa cucTeMa akcuoM Oblia yIporneHa u yiydmena [laysem Bepuaicom (Paul
Bernays) B kouue 1930-x, u Iegenem B 1940-m. OHa 5KBUBAJEHTHA cUCTEME
akcuom llepmerno-Ppenkens.

ﬂJIH OOJIBIINHCTBA pa3aejoB COBpeMeHHOﬁ MaTE€MAaTNKN OCHOBaHUEM ABJIA-
eTCs He TeOpUsA MHOXKECTB, a TeOPUSA KAaTeropuil (0 Teopuu KaTEeOPUU CM.
gexnuio 14 u ganeme). CTporoe mOCTpoOeHWE TEOPUM KATErOPUU OOBIKHO-
BEHHO OCYIIECTBJSETCA Ha OCHOBe akcumomaTuku (o Hoummana-Bepranca-
FCegenss (NBG).

Axcumomaruka NBG um ommcanwe ee mpuMeHEHMH XOPOIIO H3JAralOTCA
B AQHTVIOA3BIYHOU Bukunenuu; Tam ke MOXHO MPOYUTATH Ouorpaduio ¢GhoH
Honmana ¢ moagpo6GHBIM 04epKOM ero paboT IO JOTUKE.

[IpekpacHbil y4eOHUK (a2 O COBMECTUTEIbCTBY ¥ 3a/a4HUK) HAUBHOU
Teopuu MHOXeCTB — mnepBas dacTh kauru H. K. Bepemaruna u A. Illens
7 Jlekiuu 0 MATEMATUIECKOU JOTUKE U TEOPUM AJITOPUTMOB,” TOCTYIHASA HA
caute HeszaBucumoro Yuusepcurera: http://www.mccme.ru/free-books/

[okazarenscTBo KodHa HeZOKa3yeMOCTH KOHTUHYYM-TUIOTE3BI MOXKHO
HauTK B KHMXKe ”Teopus MHOXeCTB 1 KOHTHHYyM-TunoTe3a”, I1. /Ix. Kooh.
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AxcuomMma BbIGOpa U €€ IPUIoXKe-
HUA

4.1. CedeHnue oTobOpaxeHus

[Iycts ¢ : A — B ciopbekTuBHOE OoTOOpaxkenume MHOXecTB. Cedenmem
0TOOpaXKeHNUs ¢ HA3BIBaeTCA oToOpaxenue 1 : B — A, Takoe, 9T0 Yo =
Id.

Pt

//l.| f

A
//
il 0
B

Ceuenue CIOPbERKMUBHO20 omo6pamcemm

A\

Axcuoma BBIOOpa yTBEPKJAET, ITO KaXK J0€ CIOPbEKTUBHOE 0TOOPaKeHHe
“MeeT CedeHue.

4.2. AkcumomMaTUvecKasa TeOPUs MHOXKECTB

OnuH #3 MoaX010B K 060CHOBAHUIO MaTeMaTUKN HA3bIBaeTCA (popMaam3-
moM, u npuHaniexutT on [JaBugy 'manbepry. B Hadane XX-ro Beka MmaTemMa-
THKA OKa3aJach B KPU3UCE, COTPACAEMAs MapaJOKCAMU, KOTOPBIE CJeT0BAJIN
u3 “HamBHOU Teopum MHOXecTB”, npuaymanuou [eoprom KanTopom. Crano
SACHO, YTO OOpallleHre C MPOU3BOIBHO B3ATHIMU 0€CKOHEYHBIMIA MHOXECTBAMU
OTACHO ¥ MPUBOAUT K MPOTHUBOpeuuAM. B Hajmex e m3bexaTh mapagoKCOB,
marematuku (Ppere, M'minbepr, llepmeno, Paccen-Yaurxen) cramu cTpo-
UTb aKCMOMAaTHYeCKOe 0OOCHOBAaHWE I TEOPUU MHOXKECTB, HAJIEACH, YTO
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aKKypaTHOE CJeJIOBAHUE JOTUIECKUM TIOCTPOEHUAM TOMOXKET u36exKaTh ma-
PATOKCOB.

Cucrema akcmoM, mpelioxkeHHas Ppere, 0Ka3aloCh NMPOTHBOPEYUBOMH,
OCHOBaHUA MaTEeMATHUKHM 110 Bepcun Paccena-YauTxena — CAUIIKOM CJAOXKHBI-
MM, U K HACTOAINIEMY BPEMEHN KAHOHMYIECKOUW CTAJa CHCTEMa AKCHOM, IpPe.-
agoxenras B 1908-m rogy Opucrom llepmeno, u yiaydmennas B 1922 A goab-
dom Dpenkesem u (uezaBucumo oT Hero) Topaabdom Cxoaemom (Adolf
Fraenkel, Thoralf Skolem). B yueGHukax BcTpedaeTcs HEMATO BEPCUU CH-
crembl llepmeno-Ppenkens, HO Bce OHU DKBUBAJEHTHHI.

Ernst Friedrich Ferdinand Zermelo
(1871 — 1953)

Hepmeno mposex 3 roga (1905-1908), mbiTasch 10Ka3aTh, ITO €r0 CUCTe-
Ma aKCHOM HEeNpOTHBOpeYuBa (He IMPUBOAUT K MPOTHBOpednio). Broumors no
1930-x romos, ['mabbepT c Kojmeramu OBLIA YBEPEHBI, YTO B CKOPOM Bpe-
MEHM yIAacTCS MOKa3aTh HEIMPOTUBOPEUYMBOCTb CUCTEMBI akcuoM llepmero-
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Dpenkes, 1 AKCHOMATHIECKAA TEOPUA MHOKECTB CTaHeT (PyHIaMEHTOM LA
BCEU MaTeMaTUKH.

B 1931-m roay, Kypt '€ nenn gokazas, 9To HempoTuBopeduBOCTh Llepmerno-
Dpenkens venokazyema. Eciau Touno, ['enens mokaszan, 9TO HEBO3MOXHO J0-
Ka3aTh HEIPOTUBOPEIUBOCTDH JIOOOU CHCTEMBI aKCHOM B MAaTEMATHIECKOM
A3BIKE, TOCTATOYHO CHIBHOM, YTOOBI C(hOPMYyIMPOBATH HA HEM yTBepXKIe-
HUA apUPMETUKH, €CAU U3 DTOU CUCTEMBI AKCHOM CJaeqyioT akcuoMbr [leano
(cymecTBOBaHMEe HATYDAJbHBIX YMCEN W NPUHUMN MHAYKuuu). Eme Ttodnee
— l'emens moxasan HEBO3MOXHOCTH OKA3aTEIbCTBA CPEICTBAMU, MOIYCKa-
omuMu (popMaIn3aIiio B paMKaX TOr'0 XKe CAMOI'0 MaTeMaTUIeCKOT'O A3BIKA.

Ormedy, 9TO 0onpoeepenymb HEIPOTUBOPEINBOCTH TAKOU CUCTEMBI aK-
CHOM KaK pa3 BecbMa IPOCTO — HAJAO BBIBECTU M3 AKCUOM I POTHUBOpEYHE.
Takum o6pazom, Kk mpuMepy, O6bLIa OIPOBEPrHYTa cUCTeMa akcuoM ['oTaoba
Dpere.

Mmuorue mMaTeMaTukum yO6exAeHBI B HEIPOTUBOPEUYMBOCTU CUCTEMBI aK-
cuom llepmeno-Ppenkens; apyrue CIMTAIOT, 9TO B CIydae MPOTUBOPEUUN
OyzmeT m300peTeHa HOBAs CUCTEMA aKCHOM, U OCMBICJIEHHYIO 9aCTh MaTeMa-
TUYECKUX YTBEPXKJIEHUN C JEIKOCTHIO NEPEBeNyT Ha HOBBIM S3bIK (M TaK A0
6eCKOHEYHOCTH, 110 Mepe 0OHAPYKEHUs TPOTUBOpedni). IMeHHO 5TOoU TOUYKe
3peHus cregoBaga rpynmna Bypbaku.

EcTb HEMAIO MaTeMaTHKOB, CINTAIONINX, 9YTO AKCHOMATUIECKUUA METO]
MOpoYeH caM 10 cebe. ITa TOYKA 3pEHUs ObLIA BBLABUHYTA TOJLIAHICKAM
maremaTukoM Bpayspom (Luitzen Egbertus Jan Brouwer), 3HamenunTsiv To-
mosaoroM, B 1908-M rojy, B craTbe, IPOBOKATUBHO o3araasieHHon “De onbe-
trouwbaarheid der logische principes” — “O cOMHUTEIBHOCTH OCHOB JIOT'H-
ku”. Bpaysp cumran, 4To kiaccmueckas (apuCTOTENeBA) JOTUKA HE MOXKET
OBITH OpuMeHNMa K O0eCKOHEYHBIM MHOXeCTBaM, 1 BCE€ MaTeMaTU1IeCKue ncC-
CJleJOBaHUA, KOTOPBIE OCHOBAaHBI Ha TaKMX NPDUMEHCEHUAX — HEIPAaBUJIBbHEI.
Oco6enno bpayspy He HpaBW/ICA TPUHIKAN UCKIIOYEHHOTO TPETHETr0, Ha KO-
TOPOM OCHOBAHBI MOMYJAAPHBIE TOKA3aTeIbCTBa ‘0T mpoTuBHOTO” . Ha mpo-
Tsxenun 1920-x rogoB Bpaysp 6bL1 pemakTopom xypuata Mathematische
Annalen, u oH TPUHIMTHATHEHO BO3BPAIIAT ABTOPAM BCE CTATHHU, I'[€ UCIOIb-
30BAJUCH JOKA3ATEIbCTBA OT MPOTUBHOIO.

Bpay»sp nHaseiBaa cBowo ¢puaocopuio “‘uaryurnonumsmom” . B cepenune XX-
I'0 BEKa pyccKue MaTeMaTuku, 6im3kue K MapkoBy u Koamoroposy, passuin
CBOIO BepCHi0 (purocopuu MHTYUITHOHU3MA, MO Ha3BaHUEM “KOHCTPYKTH-

Jlexknuu u 3a3a4M IO TOMOJOTUK - 44 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



4. Axcmoma BrIGOpa U €€ IPWIOXKEHUS

B3M” ;! KaK M MHTYWIMOHWCTHI, KOHCTPYKTWBHEIE MATEMATHKN OTPUIAIOT

KJACCHIeCKYI0 MaTeMaTuKy, TOYHee — BCe HeABHEIE TOKA3aTEeIbCTBA CyIIle-
CTBOBAHUA.

C To4KH 3peHus KOHCTPYKTUBUCTA, JI0O0U MaTEeMATHIeCKAN OOBEKT M0J-
XKeH ObITH 3aJaH ABHO. Hampumep, 1eMCTBUTENBHOE YUCIO B KOHCTPYKTHUB-
HOU MATEeMaTHUKe DTO AJTOPUTM €r0 BHEIYUCJIEHUS C JIOOOU TOYHOCTHIO, ILIIOC
OIIEHKA CKOPOCTH CXOAMMOCTH 3TOTr'0 aJrOpUTMA.

UccremoBanusa mo Teopur peKypPCUBHBIX (PYHKIWY, BIOXHOBICHHBIE KOH-
CTPYKTHUBU3MOM, OKa3aJUCh OYeHb MOJE3HBl B KOMIIBIOTEPHBIX HayKaX, T€o-
puHu aJITOPUTMOB U JUHIBUCTUKE.

4.3. Akcuoma BbIOOpa U €€ KOHKYPEHThI

Bouabmon 4acTu MaTeMaTHKOB (Iaxke He CIeIYIOMUX HK30THIECKUM (DIIOCO-
(GuAM) CBONCTBEHHO HeJOBepUe K HEABHBIM MOCTPOEHUAM. [[elcTBUTENbHO,
ABHBI mpuMep 4mcia (B BUAe psjga, K IPUMepY) ropas3fo yAoOHee MMeTh,
YeM TeOopeMy BHa “CymIecTByeT TaKOe HHCJIO0, UTO...” .

Tem He MeHee, aprymMeHTaMu “OT MPOTUBHOIO” ¥ HEABHBLIMU IIOCTPOEHHU-
AMH TI0 HEOOXOAUMOCTHU TOJB3YIOTCA TMOYTU BCE MATEMATHUKW, TOTOMY HYTO
€CIUM OT HUX OTKA3aTbCA, IPUIETCA OTKA3BIBATHCA OT OOJBIIOTO YUCIA TO-
JE€3HBIX YTBEPXKJICHUN, HE UMEIOIINX IBHOTO JOKA3aTeabCTBA.

CaMBbIM TATOJOTUYIECKUM MPUMEPOM “HEABHOUW KOHCTPYKIUU SBJISETCS
aKCMOMa, BEIOOPA, KOTOPas YTBEPXK JAET CYIIECTBOBAHNE 00HEKTOB, KOTOPKIE
3aBEIOMO HE MOTYT OBITH MOCTPOEHBI HUKAKOW ABHOU KOHCTPYKIUEN.

Bmmxe x xoumy 1920-x romoB, 0Ka3aJoCh, YTO aKCMOMa BBHIOOpPa ITO3BO-
JAET MOKA3BIBATH (HAPAMY C BEPHBIMU U TOJE3HLIMHU) YTBEPKICHUS UPe3-
BBIYAWHO COMHUTEJIbHbIE M IPOTUBOpeYaInue Gu3nIecKON HHTYUInu. Tak, B
1924-m roxy Bamax m Tapckuu o6HapyXuiam mapagoKCAJbHOE PA3JIOKEHUe
mapa B R3 B cueTHOe KOIWIeCTBO 9acTell, 13 KOTOPHIX MOXKHO CIOXKHATH JBa
Takux xe mapa. Cendac U3BECTHO, YTO AP MOXHO PA3JOXUTHL B 5 dacTel,
U CJOXUTDH U3 HUX ABA TAKUX NIApPa, U30METPUIECKY TePeIBUTAA DTU YaCTH
B R3.

OTO yTBEPXKJIEHWE CPOIHU MEUTE ATXUMUKOB MOJYIUTH U3 HEOOJBIIOTO
KyCKa 30JI0Ta 04Y€Hb OOJBINON, W BEI3BIBAET CTOJBKO K€ COMHEHUMU.

BnpoueMm, uckiodeHume akCMOMBI BHIOOpAa He W30aBUT MATEMATUKY OT
IPOTUBOPEYNN: HEMTPOTUBOPEINBOCTL cucTeMbl Llepmeno-Ppenkens ¢ akcu-

!'Hano ormeTutsb, 410 mr4HO KOIMOropos He 0406paI KOHCTPYKTUBA3MA.
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oMol BeIGOpa'! paBHOCHIBHA HempoTmBopeunmBocTH llepmeno-Ppenkens Ge3
Hee.

Tem He MeHee, XOPOIIMM TOHOM CYUTAETCA HE TOJIH30BATHCSI AKCHOMOU
BBEIOOpA IO BO3MOXHOCTH, WM MOJb30BATHCA €10, BCAKWU pa3 0003HAYasA
¢daKT HEABHOCTH BHIOOPA.

B maremaruke (KpoMe 04eHb DK30THYECKUX 06/1acTel) 63 AKCUOMBL BbI-
60pa JOBOJBHO 9acTO yaaeTcsa 060uTuCh. OCHOBHBIE YTBEPXKJIEHUSA, IJAA KO-
TOPBIX HYXHa aKCHOMa BBIOOpA, TaKue.

1. Teopema o cyuecTBOBaHNM MAKCHMAJIBHBIX UIEATOB (CM. JEKIHUO 9).

2. Teopema o cymecrBoBanuu 6a3uca B JI0O0M 6€CKOHEYHOMEDHOM BEK-
ToproM npoctpancTse (“6asuca Komu-Iamens”).

3. Teopema Xana-Banaxa o cyIecTBOBaHUY 3aMKHYTOU TUTEPILIOCKOCTH,
Pa3IeNAONIed TBA BHIMYKILIX, HEMIEPeCeKAOIUX A, 3aMKHYTHIX MO IMHOXe-
CTBa B TOMOJOTMYECKOM BEKTOPHOM TPOCTPAHCTBE.

4. Teopema TuxoHOBa 0 KOMIAKTHOCTHU IPOU3BEEHUA 6€CKOHETHOT'O KO-
JUIECTBa KOMIIAKTOB.

Axcuoma BHIGOpA BJIE€YET MHOT'O YTBEDKJIEHUN, KOTOPHIE HE HYXKHBI A
JMOKA3aTeNIbCTBA MOJE3HBIX TEOPEeM, U TPOTUBOPEYAT UHTYUINU — HAMOIO-
6ue mapajgokca Bamaxa-Tapckoro. OcHoBHag mpobiaema, KOTOpas CIeIyeT
U3 TPUHATHA aKCUOMBI BHIOOpA — CYIIECTBOBAHUE HEM3MEPUMBIX MHO-
JK€CTB, MHOXECTB, 11 KOTOPHIX He onpenerena mepa JleGera (mepoun Jle-
6era B MaTeMaTHWKe HA3BIBAETCA MOHATHE ‘006bheMa moagMuOXkecTBa B R™;
HEU3MePUMBbIE MOIMHOXETBA — MOAMHOXECTBA, MJIA KOTOPHIX HE OIpeIeIeH
00weMm). MHOXKeCTBa, KOTOPHIe GUTyPUPYIOT B apagokce Banaxa-Tapckoro,
OY€BUIHO HEM3MEDPUMBI: MHAYE CYMMAPHBIA 00BEM ISATH 9aCTel, HA KOTOPHIE
pa30uT map, He MOT OBl PABHATHCA YIBOEHHOMY 00BeMYy mapa.

CymecTByIOT aKCHOMBI T€OPUU MHOXKECTB, KOTOPBIe IPOTUBOPEYAT aK-
cuoMe BHIOODA; caMasd M3BECTHAA U3 HUX — AKCUOMA, [eT€PMUHUPOBAHHOCTH
(axiom of determinacy), u3 KOTOPOH, Cpeau MPOYEro, CAEAYET, UTO JH060e
O IMHOXeCTBO R™ u3aMepuMo.

Heussecrtno, caenyer au u3 HenporuBopednocTu ZF+AC menporusope-
4uBOCTh cucTtembl llepmeno-Ppenkens ¢ akCHOMOUW [eTePMUHUPOBAHHOCTH
(ZF+AD). dpyrumu caoBamu, ZF+AD MoxeT okazaThbCs IPOTUBOPEYUBA,
naxe eciu ZF+AC menporumsopeqnsa. [Tooromy ZF+AD ne mamuaa mupo-
KOT'0 ynmoTpeOeHus.

[Ipyras nmpuyuuHa, MO KOTOPOU AKCHOMBI, OTPHUIIAOIINE AKCUOMY BHIOODA,

131y cucremy axcuom gacTo obosauaoT ZF+AC.
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He Hanuu ynorpebaenus, Takasa. [[ycts X u Y — nBa muoxectsa. U3 akcu-
OMBI BEIOOPA caemayeT, 9To X PaBHOMOIIHO OIMHOXECTBY Y, mu60 Y paBHO-
MOIIIHO OAMHOXeCTBY X . OKa3BIBAETCA, YTO DTO YTBEPKACHUE PABHOCUAL-
#Ho akcuoMme BhIOOpa. [lopTOMY M3 060U AKCHMOMBI, OTPUIAIOIIEH AKCHOMY
BBIOOPA, ClefyeT CylmecTBOBaHUe Takux MHOXecTB X u Y, uro X He paBHO-
MOIITHO TTOAMHOXeCTBY Y, a Y He paBHOMOIIHO moaMHOXecTBy X. BmecTo
M3ANTHON MePapXUi KapIMHAILHLIX 4ducen,? mocTpoerHoi KanTopom, Mer mo-
JAydaeM OTPOMHOE KOJIWYeCTBO MHOXECTB, KOTOPble HUKAK HE COU3MEPUMBI
0 MOIIIHOCTH.

BmecTo ucnonp3oBaHus akKCMOMBI BHIOOpA MOXKHO IIOJIB30BATHCA €€ Cla-
60 popMON, KOTOPasA HA3KIBAETCA AKCHOMA 3aBUCUMOT0 BuIGOpa (depen-
dent choice). Axcuoma 3aBuCUMOro BHIGOpa yTBEPXKAaeT cienyiomee. IlycTs
JaHO MHOXeCTBO X, U B HeM moaMHOoXkecTBO V' C X X X Takoe, uro 71 (V) =
X, rae m; — TPOEKIUsA HA TMEPBBIM COMHOXWUTEIb. Loraa ecTh 6eCKOHeIHAsS
IOCJIeOBATENbHOCTD {T;} Takas, 4To (x;, ;1) € V, nas m060ro i.

Cucrema akcuom llepmeno-Ppenkesns 6€3 akCMOMEI BEIOOPa, HO C 3aBUCH-
MbiM Bbi6opoM (ZF+DC) nocTarodna s mo4TH BCex 3a4a4, T'e Heo6X0 1M
BBIOOD, HO HEJIOCTATOYHA VIS YTBEPXK AeHUN 1-4, mepedncieHHbIX BhIme. Tak-
JKe OHA CJeIyeT U3 aKCUOMBEI IeTepPMUHUPOBAHHOCTH.

JI1060TBITHO, YTO HEMPOTUBOPEeUnBOCTh llepmeno-Ppenkens paBHOCHIb-
HA HEPOTUBOPEYMBOCTH CUCTEMEI akcuoM, cocrosmen u3 ZF+DC mitoc ax-
cuombr " kaxgoe moamuOXkecTBO R™ mamepumo”. Kpome toro, DC caexgyer
U3 aKCUOMBI e TEPMUHUPOBAHHOCTH.

4.4. BriosHe ymnopsaodeHHbIe MHOXKECTBaA

Omnpeaenenune 4.1. Ilycte X — muOXecTBO, a R C X x X — 6unapuoe
OTHOIIIEHIE Ha MHOXeCTBe X , 0003HAUYEHHOE L1 < T9. DTO OTHOIICHNE HA3LI-
BAETCSA OTHOIIEHUEM YaCTHYHOro mopsaaka (partial order), ecau BepHBI
cJaeqyIonue yTBEePXK IeHNA

TPAH3UTUBHOCTb: N3 T <Y U Y < 2 CIeAyeT T < 2.

2KapauHaaoM, nIM KapIWHATLHBIM HHCJIOM, HA3HIBAETCS KIACC PABHOMOIIHEIX
muoxecTB. Cormacuo Teopeme Kantopa-Bepuirenna, ecim 01HO MHOXECTBO PABHOMOIII-
HO MOAMHOXKECTBY IPYTIOro, & APyroe — IOAMHOXECTBY IIEPBOTO, DTU MHOXKECTBA PaB-
HOMOIIHEL. [I09TOMY M3 ABYX HEPABHOMOIIHBIX MHOXKECTBA, OJHO PABHOMOIIHO IIOIMHO-
JKECTBy APYroro, HO He HAa0OOPOT. JTO 334a€T OTHOIICHUE MOPAIKA HA KApIUHATLHEIX
YUCIAaX, KOTOPOE U HA3LIBAETCA MepapXusa KapAWHAJIOB.
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ACMMMETPHUYHOCTD: €CIU T < Y, TO HEBO3MOXHO Y < Z.

MuoxectBo (X, <) ¢ OTHOLIEHWEM HYACTUYHOI'O MOPALKA HA3BIBAETCA da-
CTHYIHO YIIOPAZOYECHHOEC MHOXECTBO.

Omnpegenenune 4.2. Ilycrs (X, <) — 9aCTUYIHO YIOPALOYCHHOE MHOXKECTBO.
Ecmu ana xakux-to x,y € X umeer mecto ¥ < y aub0 Yy < T, MBI TOBOPHUM,
9T0 T 1 Yy cpaBHUMBL OTHONIEHHE < HA3BIBACTCA OTHOIIEHUEM JUHEH-
HOro mopsagka (total order), ecau a06ble 1Ba daeMeHTa CpaBHUMBL. MHO-
xecTBO (X, <) ¢ OTHOLIEHWEM JUHEWHOT'O TOPANKA HA3LIBAETCA JAHEUHO
YIOPAZOYEHHOE MHOXECTBO.

ﬂHHeﬁHO yOoopAgOYCHHBIC MHOXECTBA TaKX€ Ha3bIBAlOTCA MOHOTOHHO
YHOPALOYEHHBLIMHU, UK IIPOCTO YIOPALOICHHBIMM.

Ecmm z = y wim z < y, MB nUmeM 7 < ¥.

Omnpegenenne 4.3. Ilycrs (X, <) — JAMHENHO yIOPsI09€HHOE MHOXECTBO,
aY C X — ero noIMHOXECTBO. DJIEMEHT g € Y Ha3BIBAETCA MUHUMAJIb-
HBIM, €CIM 1Js Jioboro y € Y, uMmeeM Yy < Y. JIMHEMHO ymopsgodeHHOE
MHOXECTBO Ha3BIBAETCs BIIOJIHE ynopsazodeHHbIM (well-ordered set), ec-
U J11000€ ero MOAMHOXKECTBO MMEET MUHUMAJILHBIN daeMeHT. OTHoIIeHUe
MOPATKa HA TaAKOM MHOXECTBE Ha3BIBAETCSA OTHOIIEHUE MOJHOIO MOPAI-
Ka.

Omnpegenenne 4.4. HavaabHBIM 2JI€MEHTOM BIOJHE YIIOPSAI0Y€HHOIO MHO-
K€eCTBA HA3BIBAETCA €r0 MUHUMAJILHBIN daeMeHT. OTPEe3KOM JIMHENHO yIIo-
PSAIOYEHHOTO MHOXecTBa (X, <) HaselBaeTcsa moaMHOXecTBO Y C X Takoe,
YTO 414 JIOOBIX Z,z € Y, m moboro y € X Takoro, 4to r < y < 2z, UMe-
eM y € Y. HagaabHBIM OTPE3KOM BIIOTHE YIIOPATOYEHHOI'O MHOXECTBA
Ha3BIBAETCSA OTPE30K, COMEPKAIINNA MUHUMAIBHBIN DJIEMEHT.

3ameuanme 4.5. [lycte Xg C X — HadYaIbHBIM OTPE30K BIOJHE YIOPSI-
JOYEHHOT'O MHOXKECTBA, Ty €r0 HAYAJLHBLIA DJIEMEHT, a T — MUHUMAJbLHBIN
snemeHT B X \ X (MBI mpeAnmoraraeM, 9To 5TO MHOXECTBO HENmycTo). Jlerko
BUIETH, 4TO X — MHOXECTBO BCEX Y TAKWX, 9TO Ty < ¥ < & (JoKaxkuTe
5T0). MBI 0603HaYaEM TAKOU OTPE30K [Xg, Z[.

Broosne ynopsimodennbie MHOXecTBa n3o6pea ['eopr KanTop, cosmarens
TEeOpUr MHOXKECTB. KaHTOp 63,31/IpOBa,JI CBOIO T€OPHUIO MHO2XKECTB Ha IIOHATUN
BIIOJHE YIIOPAIOYCHHOI'O MHOXKE€CTBa U IIOHATUM OpAUHAJIA.
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Georg Ferdinand Ludwig Philipp Cantor
(1845 — 1918)

Onpeaenenue 4.6. /IBa BIOMHE YIOPATOYEHHBIX MHOXECTBA HA3BIBAIOTCS
N30MOP(MHBIMHU, €CIN MEXTY HUMHU €CTh OMEKIuA, COXPAHAIONIAA MTOPAI0K.
Kaaccer nzomopdusma BIOMIHE YIOPATOYEHHBIX MHOXECTB HAa3bIBAIOTCSI OP-
OUHAIAMUA, WK Xe OP AUHAJIHBHBIMY YHCJIAMU.

3ameuanue 4.7. OpauHAIBI MOXHO CKJIAALIBATH (M1 HTOrO HANO B3ATH
oobeauuenve X [[Y aByX Hemepecekarommxcs BIOJHE yIOPSI0YEHHBIX MHO-
KecTB, ¥ HoA0KUTh X < Y). DT0 CloXKeHne HEKOMMYTATHUBHO, HO ACCOLY-
aTuBHO. KpoMe TOro, OpAMHAILI MOXHO YMHOXAaTb. [[OMHBIM TOPATOK Ha
npousBeneHuu X X Y 3amaeTcsa Tak:

(z,y) < (2',y) ecmmy <9y, 6oy =19,z <2

3agmaua 4.1. [lokaxuTe, 9TO 3T OUpEAETCHUA 3aJal0T BIOJHE YIOPSIIO-
YE€HHBbIC MHOXKECTBA. rZIOK&)KI/ITG ACCOIIMAaTUBHOCTDb 1 YMHOXKEHUA U CJI02KCHUA
U TUCTPuUOYTUBHOCTH CJEBA CJIOXKEHUSA OTHOCUTEJNbHO yMHOXKeHusA. [Ipusenu-
Te IPUMePHI, KOT'a CJIOXKeHWe ¥ YMHOXKEeHUEe OPANHAJIOB He KOMMYTATUBHO U
He IUCTpUGYTHUBHO CIpaBa.’

! MuctpubyTusrOCTL CMeBa: T - (Y + 2) = -y + T - 2. [IucTPUGY TUBHOCTDL CIIpaBa:
(y+2)-z=y-z+2z-z
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Teopema 4.8: Ilycts X, Y — BmosHe ynopsgodeHHbIE MHOXeCTBa. 1orma
X wumzoMopdHO HaYaIBHOMY OTPe3Ky Y, aubo Y m30MOp(PHO HAYATHLHOMY
orpe3ky X. Bosee Toro, rakon uzomMopdusM ONpeseseH OTHO3HATHO.

HMokazarenscTBo: [lycts Z — muoxecTBo map (X, Y)) usomopdHbIx Ha-
JaJbHBIX OTPE3KOB X 1 Y.

IMTar 1. Nsomopdusm HagaasHbIX oTpe3koB (X1,Y;) onpexenserca omgHo-
3HAYHO MHOXecTBOM X;. B camMoMm mere, mycTh CymecTByeT IBa Pa3JUIHBIX
BaOKeHnA ¢ : X1 — Y u ¢ : X; — Y, sagaomue uzomopdusMm X u Ha-
JaabHOro oTpeska Y. O003HAUYMM 33 T MUHUMAJbLHBIA DJeMEeHT X, TaKOH,

aro ¢(z) # ¢'(z). Toraa (/5‘[%@[ - ¢/‘[

u3 >TOro caenyer, 9to ¢(z) = ¢'(x).

x

vl [Tockoabky ¢ u ¢’ — uzomopdusm,

ITar 2. Msr nony4unau, 970 Z yOOPAJZOYEHO MO BKJIIOYEHUIO W DTO 33,13eT
Ha Z NOAHBIA MOPSAIOK (gokaxwure). [lycTth £ — MuHUMAIBHBINA DaemeHT X,
He mpuHaAIexamun X mua kakoro-to (Xi,Y;) € Z. Ecau Takoro Her, 51O
3HAYUT, 4TO0 X m3oMopdeH HadaabHOMY oTpe3ky Y. Ecim Y; = Y, MBI Bce
IoKazaau. B mpoTUBHOM ciydae, HAYAJIbHBIA OTPE30K [Zo, | n30MOpheH Ha-
JaJIBHOMY OTDPE3KY [Yo, Y[, CleToBaTEIbHO, OTPE30K [, ] u3oMopdeH [y, y]-
MuI IpuUIIM K TPOTUBOPEYNIO. DTO J0Ka3kiBaeT Teopemy 4.8. m

Teopemon IlepMmeno HA3BIBAETCA CJEAYIONIEE YTBEPKICHUE, TOKAZAHHOE
Opucrom llepmeno B 1904-m roxy.
Teopema 4.9: (Teopema Ilepmeno, ”well-ordering theorem”) Jlro6oe mHuo-
XKECTBO MOXKET OBLITH BIOJHE YIOPALOICHO.

Teopema [lepmeso paBHOCHIBHA aKCHOME BBIOOPA; MBI JOKAXKEM DTO He-
MHOI'O TIOT'O/IA.

4.5. Jlemma Ilopua u Teopema llepmeso

[lpyroe yTBep:xeHue, TakXKe PaBHOCUILHOE aKCHOMe BEIOOpa - Jemma 1lop-
HA.

[Iycts (S, <) — 9aCTUYHO YyMOPATOYEHHOE MHOXKECTBO. JJIEMEHT T € S
Ha3BIBAETCSA MAKCHUMAJABHBIM, €CJIU He cymecTByeT y € S ¢ x < y. [laa
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4. Axcmoma BrIGOpa U €€ IPWIOXKEHUS

nogMuoXkecTBa S; C S u x € S, Mbl umeMm S; <X T, €CAU IIA KaXKJ0TO
£ € S) nmeem € X .

Teopema 4.10: (aemma [opua) ITycts (S, <) — Y9aCTUYIHO YIOPATOUYEHHOE
MHOX€CTBO, IpuvieM IJid JIIO6OPO BIIOJTHE YIIOPAOJOYEHHOT'O IIOAMHOXKECTBaA
S1 C S maugercs saement £ € S rmakou, uro S; <X . Torma B S mamgercs
MaKCAMAJIbHBINA DJIEMEHT.

Teopema 4.11: Creayioiue yTBepXKJIeHUSI PABHOCUILHLIL:

ZL JlemMma Ilopha.
WOT Teopema llepmedo.
AC Axkcuoma BwiGopa.

JokxaszaTenbcTBo: OTMETUM, 9TO HOJHOCTHIO AKKYPATHOE JOKA3ATEIHCTBO
Teopemsr 4.11 TpebyeT pa3BUTUA AKCUOMATUIECKOU TEOPUU MHOXKECTB.

ZL = WOT: Ilycte X — x060e MHOXeCTBO, a S — MHOXECTBO BCeX
map (X1, <), rge X; C X — IOAMHOXECTBO, & < — OTHOIIEHUE MOIHOTO
mopsagka Ha X;.

PaccMorpuM oTHOmeHne dacTudHOro nopsagka Ha S: (Xi, <) < (Xa, <),
eciu (X1, <) 5T0 HAYaABHBIN OTPE30K (Xs, <). JIerko BUAETH, YTO yCIOBUE
aemmel [opua Bemoaneno aas (S, <): ecau S; C S Bnoane (u gaxe JuHen-
HO) YHOPsA04YeHO, 00beauHenne = C X BCeX DJIeMEHTOB S] ¢ €CTeCTBEHHBIM
OTHOIIIEHWEM TOPALKA — BIOJHE YIOPSAJOYEHO W yAOBIETBOpseT S; < Z=.
[Tosromy B S ecTh MakcuMaubHbil daeMmeHT (=, <). Ecim = # X, BozbMeMm
¢ € X\Z, u onpegenruM OTHOIIEHWE MOPSAAKA Ha =i = = U {£}, moaoxus
2 < & Mbr momydyuMm, 9TO Z; — BIOJHE YNOPAJOYEHHOE MHOXECTBO, Ha-
YaJbHBIM OTPE3KOM KOTOPOI'O ABAAETCA =, a 3HAYAT = HE MaKCHMAJIbLHO.
Mgs1 npunuin K mpoTtuBopeunio; ciegoBareabHo = = X. [lootomy X Bmoane
YIIOPA JOYEHO.

WOT = AC: Ilycts X Ly — CIOpbeKIUA, a X BIIOJHE YIOPAIOIEHO.

P o
Omnpegennm orobpaxkenne Y —— X, B3aB 3a ¢(y) MUHUMAJBHBIA (B CMBICTE
TIOTHOT'O TIOpAKa) daeMeHT ¢~ ' (y). Jlerko BUAETH, 9TO ATO CeveHume.

AC = ZL.
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YAcTb I. OCHOBAHUS MATEMATUKHA

IMTar 1: [Iycrs (S, <) — 49aCTUYHO yIOPsIOYEHHOE MHOXECTBO, YA0BIETBO-
psmoIIee ycaoBuaM Jemmbl [{opHa, u He cogepxkaliee MaKCUMAIbHOT O DJIEMEH-
Ta. Torga mis KaXj0ro BIOJHE YIOPAJOYEHHOrO MoAMHOXecTBa S1 C S,
maugercs £ = S1. [lockonbky & He MakcuMadeH, HangeTcsa £ € S Takou, 4TO
& > &, a 3uaqwur, £ >~ 5.

ITar 2: I[lycte & — MHOXECTBO BHOJHE YIOPSIJOYEHHBIX MOIMHOXECTB S,
avy: 6 — S — orobpaxenue, nepesojsamiee S; C S B saement £ € S, yno-
BaeTBopsiomun & > Si. Takoe oToOpaxeHue CyImeCcTBYeT B CHIY aKCHOMBI
BBIOOpA. [l MOKazaTelrbCTBA HTOT0, PACCMOTPUM MHOXKECTBO BCEX Tap

R:={(5€6,£€85) &= 51}

EcrecTBennas mpoexiusa R — G CIOpbEKTHUBHA, ITO AOKA3aHO HA Imare 1.
Cedenne R — © B KOMIIO3UINK C IpoeKkIuen R — S 3a1aCT UCKOMOE OTO-
OpaxeHue .

ITar 3: [IycTs © — MHOXECTBO BIOJHE YIOPAJOY€HHBIX MOAMHOXECTB P C
S Takux, 94TO 1A KaXKA0r0 p € P, Ha9albHBIN OTPE30K [P, p[ yAOBIETBOPSAET
p = v([po, p[). Korma p = py, 510 3Ha4UT, 910 Py = 7¥(0)).

MuoxecTBO © BIOMHE YIOPATOYEHO 10 BJAOKEHUI0. B camMoM J1ene, BO3b-
MeM P, () € ©, u mycTh p — MUHUMAJBLHBIN JIeMeHT P Takou, 9To 0Tpe30K
[po, p| mexuT B @, a [po, p] yxe He Jexur B Q. Ilockoasky p = v([po, p[), a
[po, p[ TexuT B Q, w3 p ¢ Q caenyer, uro Q = [po, p|-

IIar 4: Mur noxyuumu, aro obbesunenne Py := | Jp o P aexur 8 ©. J10

HEBO3MOXHO, OTOMY 4TO 06benunenue P, Uy (P.) crporo 6oabume P, u
Toxe gexuT B ©. Mur npunu xk nporusopednto. Jlemma [{opra nokazana. m
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YHacts 11

TomoJsiorna B 3agavdax

93






Jloruvecku, MaTepuany mepBoro JUCTKA MPEAIIeCTBYIOT ONPeIeTeHre T0-
J ¥ BEIECTBEHHBIX dncea. [[ockombKy 5TO 9acTh CTaHIAPTHOTO Kypca aHa-
au3a (a 9acTO W MIKOALHOM MATEMATUKM), i OTHEC UX B KOHEN KHUTH, B
TIPUJIOXKEHNS.

Jlekuuu u 3348494 MO0 TOMOJOTUH - 55 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



YAacTb II. 3ATAYA OO TONOJOTUN

JIucTok 1: MeTpuieckue mpocTpaH-
cTBa M HOpMA.

s 3adeTa 10 KaXXI0My JUCTKY HAI0 CIATh BCE 3aa49M CO 3BE3 JOIYKAMH,
aub0 Bce 3aja4dm 6e3 3Be3J0YeK. 3ajadu C IBYMs 3BE3J0YKAMU MOXHO HE
camaBaTh. CrapmuM k 3a1a4 ¢ AByMs 3Be3T0YKAMHU Pa3pelraeTcsa He CIaBaTh
2k 3ama4 co 3Be3M0YKAME U3 TOTO XK€ JUCTOYKa. 3ana4du, o6o3nadenusie (!),
clIenryeT CIaBaTh BCEM.

B sToM amcTOUKe peanoaaraeTcs 3HaKOMCTBO € OTIpeeJeHueM JUHEnHO-
I'0 MPOCTPAHCTBA U CKAIAPHOTO IPOU3BEIEHUA (T.€. TOJOKUTEIBHO OTpese-
JEHHOW OUIMHENHON CUMMETPUIHOU (POPMBI), 3HAKOMCTBO C TIOHATHUEM KOJb-
11a, TOJA, U OTPeaeJeHNEM IO BEIIeCTBEHHBIX YUCET.

1.1. MeTputieckue MpOCTPAHCTBA, BLIMTYKJIbIE
MHOX€eCTBa, HOpMa.

Omnpegenenme 1.1. MeTpudeckoe IpoCTPaHCTBO €CTh MHOXKeCTBO X , CHAO-
xennoe Takou gpyuknumen d: X x X — R, aro

a. [ua mobbix z,y € X umeem d(x,y) > 0, mpudeM paBeHCTBO UMEET
MECTO TOTJ[a ¥ TOILKO TOTJa, KOTAA T = ¥.

6. Cummerpuunocts: d(z,y) = d(y, x)
B. “HepaBeHcTBO TpeyroabHuUKA : mas JIOOBIX Z,Yy, 2z € X,

d(z,z) <d(z,y) + d(y, 2).

dynknusa d, yIoBICTBOPAIIAA 3TUM YCIOBUAM, HA3LIBACTCA METPHKOH.
Yucno d(z,y) HasbIBaeTCA “pACCTOSHUEM MEXIY T U Y.
Eciu z € X — Touka, a € — BeMIECTBEHHOE IHUCI0, MHOXKECTBO

B(r)={ye X | d(z,y) <e

Ha3bBaeTCA (OTKPBITHIN) AP PAAMYCa € C MEHTPOM B x. Takon map
eIlle HA3bIBAETCA €-IIAP. SAMKHYTHIU 1IAP OMPEAeIAeTCA KaK

B(z)={y € X | d(z,y) <e}.
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JlucTok 1: MeTpuieckue mpoCTpaHCTBA M HOPMA.

3aga4da 1.1. PaccmoTrpum J1060€ 1O IMHOXECTBO B €BKJINJOBOU ILIOCKOCTH
R? ¢ dynxuuesr d, sanannon xax d(a,b) = |ab|, rae |ab| — amuHa oTpeska
[a, b] Ha mrocKoCTH. [TOKAKUTE, YTO HTO METPUIECKOE TPOCTPAHCTBO.

3agaua 1.2. PaccMoTpuM Takyio GyHKIOMIO dy, @ R? X R? — R:

(z,9), (', ¢) = max(|lz — 2], [y — /]).

[lokaxwure, 9T0 5TO0 — MeTpuka. OUUIIUTE €IUHUYHBIN MAD C MEHTPOM B
HYyJI€.

3agaua 1.3. Paccmorpum Takyio dpyrknmio d; : R? x R? — R:
(@,9), (@,y) = |z —2'| + |y =y

[llokaxure, 9T0 >TO0 — MeTpuka. ONUIINTE eJUHUYHLIN IMADP C MEHTPOM B
HY.JIE.

3agaua 1.4 (*). Oyuxuusa f : [0,00]— [0, 00[ Ha3BIBaeTCA BBIMYKJION
BBepX, ecau f(Az + (1 — N)y) > Af(z) + (1 — N)f(y), gaa ao6oro semte-
creernoro A € [0,1]. llycrs f — Takaa ¢yukuusa, a X,d — MeTpuUeckoe
npocrpancTBo. [Ipeanoasoxum, uro f(A) = 0 Torga u TOJIBKO TOra, KOTAA
A = 0. Jokaxwure, uro dynkuua df(z,y) = f(d(z,y)) 3agaer MeTpuky Ha
X.

3agaua 1.5. Ilycrs V — gmHEWHOE MPOCTPAHCTBO C MOJOXUTEIHLHO OIpe-
JeJeHHOU OWINHEMHOU cHUMMeTpudHou ¢dopmon ¢(z,y) (B LalbHEUIIEM MBI
OyZeM Ha3BIBATH TaKyl (HOPMYy CKAIAPHBIM npom3BegeHmeM). Ompeje-
v “paccrosane” d, 1 V x V — R xak dy(z,y) = \/g(r — y,z — y). Jo-
kaxwure, 9T0 d(x,y) > 0, IpUYeM PaBEHCTBO MMEET MECTO TOrIa U TOJBKO
TOT/Ia, KOTAA T = Y.

Omnpegenenne 1.2. [lycts £ € V — BeKTOp BEKTOPHOTO MPOCTPAHCTBA.
IMapannenbHbIM IEPEHOC HA BEKTOP T — 3T0 oToOpaxenue P, : 'V — V|
y—y+x

3aga4a 1.6. [Joxaxure, 9T0 GyHKINA dy “MHBAPMAHTHA OTHOCUTEILHO T1a-
pasLIenbHBIX TepeHocoB”, T.e. dgy(a, b) = dy(Py(a), Py(b)).
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YacTb II. 3ATAYA DO TONOJOTUN

3aga4a 1.7. [oxkaxure, 9To d, yA0BIETBOPAET HEPABEHCTBY TPEYTOJbHHU-

| Vo —y,z—y) < Voz,z)+ oy, y)

Ykazanme. Paccmorpum moxmpocrpancTrso Vy C V, mopoxjaeHHoe x u .
[okaxuTte, 9TO OHO JTUOO OTHOMEPHO, AnO0 U3OMOP(HO, KAK TPOCTPAHCTBO
CO CKaJAPHLIM IPOU3BEJeHNeM, IPOCTPAHCTBY R? co CKalApHBIM IPOU3BE-
neaueM ¢((z,y), (2',y')) = z2’ + yy'. Bocuoab3ynrech HEpABEHCTBOM Tpe-
yroabuuka aas R2.

3agava 1.8 (!). [loxaxnure, 910 d; — 3TO METPHKA.

Ykazanume. [lorb3ysach nHBAPMAHTHOCTHIO OTHOCUTEIBLHO MAPAJJIEIbHBIX TIe-
PEHOCOB, CBEIUTE DTy 33Ja4y K IPEIbLIYIIEH.

Onpegpenenne 1.3. [lycts V — npocTpaHCTBO CO CKaAAPHBIM MPOU3BEIE-
HEeM ¢, & dy — MeTpUKa, IOCTPOEHHAs BHIIIE. JTa METPHUKA HA3BIBAETCA
€BKJIN JOBOM.

Omnpegenenne 1.4. [lycts V — aunennoe npocrpanctso, P, : V — V —
mapaJIeIbHBIN IepeHoc, a Vi C V. — ogHoMepHOe moAnpocTpancTso. Torga
o6pas P,(V}) nasbiBaercsa npamou B V.

3agadua 1.9. /lanw aBe pasuble TOUKE T,y € V. [JokaxuTe, 9TO CyIIECTBY-
eT eMHCTBEeHHAA TpaMad V., TPOXOAAIas depe3 T U Y.

Omnpegenenne 1.5. [lycTs [ npsamas, npoBegeHHas Yepe3 TOYKU X # ¥, Q
— TouKa, Jsxkaimaa Ha [. MBI TOBOpUM, YTO @ JEeXKUT MEXIY X, Y, €CIu
d(z,a)+d(b,y) = d(z,y). Orpesok npamon mexay = u y (0603HaAYAETCA
[,y]) ecTh MHOXECTBO BCEX TOYEK IPAMOU V., KOTOPHIE “IeXKaT MexIy”
T Y.

3agadua 1.10. /anbl Tpu pa3Hble TOYKU Ha TmpAMou. /[okaxuTe, 4TO OMHA
(1 TONBKO OHA) W3 DTUX TOYEK JEXKUT MeXAy apyrumu. [Jokaxure, 9TO
OTDPEe30K [Z,y] — 5TO MHOXKECTBO Bcex To4ek z Buga axr + (1 — a)y, rge
a€0,1] CR.

Omnpegenenne 1.6. [lycts V' — aumuennoe nmpocTpancTso, a B C V — He-
KOTOpO€ II0AMHOXeCTBO. ['0BOpAT, YTO MOAMOXKECTBO B BBIIIYKJIOE, €CIn
st M00BIX Z,y € V', B comepXuT BCe TOYKM OTPE3KA [T, y].
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JlucTok 1: MeTpuieckue mpoCTpaHCTBA M HOPMA.

Omnpeaenenne 1.7. Ilycts V — qunennoe npoctpanctso Hag R. Hopmon
Ha V HaswiBaeTcA Takasa GyHKIUA p : V. — R, 9T0 BHIMOTHAIOTCA Creayoomue
CBOUCTBA.

a. [ua mo6oro v € V umeem p(v) > 0. Boaee Toro, p(v) > 0 mia Bcex
HEHYJEBBIX V.

6. p(Av) = [Alp(v)
B. A m06BIX v1, vy € V Bemomreno p(vi + v2) < p(v1) + p(v2).

3agaua 1.11. Ilycte V — aumuewnoe mpocTpancTBO Hax R, u mycTs p :
V — R — nopma Ha V. Pacemorpum dynkmmio d, @ V XV — R, d,(z,y) =
p(x — y). JoxkaxuTe, 9T0 5TO MeTpuKa Ha V.

3agaga 1.12 (*). [Iycre d: V X V — R — meTpuka Ha V, uHBapuaHTHas
OTHOCHTEIbHO TapaJICIbHEIX IepeHOCOoB. IIpeamnonoxumM, 9To d yI0BIeTBO-
pAeT yCJIOBHIO

d(Az, Ay) = |A|d(z, y)
mast Bcex A € R. [lokaxuTre, 9To d mony4daercs u3 HOpMEL p : V. — R mo
dopuyre d(z,y) = p(z —y).

3agaua 1.13. Ilycte V — awumennoe mpoctpancTBo Hax R, a p: V — R
— nopma Ha V. Paccmorpum muoxkecrBo Bi(0) Bcex Touex ¢ mopmon < 1.
rZ[OK&)KI/IT‘G, 9TO 3TO MHO2XK€CTBO BHIIIYKJIO.

Omnpegenenne 1.8. Ilycts V — BekTOpHOe mpocTpaHcTBO Ham R, a v He-
HyJEeBOM BeKTOp. 1orga MHOXeCTBO BCeX BEKTOpoB Buaa {Av, | A > 0}
HA3bIBAETCA JIYy4OM B V.

Omnpeaenenune 1.9. IllenTpanbHaa cumMeTpusa B V — dTo oToOpaxkeHue
T — —.

3agaga 1.14 (*). Ilycrs neHTpPAIbHO CUMMETPUYIHOE BHINYKJIOE MHOXECTBO
B C V He comepXuT ay4en u nepecekaeTcs ¢ KaxabM aydom {Av, | A > 0}.
Paccemorpum dynkmnmio

v sup{A € R | \7lv ¢ B}

[lokaxure, 4T0 3T0 HOpMa Ha V. [lokaxuTe, 9TO BCe HOPMBI IOJYYIAIOTCSA
TakKuM 00pa3oM.
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YacTb II. 3ATAYA DO TONOJOTUN

3amedyanme. IJTy (PYHKIUIO OOBIKHOBEHHO HA3BIBAIOT “‘(pyHKIMOHAT MwuH-
KOBCKOT'0, IOCTPOEHHBIA MO TEIy .

3agadua 1.15. Ilycre G — abeneBa rpynna, a v : G — R ¢yuknusa, koTo-
pasgd IMIPpUHUMaET HEOTPUIATEJABbHBIE 3HAYEHUA, U MOJOXKUTEJNBbHBIC 3HAYCHUSA
11 Bcex HeHyaXeBbIX g € (. Ilpexamomoxum, uro v(a + b) < v(a) + v(b),
v(0) = 0, a Takxe uro v(g) = v(—g) mua Bcex g € G. Jlokaxure, 4TO
dyukuusa d, : G x G — R, d,(x,y) = v(z — y) — oT0 MeTpuka Ha G.

3aga4da 1.16. Merpuka d Ha aGeneBon rpymie G Ha3LIBaeTCA TPAHCIAIN-
OHHO MHBapuaHTHOM, ecau d(r + g,y + g) = d(z,y) ana Beex z,y, g € G.
MokaxuTe, 9To J100ad TPAHCJAANMOHHO HHBAPUAHTHAA METPUKA d TOJydeHa,
u3 HekoTopou gyukuuu v : G — R mo ¢opmyaxe d(z,y) = v(z — ).

Onpepenenne 1.10. 3adukcupyeM mpocToe umciao p € Z. Paccmorpum
dyskumio v, : Z — R, KoTOpas CTaBUT YHUCIy N = pkr (r me memmTcs
Ha p) B cooTBeTcTBUE uucao p F, a v,(0) = 0. Dra byHKuuA HA3BIBAETCA
p-aguYeCcKUM HOPMHUPOBAHUWEM Ha Z.

3agadva 1.17. [Jokaxwure, uro dysxuns d,(m,n) = v,(n —m) 3azaer Me-
TPUKY Ha Z. JTa METPUKA HA3BIBACTCA P-aAMIECKOM METPHUKOU Ha Z.

Ykasanue. [Iposepsre coorrHomenue v,(a+b) < v(a)+v(b) n Bocmoab3y-
TeChb MPEILIIYIIeH 33 aYen.

Onpepenenne 1.11. Ilycte R — xoawbno, a v : R — R — ¢yuknus,
KOTOpas MPUHUMaeT HeOTpHUIATelbHble 3HAYeHWUA, U MOJOKUTETbHBIE 3HA-
YeHWs /s BCeX HeHyJeBbx 7. [Ipexmonoxum, uro v(riry) = v(ry)v(re), a
v(r1 + 12) < v(r1) + v(re). Torga v Ha3bIBaeTCA HOPMUPOBAHUEM KOJIb-
na R. Koaw1o, cHabXeHHOe HOPMUPOBaHUEM, HAa3bIBA€TCI HOPMHAPOBAHHOE
KOJIBIIO.

3ameuanme. Kak BugHO u3 BHINIENDUBEIEHHBIX 33ja4, HOPMUPOBAHUE HA
KoJablle R ompenenseTr wmHBapmaHTHYI0 MeTpuky Ha R. B mambuenmewm mio-
60€e HOPMUPOBAHHOE KOJIBIO OyIeT PACCMATPUBATHCA KAK METPUIECKOE MPO-
CTPAHCTBO.

3apga4ga 1.18. [lokaxure, 9TO v, — HOPMHUpOBaHHe Ha Koablle Z. Onpene-
JauTe HopMupoBanue Ha (Q, KoTOpas IPOJOIKAET Vp.
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JlucTok 1: MeTpuieckue mpoCTpaHCTBA M HOPMA.

1.2. TlomHbIE MeTpUYECKUE TPOCTPAHCTBA.

Omnpegenenne 1.12. Ilycrs (X, d) — merpudueckoe mpocTpascTso, a {a;}
— nocaegoBareabHocTh Touek u3 X . [locaenosarensuocts {a;} HasbiBaeTCs
nocjaegoBaTenbHOCTLI0O Kommm, ecim g1a kaxaoro € > () Haugercsa e-map
B X, COIEPXKAIIUU BCE @;, KPOME KOHETHOT'O TUCJIA.

3agaga 1.19. Ilycrs {a;}, {b;} — mocaegoBarensnocru Komm 8 X. [Toka-
xwure, 9T0 {d(a;, b;)} — nocaegoBarensHocTs Komm B R.

Onpegenenne 1.13. Ilycrs (X, d) — MeTpudeckoe mpocTpaHCTBO, a {a;},
{b;} — mnocrexoBareaprocTr Komu B X. Ilocrenosarensuoctu {a;} u {b;}
HA3bIBAIOTCA DKBUBAJEHTHBIMMY, €C/IN TOCIEN0BATEILHOCTD G, by, a1, b1, - . .
— Tocae0BaTeIbHOCTD Kormn.

3agaga 1.20. Ilycrs {a;}, {b;} — mocaegoBareasrnocrun Komm 8 X. [Toka-
xure, 910 {a;}, {b;} sxBUBaKEHTHEHI TOr 1A U TOJIBKO TOrAA, Koraa lim d(a;, b;)
71— 00

0.

3agaga 1.21. Ilycrs {a;}, {b;} — sxBuBanenTHBIE NOCIOBATEBHOCTH KO-
mu B X, a {¢;} — emwe oxna nocaegoBareasrocts Komu. Jokaxure, 9T0
lim d(a;, ¢;) = lim d(b;, ¢;)
1—00 71— 00
3agaga 1.22 (!). [ycrs (X, d) MeTpudeckoe IPOCTPAHCTBO, & X — MHO-
XKECTBO KJIACCOB DKBUBAJIEHTHOCTH T0caeoBaTeabrocTen Kommu. [Jokaxure,
4T0 PYHKIUA

{ai}, {bi} — Zlgglo d(ai, b;)
3aJaeT MeTPUKy Ha X .
Omnpegenenne 1.14. B Takoi cutyanun, X Ha3bIBaeTCA HOMOJHEHNEM X .

3agaua 1.23. PaccmoTpuMm ecrtecTBenHoe orobpaxkenme X — X, z —
{z,z,z,x,...}. [lokaxuTe, 9TO 3TO BIOKEHWE, KOTOPOE COXPAHAET METPU-

Ky.

Omnpeaenenune 1.15. Ilycts A — nmoagmuoX)ecTBO B X . Daement ¢ € X Ha-
3BIBACTCA MPEAeJbHOM TOYKOM IOAMHOXKECTBA A, ecim B JI0O0M OTKPHI-
TOM IIape, COAEPKAIIEM C, COAEPKUATCA OECKOHETHOE KOJINIEeCTBO DIEMEHTOB

A.
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3aga4a 1.24. /lana mociaenoBaTenbHOCTh Kommu. /lokaxwuTe, 9TO y Hee He
MOXKeT OBbITH OOJBIIE OJHOU IPEAEIbHON TOYKH.

Omnpegenenne 1.16. Ilycts {a;} — mocregoBarensrocts Komu. Mer ro-
BopuM, 4T0 {a;} cxoguTca kK r € X, win uMeeT mnpegesa B I (NMUIIETCA
lim a; = z), ecau x — npegeabHas ToUKa {a;}

1—00

Onpegenenne 1.17. Merpuieckoe npocTpancTso (X, d) Ha3bIBAETCA TOJ-
HBIM, ecau J0bas nocaenoBareabaocTh Komu B X umeer mpegen.

3agaga 1.25 (!). [Jokaxwure, 4TO NONOJHEHUWE METPUYECKOIO MPOCTPAH-
CTBa, TIOJHO.

Omnpegenenne 1.18. IlogmuoxectBo A C X MeTpuUIeckoro npoCcTPaHCTBA
Ha3bIBAETCA IVIOTHBIM, €CIM B KaXXJOM OTKPBITOM Imape B X COAepPX)UTCA
aaeMeHT u3 A.

3agaua 1.26. [Joxaxwure, uTo X IIOTHO B X.

3agaga 1.27 (!). Ilycrs R — koab110, cHAGXKeHHOe HOpMuUpOBaHueM . Io-
CTPONTE CIOXKEeHHEe W YMHOXKeHHe Ha MONOJHeHN: R OTHOCHTEeIbLHO MEeTPUKH,
COOTBETCTBYIONIEH HOPMUpOBaHMIO. [JoKaxkuTe, UTO R cHAOKEHO HOPMUPO-
BaHEeM, IPOJOIKAIIIeM HOPMUPOBaHUe Ha K.

Onpegenernne 1.19. HopMupoBauHOE KOIblI0 R HA3HIBACTCA MMOMOIHEHH-
eM R oTHOCHMTEIHLHO HOPMUPOBAHUA V.

3agaga 1.28 (*). IIycre R — HOpMUpOBaHHOE KOJbLO, a R ero momoJse-
uue. [Ipennonroxum, uro R — noge. [lokaxure, a¥ro R — ToXe moe.

3ama4da 1.29. /lokaxwurte, uTo R moaydeno monoaunenueM (Q oTHOCHTENIBHO
HOPMUPOBaHUA ¢ — |q|. MOXHO 11 5TO HCIIONIB30BATH B KAYECTBE eIlle 0JHOI'0
onpegenerus R?

Omnpegenenne 1.20. Ilonmonnerue 7 OTHOCHTEJIbHO HODMUDOBAHHUA V), Ha-
3BIBAETCA KOJBIIO HEIBIX P-a JUYUYECKUX YUCEJN. ITO KOJIbIIO 0003HATAETCSA
L.
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3agadga 1.30. Ilycrs (X, d) — merpudeckoe npocTpaHcTBO, a {a;} — 10-
caenoBaTelbHOCTh Touek u3 X. IIpenmonoxum, 4to pag » . d(a;, a;_1) cxo-
murcs. [Jokaxure, uTo {a;} — nocaegoBarenbuocTs Komu. Bepro au oGpar-
HOE?

3agaga 1.31 (!). Joxaxwure, 94T0 s JIOGO MOCIEI0BATEIBHOCTH LEJIBIX
qucen ay, pan Y appt cxomurces B Z,.

Ykazanue. BocnonpsynTech mpeabIIyIIen 3a1aqen.
3agaua 1.32. Jlokaxwure, ato (1 —p)(>_,—,p*) =1 B Z,.

3agaga 1.33 (*). [Toxaxure, 9T0 J1060€ METOE TUCAO0, KOTOPOE HE TEIUTCA
Ha P, 00paTUMO B Zy.

Omnpeaenenune 1.21. Ilonoruenue Q 0OTHOCUTENIBHO HOPMUPOBAHUSA, MOIY-
IEHHOI'0 IIPOJOILKEHUEM V,, 0003HadaeTcsa (), n HazpiBaeTcs (mose p-agmvecKux
qucen).

il

3agaga 1.34 (*). [Jawo z € Q,. Jokaxure, uro = &, rue 2’ € Z,.

bS]

3agaua 1.35 (*). okaxwure, uro lim {/n = 1 (3mech npemea Gepercsa B

n—00

R, ¢ OOBIYHON METPHUKON).

Omnpeaenenune 1.22. HopmupoBanue v Koablia I Ha3pIBaeTCA HEAPXHAME JO-
BbIM, ecau v(z + y) < max(v(z),v(y)) gus Bcex x,y. B mporuBHOM ciydae
HOPMUPOBAHNE HA3LIBAETCA apPXUMETOBLIM.

3agaga 1.36 (*). Ilycrs v — HopMmupoBanue B Q. /lokaxure, 94T0 v Heap-
XMMEJ0BO TOTJa W TOALKO TOTAA, KOTAa Z COAEPKUTCA B €AMHATHOM IIape.

Ykazauue. Bocnoawzyurecs npegeaom lim /n = 1. Ouenure 3HadeHue
n—oo
YV ((v(z + y)*) ansa 60abmuUX 7, BOCHOAB30BABIIMCH OLEHKON Ha GUHOMUAIb-

urie kKoaddumment: v(CF) < 1.

3agaga 1.37 (*). Ilycts v — HeapxuMmenoBo HOpMupoBaHue B Z. Paccmo-
TpUM MHOXKeCTBO m C Z, cocTosiee u3 Beex ueasix n ¢ v(n) < 1. Beisegure
13 HeaApXUMeIOBOCTH, YTO M 3TO0 udead B 7 (ugean B Koablie R eCThb 10 1MHO-
XKECTBO, 3AMKHYTO€ OTHOCUTENLHO CAOXKEHUA M YMHOXKEHUA HA DIEMEHTH 13
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R). [okaxwure, 9T0 uAeal m npocmotd (IPOCTON MIeal STO TAKOU HIeal,
9TO TY ¢ M A BCEX X,y ¢ m).

3agaga 1.38 (*). [lokaxure, 9T0 M060M UAeal B 7 WMeeT BU[
{0, £1m, £2m, +£3m, ...}

IJIsT HeKOTOporo m € Z. /lokaxuTe, 9IT0 110601 MTPOCTON UaeaT M B Z UMeeT
Bux {0, +1p, +2p, +3p, ...}, rme p = 0,1 aubo p mpocroe.

Ykazanme. Bocnoassyurecs aaropurmoMm EBkiania.
3agaga 1.39 (*). Ilycts v — HeapxumenoBo HopMmupoBauue Q, a
m = {p,2p, 3p,4p, ...}

— wujeaJ, HOCTPOEHHBIM BhIme. [lokaxure, 9TO CYIIECTBYET TAKOE BeIle-

ctBernOe 4ncao A > 1, aro v(n) = A% naa xaxgoro n = pkr, r fp.

3agaga 1.40 (*). Ilycrs v — rakoe mopmuposanue Q, uro v(2) < 1. [o-
kaxure, 40 v(a) < log,(a) + 1 guas aroboro ueroro a > 0.

Yxazauume. BocnoabsyuTech mpeacTaBieHneM ducaa N B IBOMYHOU CUCTE-
Me CYUCJEHUS.

3agaga 1.41 (*). Ilycts v — Takoe nopmuposanue Q, uro v(2) < 1. [lo-
kaxure, 9T0 v(a) < 1 gas a060ro meaoro a > 0 (T.e. v HEAPXUMETOBO).

Ykaszaume. Brsegure u3 lim /n = 1 coorsomenme lim %% = 0. Boc-

n—00 n—0o0

TI0Tb30BABIINCH MpeAbIAYIeN 3a1adel, norydute lim v(a?) < 1.
N—oo

3agaga 1.42 (*). Ilycrs a; — nocaegoBareasHoCTh Komm panumoHaabHbIX
qmcel BUja 5 (“mocaegoBarenrsHocTs Komm” 31ech moHMMAeTCA B OGLIMHOM
CMBICJIE, TO €CTh KAaK B BEIIECTBEHHBIX YUCIAX). [Ipeamnosoxum, 970 HOpMHU-
posanue v Ha Q apxumenoso. [Jokaxure, 4To v(a;) — MOCIEIO0BATEIBLHOCTH
Kommn.

Ykazanue. 3anucas B JBOUYHOU CUCTEME CIUCJIEHUS, TOKAKUTE, ITO

l/(ﬂ?/?n) < U(Q)logz(;c)+1/y(2)n < U(Z)logQ(aH—l)fn_
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3agaga 1.43 (*). BeBegure u3 5T0ro, 9T0 HOPMUPOBAHME U MPOIOIKA-
eTcs 10 HempepbiBHOU (yHKIuU Ha R, KoTopas yaosieTBopseT v(zy) =
v(z)v(y). Jokaxure, 9T0o v ToaydaeTcs Kak o — |z|) 114 Kakoh-To KOH-
craaTsl A > 0. Boipasure \ gepes v(2).

3agaua 1.44 (*). [lna kakux A\ > 0 byskmua z — |z|* 3agaeT HOpMHUPO-
Banue Ha Q7

Mgzt monyyunu nouyio Kiaccudukanuo HopMupoBanun Ha (Q: 1r060e HOP-
MUPOBaHUE MOIYy9aeTCsa KaK CTeleHb P-afuiecKoro HOpMUPOBAHUA U0 MO-
oyas. JTa Kraccupukanusa HasbiBaeTca TeopeMa OcTpOBCKOro.
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JIucTok 2: Tomojsiorus meTpuie-
CKUX IMPOCTPAaHCTB.

Onpeapenenne 2.1. [lycts M — meTpudeckoe npocTpancTBo, X C M mon-
MHOXecCTBO. [lonMHOXecTBO X HA3BIBAETCA OTKPBITHIM, €CIM OHO BMECTE
C KaXJ0M TOYKOU COJEPKUT HEKOTOPBIM €-IIap C IEHTPOM B DTOU TOYKE, U
3aMKHYTBIM, €CJU JONOJHeHre K X OTKPBITO.

3agadga 2.1. [okaxure, 970 X OTKPHITO TOIJa M TOJBKO TOLJAA, KOLIa
JUISL KaXKJOU mocaegoBaTeabHocTy {a;}, Koropas cxogurcs K ¢ € X, Bce a;,
KpPOMe KOHEYHOI'0 4YUCIa, cojepxkarca B X.

3agaua 2.2. [lokaxure, 9T0 00BeJUHEHHIE JIOO0r0 KOJINIECTBA OTKPLITHIX
MHOXECTB OTKPHITO. /loKaxxuTe, 4TO mepecedeHne KOHETHOT'O YUCIa OTKPHI-
THIX MHOXECTB OTKPBITO.

3agaua 2.3. /Jokaxure, 9TO 3aMKHYTBIA AP
Be(z)={y € X | d(z,y) < ¢}
BCErJa 3aMKHYT.

3aga4a 2.4. /lokaxuTe, YTO MHOXECTBO 3aMKHYTO TOT'Ia U TOJBKO TOT /4,
KOT'1a OHO COMEPXUT BCE CBOU TNpeaeJbHBIe TOUKH.

Onpepenenne 2.2. 3ambikanne MoxecTBa A C M ecTh o6benunenune A
U BCEX IPEJEeNbHLIX TOYEK A.

3agadua 2.5. /Jano MeTpumueckoe MPOCTPAHCTBO, & B HEM OTKPBITHIU IIAP
B (z) n savmxuyTei map B(z). Becerga au B.(r) — 3ambikanue B(z)?
JlokaxuTe, 9TO 3aMbIKaHUE MI060r0 MOIMHOXKECTBA BCETa 3aMKHYTO.

3agadua 2.6. I[lycre A — mogmuOXecTBO B M He mMmeromee MpeIeqbHBIX
TOYeK (Takoe MOAMHOXKECTBO HA3BIBAETCA AUCKPETHBIM). /lokaxkuTe, 4TO
M\ A otkpsITO.

Onpepenenne 2.3. [lycts M — KoMIakTHOE METPUIECKOE IPOCTPAHCTBO,
a€ > 0—yucao. [Ilycts R C M TakxoBo, 4To M mOKpBIBaeTCA 00beTUHEHUEM
BCceX e-1mapoB ¢ meHTpaMu B R. Torga R Ha3bIBaeTCAa €-CETHIO.
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3amaua 2.7. IlycTs kaxmas mocrenoBaTeIbHOCTh B M uMeeT mpenerbHYIO
TouKy. /[lokaxure, 9T0 masA Kaxaoro € > 0 B M HaugeTcsa KOHEYHAA €-CETh.

Ykazanme. IlycTh Takou ceTu HET; TOrAA JIA KAXKJI0I0 KOHEIHOT'O MHOXKE-
crBa R Haugercsa To4dka x, orcrosmas oT R 6oabime, uem Ha €. [Ipucoenunaum
r K R, Bocnonp3yeMces MHAYKIHMEH, U MBI IIOJIy9AM OECKOHEYHOEe TUCKPETHOe
IO IMHOXeCTBO M.

Omnpegenenune 2.4. Ilycre X C M — mogmuoxectro, a U; C M — uabop
OTKPHITHIX TOAMHOXecTB. ['oBopaAT, uTo U; — mokpwiTue X, eciu X C UU;.
Ecau u3 {U;} BHIKHHYTH KaKOE-TO KOIUIECTBO OTKPBITHIX MHOXKECTB, ¥ OHO
OCTaHETCSA MOKPHITUEM, TO, YTO MOMYIUTCA, HA3BIBACTCA IO JIOKPHLITHE.

3amaua 2.8. Ilycte M — MmeTpudeckoe IpOCTPAHCTBO, S — OTKPLITOE II0-
kpeiTe M. IlycTh Kaxmas mMocaeqoBaTEIbHOCTD daeMeHTOB M umeer mpe-
IeJIbHYI0 TOUKY. /JoKaxuTe, 9TO TOTa CYyIIeCTBYyeT Takoe € > (), 94To J000n
map paauyca < € IMOJHOCTBIO COMEPXKUTCA B OJTHOM M3 MHOXKECTB MOKPBITHUA

S.

Ykazauue. IlycTh 11 KaxI0T0 € HAUIETCA TOYKA T, TaKasd, YTO COOTBET-
CTBYIOIINN €-TIap HE COAEPKUTCA MEeJUKOM HU B OJTHOM U3 MHOXKECTB MOKPHI-
Tusa. Bo3dbMeM €X0QAUIyIOCS K HYJTIIO MOCTIEJOBATEILHOCTD {€;}, U MyCTh T —
npenenbsas To4ka {z.,. [Jokaxwure, 9TO ¥ He COAEPKUTCA HU B OJHOM U3
MHOX€CTB HOKDPBITHUA S.

3agaga 2.9 (!). (reopema Deune-Bopeas) Ilycrs X C M — moamuOXe-
CTBO METPUYIECKOT0 TPOCTPAHCTBA. [[OKakuTe, 9TO CIeyIONne yCIAOBUS PAB-
HOCHUJBbHBI

a. Kaxnaa mocrenoBaTelbHOCTh TOUEK U3 X WMEET MPEeIeqbHYyI0 TOUYKY
B X.

6. Kaxnoe mokpeiTue X OTKPBHITBIMUA MHOXKECTBAMU UMEET KOHETHOE TI0I-
TTIOKPHLITHE.

Ykazanme. Uro6n BeBecTH (2) u3 (6), Bocmoab3yurech 3agaden 2.6. Uro-
6ur BrIBecTH (6) 13 (a), Bo3bMeM I1060€ HOKPHITHE S, 9UCIO € U3 3a1a4u 2.8
U KOHEYHYIO €-ceTh. Ka Bl U3 MIAPOB €-CeTH COAEPKUTCA B KAKOM-TO U3
sreMenToB U; € S. [okaxure, uro {U;} — KOHeUHOe IOAMOKPHITHE.
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Onpegenenne 2.5. [Iycte M, M' — merpudeckue IpOCTPAHCTBA, a [ :
M — M' — pynkuna. Pynknus [ Ha3bIBaeTCA HEIPEPLIBHOM, ecau [ 1ie-
peBoaUT MI00YI0 MOCJIE0BATEILHOCTD, CXOMANIYIOCA K T, B IMOCAEJOBATENb-
HOCTB, cxosamyoca K f(x), g kaxpgoro z € M.

3agaga 2.10 (!). [Iycrs X — m060e moamuoxecTBo B M. [Jokaxure, 9TO

dyskuma f: M — R, x A d({z}, X), nenpepniua, rae d({z}, X) (paccro-
aume oT x 10 X ) onpexeasercs kak d({z}, X) := infycx d(x, 2’).

Onpegpenenne 2.6. [Iycte M — merpuueckoe npocrpanctBo, X C M —
IO IMHOXK€eCTBO. ['0BOpAT, 9TO TOAMHOXECTBO X KOMIIAKT, UJIA KOMIIAKT-
HOE MHOXECTBO, €CJI1 BBIIOJTHEHO JI000€e U3 YCJIOBUY 3aaa4u 2.9. 3ameTnm,
YTO DTO YCJOBUA He 3aBUCUT OT BaoxkeHus X — M, a 3aBUCUT TOJBKO OT
MeTpuku Ha X.

3agadga 2.11 (!). Paccmorpum nononsenne Z OTHOCHTEIBHO HOPMEL Uy, OIIpe-
MeIeHHOE BHIIIE (OHO HA3BIBACTCA “KOJBIO MEJBIX P-afudecKux ducea’ u 060-

3HaYaeTcsa Zy). Jlokaxnre, 9T0 OHO KOMIAKTHO.

Ykazanwme. [lokaxure, 9T0 J1060€ p-aTUIECKOE TUCIO MOXKHO MTPEICTABUTD
B opme Y a;p', rae a; neroe ducao ot 0 go p — 1.

3agaua 2.12. [lokaxuTe, YTO KOMIAaKTHOE TMOAMHOXecTBO M Bcermga 3a-
MKHYTO.

Ykazanme. [lokaxuTe, 9TO OHO COAEPKUT BCE CBOU IPEAEIbHBIE TOYKH.

3aga4a 2.13. /lokaxuTe, ITO 3AMKHYTO€ TIOIMHOXECTBO KOMITIAKTa BCET 1A
KOMITQKTHO.

3agaua 2.14. [lokaxuTe, 9T0 060bEJUHEHNE KOHETHOT'O YUCIa KOMIAKTHBIX
IO IMHOXECTB KOMIAKTHO.

3agaga 2.15 (!). [ycrs f: X — R — HenpepbiBHAas QyHKIUA HA KOM-
nakre. [lokaxure, 9T0 f HOCTHraeT MaKCHMyMa.

Onpenpenenne 2.7. Ilycts X, Y — nBa moaMHOXECTBA METPUIECKOT'O IIPO-
crparcTBa. O603naunM gepes d(X,Y") umciao inf,ex yey (d(z,y)).
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3agaga 2.16 (!). Ilycrs X, Y — 1Ba KOMIAKTHBIX 110 IMHOXECTBA METDH-
9eCKOro mpocTpaHcTBa. /lokaxuTe, 4T0 B X, Y ecTh Takume TOYKM T, Y, 9TO
d(z,y) = d(X,Y).

Onpeaenenune 2.8. [logmuoxectBo Z C M HaszbIBaeTCsA OrpPaHUIEHHBIM,
ecau OHO cogexuTcsa B mape B, (z) mia kakux-to r € R,z € M.

3agadua 2.17. Ilycts Z C M xommakTHO. /[oKaxuTe, 9TO OHO OT'PDAHUYEH-
HO.

Omnpeaenenune 2.9. Ilycte M — merpudeckoe mpocTpancTBo, a X C M
— ero moaMuOXkecTBO. O0beMHEHNE BCEX OTKPBITHIX €-MIAPOB C IEHTPAMUI
BO BCeX TOYKaX X Ha3bIBAETCA €-OKPECTHOCTBLIO X .

Omnpegenenune 2.10. Ilycts M — MeTpudeckoe MpoOCTPaHCTBO, a X u Y
— OorpaHMYeHHBIE ero noaMHOXecTBa. Paccrosume Xaycagopda dy(X,Y)
ecThb MHPUMYM BCEX € TAKWUX, 9TO Y COJEPKUTCA B e-OkpecTHOCTH X, a X
COJIEPKUTCA B €-OKPECTHOCTH Y .

3agaga 2.18 (!). Joxaxwure, 9T0 paccTosaue Xaycaopda 3a1aeT METPUKY
Ha MHOXecTBe M BCeX 3aMKHYTBHIX OrPaHWYEHHBLIX ITOAMHOXeCTB M.

3amaya 2.19. Ilycts X, Y — orpanudennsie mogmuoxectsa M, a z € X.
Moxkaxwure, 9to Beerga dy(X,Y) > d(z,Y).

3agaga 2.20 (*). IIycrs M — moaHOE METPUYECKOE TPOCTPAHCTBO. [loka-
x)ure, 970 M TOXe TOTHO.

Ykazauume. Paccmorpum mocaenosarensaocts Komu {X;} moamuoxecTs
M. Ilycts & — MHOXECTBO Beex nocaenoarenbuocren Komn {x;} ¢ z; € X;.
[Tycts X MHOXECTBO IpeeabHBIX TOYEK mocaenoBaTeabnocTen u3 G. loka-
xure, 9T0 {X;} cxomures x X.

3agaga 2.21 (*). Ilycrs {X;} — nocaegoBarensrocTs Ko kKoMmakTHBIX
MO IMHOXKECTB B MOJHOM MeTpudeckoMm npocrpaucTse M, a X — ee nipejen.
Hoxaxure, 4T0 X KOMIIAKTEH.

Yxkasanuue. [lepenns k noamocaegosareasroctu v {X;}, MoxHO npeanoo-

xuTh, 910 dp (X;, X;) < 2700 Tyers {7;} — mocregoBaTessHOCTS TO-
ek w3 X. [laa xkaxgoro X, HalAuTe TaKyo IOCIEI0BATEIbHOCTD {2;(f) €
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X}, gro d(z;(j), z;) = d(z;, X;). [lockonpky X; KOMIAaKTeH, 5Ta IOCIELOBA-
TeJIbHOCTDH BCErja uMeer mnpegeibHyio To4uky. Beibepem B {x;(0)} npenens-
Hyio Touky z(0), u 3amenum {z;} Ha TaKyl €ro moAnOCIeI0BATEILHOCTD,
4o {z;(0)} cxogurcs x z(0). [Torom 3amenum {z;},7 > 0 Ha Takyo moauo-
CIe0BATEIbHOCTD, 4T00b {7;(1)} cxomunocs k z(1). Ha k-m mare mMbr 3ame-
HsaeM {x; },i > k Ha mOAIOCIEI0BATEILHOCTH TAKUM 00pa3oM, 4Tobst {z;(k)}
cxogmioch K x(k). [Jokaxkure, 9T0 B PE3yJIbTATE HOLYIATCI TAKAA MOCJIEL0-
BATEIBHOCTD {Z;}, uro {z;(k)} cxoxurcsa x x(k) mas Bcex k. [lokaxure, 9410
BTy ONepaIuio MOXKHO MPOBeCTH TakuMm obpaszom, uto d(z;(k),z(k)) < 27°
Vcnoas3ys npusegerHyo Boime oneHky dg(X;, X;) < 2~ min(ij) - roxaxwure,
aro d(z;(k),z;) < 27 ™nk)+2 Bregure u3 sroro, uro {r;} — mocrexosa-
TeIbHOCTH Komm.

3agaga 2.22 (!). M xommaxtao, X C M — mob6oe moamHOxKecTBO. [lo-
KaXnuTe, 9TO MAA Kaxjaoro € > 0 B M HaugeTca KOHEYHOE MHOXeCTBO R
rakoe, 9T0 dy (R, X) < €. (9T0 yTBepX 1eHNe MOXKHO BHIPA3uTh Tak: “X 10-
MyCKaeT AMMPOKCAMAINI0 KOHEYHBIMM MHOXKECTBAMM, C 3aIaHHOU HaIepe
TOYHOCTBIO”)

Yxazanme. Haugure B X KOHEUYHYIO €-CETh.

3agaga 2.23 (*). [Iycte M xommakTao. [Joxkaxute, 9T0 M TOXKE KOM-
MAKTHO.

Yxazauue. Bocnonb3yuTech IpeIbIIyIIen 33, aen.

Onpegpenenne 2.11. Ilycte M — merpudeckoe npocTpancTBo. ['oBopAT,
410 M JOKAJILHO KOMIIAKTHO, €CJIN A JI0001 TOYKU T € M cymecTByeT
Takoe 4uciao € > 0, 9T0 3aMKHYTHIM map B () koMmaxkTeH.

3agaua 2.24. [lycts M — 10KaabHO KOMIIAKTHOE METPUYECKOE TTPOCTPAH-
cTBO, B¢(r) — 3aMKHyTHI mWap, KOTOPLIA KoMuakTeH. [lokaxure, 4o B (1)
COJCPXKUTCA B OTKPBITOM MHOXECTBE 7, 3aMBIKAHUE KOTOPOT'O KOMIAKTHO.

Ykazanme. IlokpoiTe B, (r) mapaMu, 3aMbIKaHIe KOTOPHIX KOMIAKTHO, I
BHIOEpUTE KOHEYHOE TIOATOKPHLITHE.

3agaga 2.25 (!). B ycioBusx npeabiayuiedt 3anadu IOKaXKuTe, 9TO s
Kakoro-to € > () 3aMbIKaHue OTKPHITOro mapa By () KOMIakTHO.
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Ykaszanme. Bosbmure Z Takoe, Kak B npeblaymen 3ajgade. Bospmure € =

d(M\Z, B(x)).

Omnpeaenenne 2.12. Ilycrs (M, d) — meTpudeckoe IpocTPaHCTBO. MBI ro-
BopuM, uT0 M ymoBaeTBopsaeT ycaoBuio Xomnda-PuHoOBa, ecau 1 Jio-
OBIX ABYX TOYeK I,y € M u Takux ducen ri,re > 0, 9o r1 + ro < d(z,y),
nMeeM

d(BTI (‘I)a B, (y)) = d(a:,y) - — =T —Ta

3agaga 2.26 (*). [Ilycte M — moJHOE JOKAJIBHO KOMIAKTHOE METpHYe-
CKO€ TIPOCTPAHCTBO, YIOBJAETBOpsOINIee ycaoBuio Xonda-Punosa, xr € M —
Touka, a € > 0 — Takoe umcao, IT0 By (z) KommaxTen s Bcex € < .
ToxaxuTe, uTo map B(r) koMnakTe:.

Ykazanme. IlycThb €¢; < € — moCIe10BaTEIBHOCTD, KOTOPasA CXOAUTCA K €.
[omesysce ycaosmem Xonda-Punosa, gokaxure, uto { B, (7)} — mocaemxo-
BarenbHoCcTh Komu B cMbicae merpuku Xaycaopda, u cxomurcs K B (z).
Bocnoassyurech TeM, 4TO, KaK JOKA3aHO BBIIIE, Ipeae] TaKOU TOCIeT0Ba-
TeJIbHOCTH KOMIIAKTEH.

3agaua 2.27 (*). (Teopema Xonda-Punosa, I) Ilycte M — moanoe J0-
KaJbHO KOMNAKTHOEe MeTpHUYeckoe IIPOCTPAHCTBO, YIOBIETBOPSIOIIEe yCIO-
Buio Xomda-Purosa. [JokaxmnTe, 9T0 Kaxk bl 3aMKHYTHI map B.(z) B M
KOMIIaKTEH.

3agaga 2.28 (*). [IpugymanTe mpuMep MOTHOTO JOKAIBLHO KOMIIAKTHOTO

METPUYECKOE NIPOCTPAHCTBA, B KOTOPOM €CTh HEKOMIAKTHLIN 3aMKHYTHIX
map B(z).

3ameuanue. Pasymeercs, Takoe IPOCTPAHCTBO HE MOXKET YIOBIETBOPATH
ycaosuio Xonda-Punosa (3azaga 2.27).

3agaua 2.29. [lycte M — Takoe MeTpudeckoe TPOCTPAHCTBO, YTO Ka-
Kb 3aMKHYThI mwap Be(z) B M xomnakren. [Jokaxure, ¥To M mnoasHo.

3agaga 2.30 (*). [Iycte M — 10KaIbHO KOMIAKTHOE MOTHOE MeTpHde-

CKOe TPOCTPAHCTBO, YIOBIETBOPsOIee yciaoBuio Xomnda-Punosa, x,y € M.
1

JlokaxmuTe, 9T0 ecTh Takas Touka z € M, uro d(z, z) = d(y,z) = 5d(z,y).
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3agaga 2.31 (*). IIycts S — MHOXECTBO BCEX PAIMOHAJBHBIX YUCEN BUAA
%> N € Z na orpeske [0, 1]. B ycroBusax npeasiaymeit 3a,1a4u, JOKaKUTe, ITO

CyLIecTByeT Takoe orobpaxenue S £ M, aro d(&(a),&(b)) = |a — bld(z,y),
npudeMm £(0) =z, a £(1) = v.

3agaga 2.32 (*). (Teopema Xonda-Punosa, II) Ilycte M — aokanbuo
KOMIAKTHOE TIOJTHOE METPHUIEeCKOe MPOCTPAHCTBO, YIOBIETBOPAIONIEE YCJIO-
Buio Xonda-Punosa, z,y € M. [lokaxure, ¥T0 oTo6paxenue & MOXKHO ecTe-
CTBEHHO IIPOJOIKUTD HA MOMOJIHEHNE S OTHOCUTEIBHO CTAHIAPTHOU METPU-

KM, HOJIy4uB Takoe oroGpaxkenue [0, 1] £ M, «ro £0) = z, _5(1) =y, m

JUISL BCAKOW Taphl BeIECTBEHHBIX 4ucaa a,b € [0, 1] umeem d((&(a), (b)) =
|a — bld(z,y).

Jameuanme. Takoe oTo6paxkeHune HA3BIBAETCA re0ge3mdecKuM. Teopemy
Xomnda-PuroBa MOXHO chOpMYyIMPOBATH TaK — A JIOOBIX IBYX TOYEK B
MTOJTHOM MeTPUYeCcKOM JOKAJbHO KOMIAKTHOM MPOCTPAHCTBE, YIOBJIETBOPS-
oM yeaoBuio Xonda-PuHoBa, HaugeTcs reoge3mdecKkas, KOTOpas UX CO-
eTUHAET.

Onpeapenenne 2.13. Takoe mpoCTPaHCTBO HA3BIBAETCA I'€0JE€3NIECKU CBA3-
HBbIM

3agadga 2.33 (*). I[Ipuseaure npuMep METPUIECKOTO IPOCTPAHCTBA, KOTO-
poe He JOKAJTbHO KOMITAKTHO, HO Te€M He MEHee T'e0Je3N9IeCKN CBA3HO.

3agaua 2.34. Ilycts V = R" — BeKTOpHOE IPOCTPAHCTBO CO CTAHIAPTHON
(eBKIMIOBOM) MeTPUKOU. [[OKaXUTE, YTO Ie0Ie3uIeCcKue B V — 5TO0 OTPe3KH
(MHOXecTBa Buga ax + (1 — a)y, rae a mpoberaer orpesok [0,1] C R, a
z,y €V).

3agaga 2.35 (*). IIycrs d — merpuka Ha R", accoummpoBaHHas € HOP-
Mou (z1,%Zs,...) — max |x;|. [Jokaxure, 9TO OHA YIOBJIETBODPAET YCIOBUIO
Xonda-Punosa. [lokaxure, 4o R" ¢ TaKOM METPUKOU IeOTE€3UIECKHN CBS3-
Ho. OnuImre reoge3anvecKue.

3agadga 2.36 (*). Ilycrs d — merpuka Ha R", acconuupoBasHas ¢ HOPMOR
(1,2, ...) — > |x;|. [lokaxkuTe, 9TO OHA yAOBIETBOPAET YCIOBUIO Xomda-
Punosa. /lokaxwure, ¥To R™ ¢ Takon MeTpUKOU reoge3ndecku cBa3Ho. Omu-
MIATE Te0Ie3nIecKue.
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3agadga 2.37 (*). Bepno au, 9yTo MeTpuka d, onpegeneHHas HOPMOU, BCe-
raa yaoBJaeTBopseT ycaoBuio Xomda-Pumosa?

Omnpeaenenune 2.14. Ilycts X — MeTpudeckoe npocTpancTBo, a0 < k < 1
— BemecTBeHHOe dncao. Orobpaxenne f: X — X Ha3pBaeTCA CXKHMAIO-
muM ¢ kodddurmentom k, ecau kd(z,y) > d(f(x), f(y)).

3agaga 2.38 (!). Ilycts X — MeTpuyeckoe IpOCTPaHCTBO, a f: X — X
— cxuMaloniee orobpaxenne. [lokaxure, 9To 411 Kaxaoro r € X mocie-

MOBATENBHOCTE {a;}, Gy := T,a; 1= f(z),az := f(f(2)),a3 := f(f(f(2))), -

— IIoCjIe10BaTeIbHOCTD Kormmn.

Yxaszarume. BocnoabsyiTecs Tem, uto d(a;, a;y1) = k'd(z, f(x)), n BoIBeIH-
T€ U3 DTOTO CXOAUMOCTD pAga » . d(a;, ajt1)

3agaga 2.39 (!). (Teopema o cxumaromux orobpaxenusx) [lycts X —
MOJHOE MeTpudecKoe MpocTpaHcTBo, a f : X — X — cxumaromee oTo6pa-
xkenune. [lokaxure, 4T0 [ MMeeT HEIIOIBUKHYIO TOUKY

Ykazaume. BospmuTe mpejgen mocaenoBaTeIbHOCTH

z, f(x), f(f (), F(f(f(2))), ...
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JIncTok 3:
TeopeTnKo-MHOXKECTBEHHAsA TO-
IIOJIOT U A.

Onpeapenenne 3.1. Ilycts mamo mpocTtpancTBo M, u BbIAeJeH HAOOP IOI-
MHOX)ecTB S C M, Ha3pIBaeMBIX OTKPBITHBIMM IIOAMHOXKecTBamu. [la-
pa (M, S) (a rakxke camo M) Ha3bIBaeTCS TOMOJIOTMYIECKUM HPOCTPAaH-
CTBOM, €CJU BBIIIOJHECHBI CJICIYIOIINE YCIOBUA.

1. IlycTroe mHOXecTBO U camO M OTKDHITHI.
2. O6benuHeHNE JI000T0 YUCAA OTKPBITHIX ITOIMHOXECTB OTKPBITO.
3. llepecedyenne KOHEYHOTO YUCIA OTKPBITHIX TTOIMHOXECTB OTKDHITO.

Oro6paxenne ¢ : M — M’ TONOIOrMYE€CKUX MPOCTPAHCTB HA3LIBACTCA
HEMpEePbIBHLIM, €CI1 MPo06pa3 KaxXJ0r0 OTKPHITOT'0 MHOXECTBA OTKPHIT.
HenpepoiBabie 0TOGpaKeHNs TaKXKe HA3BIBAIOTCA MOP(PU3IMaMMU TOMOJOT -
JecKuX mpocTpancTB. M3oMOp@dU3IM TONOJOTNIECKHAX TPOCTPAHCTB — ITO
Takon MmopusMm ¢ : M — M’ 4aro cymecrByer moppusm ¢ : M’ — M,
obparHbi K ¢ (T.e. ¢ 01 U 1) 0 ¢p — TOXKAECTBEHHBIE MOPPU3MbI). N30-
MOP(PU3M TONOJOTMIECKUX NPOCTPAHCTB TPAAUINOHHO HA3LIBACTCA I'OMEO-
MOpPGdU3IMOM.

[TonmuOXecTBO Z C M Ha3wpIBaeTCA 3aMKHYTBIM, €CJIU €0 TOTIOJHEHNE
oTKpuITO. OKpecTHOCTDb TOUKN & € M — 5T0 J11060€ OTKPBHITOE II0IMHO-
xecTBo M, koTopoe ee cogepxur. OKpecTHOCTDL MOAMHOXeCTBa 4 C M
— 2T0 11000€e OTKPBITOE TOAMHOXECTBO M, KOTOPOE ero COnepkur.

3agada 3.1. /JokaxuTe, YTO KOMIO3UIUSA HETIPEPHIBHBIX OTOOPaXKEHUN He-
IpepLIBHA.

3agaga 3.2 (!). [Iycte M — HEKOTOpPOE MHOXECTBO, & S — MHOXECTBO
Bcex moaMuHOoxecTB M. [lokaxurte, uTo S 3amaer Ha M TOMOJOTHIO. ITaA
TOIIOJOI'UA HA3BIBAECTCA ,E[HCerTHOi:I. OHI/IHII/ITe MHOXKE€CTBO BCE€X HeIIpe-
PBIBHBIX OTOOpaxeHnuu u3 M B 3aJaHHOE TOMOJOTMYECKOE IPOCTPAHCTBO.
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3agadga 3.3 (!). [Iycre M — HEeKOTOpPOE MHOXKECTBO, & S — MHOXECTBO U3
IBYX TOAMHOXKecTB M : mycToro MHOXecTBa u camoro M. [lokaxuTe, 9TO
S sagaeT HA M TONOJOTHIO. DTa TONOJOIMA HA3LIBAETCA KOJUCKPETHOH.
Onumure MHOXKECTBO BCEX HEMPEPBIBHBIX 0TOOpaxkenuu u3 M B IpOCTpaH-
CTBO C AUCKPETHOHU TOIOJOIHMEHN.

3agaua 3.4. IlocTpourte HEMPEPHIBHYIO OMEKIINIO TOMOJOTUIECKUX TPOCTPAHCTB,
KOTOpasd He ABIAETCA MOMeOMOP(MU3MOM.

3agaya 3.5. /[aHo MOAMHOXECTBO Z TOMOJOTMYIECKOTO mpocTpaHcTBa M.
OTKpBITHIE TTOIMHOXKECTBA B Z 33JaI0TCA mepecedenusamu suga Z MU, rae
U orxpruiTo B Z. [lokaxuTe, 9TO 5TO 3amaeT TOMOJOTHUIO Ha /. [lokaxure,
YTO €CTECTBEHHOE BJIOXKeHUWe / “— M HempephIBHO.

Omnpegenenune 3.2. Takas Tononorus Ha Z C M Ha3bIBaeTCA WHIYIUAPO-
BagHOu ¢ M. [TogMHOXECTBO MH060T0 TOMOJOTTYECKOT0 TPOCTPAHCTBA MBI
Oy/JeM paccMaTpUBATB KAaK TOMOJOTHYECKOE TPOCTPAHCTBO C WHAYIMPOBAH-
HOU TOTIOJIOTUEN.

Omnpeaenenune 3.3. Ilycre M — TomnoJoruvdeckoe NpoCTPAHCTBO, a Sy —
TAaKOW HAOOP OTKPBITHIX MHOXKECTB, YTO JI000€ OTKPBITOE MHOXKECTBO MOXK-
HO TOJIYYUTH KaK 00beIuHeHne MHOXeCTB u3 Sy. Torma Sy HaszwsiBaeTcs Ga-
som M.

3agada 3.6. Onummre Bce 6a3wr mias M ¢ quckpeTHou Tomnogoruen; mis M
C KOJUCKPETHOU TOIOJOTHEN.

Omnpeaenenune 3.4. Ilycte M — merpudeckoe npocTpancTBo. Hamomunm,
910 mogMHOXecTBO U C M Ha3bpBaeTCId OTKPBITBHIM, €CIN [IIA KaXJIOU
Touku u € U, U comepxut map paauyca € > (0 ¢ IeHTPOM B U.

3ama4a 3.7. /lokaxwuTe, 4TO DTO OIpeJeNeHue 3aTaeT TOIOJOTHIO HA Me-
TPpUIE€CKOM IIPDOCTPAaHCTBE.

Omnpeaenenue 3.5. Tonomoruveckoe MPOCTPAHCTBO HA3BLIBACTCA METPH-
3yEMBIM €CJIU €r0 MOXHO TIOJYYUTh U3 METPUYECKOTO MPOCTPAHCTBA BhHI-
NICONIMCAHHBIM CIIOCOOOM.

3agmaya 3.8. [lokaxwuTe, YTO AMCKPETHOE TOIOJOIHMIECKOE MPOCTPAHCTBO
MeTPHU3yeMO, a KOJTUCKPEeTHOe — HeT.
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3agada 3.9. /JokaxuTe, YTO OTKPBITHIE MAPHl B METPUYECKOM HTPOCTPAH-
crtBe M oTkpbiThL. [loKaxuTe, 4TO OTKPHITHIE HMIAPHI 334a0T 6a3y TOIOJO-
rum Ha M.

3agadga 3.10 (!). [Iycrs M — Tonosoruyeckoe mpocTpascTso, a S, 5" —
ase Tonomorun Ha M. Ilpenmomoxum, 9T0 maA Kaxjgou Todku m € M u
okpectHoctu U’ S m, oTKpuITOM B Tomosoruu S’, HAMAETCA OKPECTHOCTH
U>m,U C U, orkpuiTas B Tonomorun S. /Jokaxure, 9T0 TOXJECTBEHHOE
otobpaxenue (M, S) — (M, S') menpepersro. [IpuBeguTe MpuUMep, KOTIa i
HE ABJIAETCA TOMEOMOP(MUIMOM.

3ameuanume. B Taxou cuTyanuu MHOrJa TOBOPUTCSA, YTO TOMOJIOTHA, 32 JaH-
Hasa S’, cuIbHEe TonoJoruu, 3a1aHHon S.

3agadua 3.11. Paccmorpum npocrpancTso R” ¢ HOpMOU v, Kak B JUCTKE 1.
OTa HOPMA 3aaeT METPUKY, a CIeJOBATEIbHO, W Tomnojoruio Ha R™. Obo-
3HAYUM DTy Tomomoruio 4depes S,. [Ipexmosoxum, 4ro v, V' — Takume aBe
HOPMBI, YTO 1A KaKou-To ¢ukcupoBanHou kKoHCTAaHTH C € R Bcerga umeem
C~ W' (z) < v(z) < CV(z). lokaxuTe, 9TO TOXICCTBEHHOE OTOGPaXKeHUE
u3 R™ B cebs 3agaer romeomopdusm (R”,S,) — (R™, S,/).

Yxkazauue. Bocrnoib3yuTech MpeIbIIyIen 33, axen.

3agaga 3.12 (*). IIpexnonoxum, 4ro v, v/ — Takue aBe HOpPMBEL HA R"
9TO TOXIeCTBeHHOe oToOpaxkenue m3 R"™ B cebsa 3agaeT roMeoMopdusMm
(R, S,) — (R"™,S,/). lokaxure, 9T0 HaugeTcs Takas kKoHcranta C, 4T0

C~W(x) <v(z) < CV'(x).

3agadga 3.13 (*). IIycts V — KoHeYHOMEpDHOE BEKTOPHOE IPOCTPAHCTBEO,
HaJeTeHHOe TOJOXUTEILHO ONpeneleHHon Ouauunennou gpopmou g. Pacemo-
TpuM V' Kak MeTpuyeckoe IPOCTPAHCTBO, C METPUKOU d,, IOCTPOEHHON B
auctke 1. O603HaYMM COOTBETCTBYIOUIYIO TONOJIOTHIO 4depe3 S,. [lokaxu-
Te, YTO TOMOJOTHA Ha V He 3aBUCUT OT BBHIOOpPA ¢, TO €CTh YTO [Js JIO-
OBIX ¢, ¢', TOX IeCTBEHHOE 0TOOpaxenue u3 V' B cebs 3a1aeT roMeoMOPPU3M

v, Sg) — (V] Sg’)-

3agada 3.14 (**). Ilycrs V — KoHEYHOMEPHOE MPOCTPAHCTBO C HOPMOU
v. [lokaxwuTe, 9TO TOHOJOTMA S, He 3aBUCUT OT BBIOOPA HOPMBI V: TO-
XK IecTBeHHOe oToOpaxenue m3 R™ B cebda Bcerma 3amaeT TOMeOMOPdU3M
(R™, S,) — (R",S,/). Bepuo au 570, korga V 6eCKOHETHOMEPHO?

Jlexknuu u 3a3a4M IO TOMOJOTUM - 76 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



JIncTok 3: TeopeTHMKO-MHOXKECTBEHHAA TOIIOJOTHUA

Omnpegenenune 3.6. Paccmorpum merpuky d mHa R", 3a1anHyio HOpMOU

Tomnoaorusa va R™, cBa3anHas ¢ d, Ha3LIBaeTCA ecTecTBeHHON. EcTecTBen-
Hasg TONOJIOIUA Ha MoAMHOXecTBaX B R"” — »T0 Tomosorus, nHAyIuPOBaH-
Hasa ¢ R”.

3agadua 3.15. Paccmorpum R ¢ ecrecrBennou Tomosoruen. [Iycres M npo-
CTPAHCTBO C JUCKPETHOU TOomoJoruen, M’ — mpocTpancTBO ¢ KOAUCKPETHON
romnosoruen. Hauanre MHOXECTBO BCEX HENPEPHIBHBIX OTOOPaXKEHUN

a. e Ins R8s M
6. eIz M BR
B. e Iz M'B R

r. e Iz R 8 M'.

3agaua 3.16. Ilycte ¢ : M — M’ — HekoTOpOE 0TOOpaXKeHUe TOMOJIO-
IUYeCKUX MPOCTPAHCTB. BepHO Ju, YTO ecau ¢ HEempPepBIBHO, TO MPO0o6pa3
JI000T0 3aMKHYTOr'O MHOX€CTBa 3aMKHYT! Bepno au, 4T0 ecau mpoobpas
JI000T0 3aMKHYTOI'0 MHOX€CTBA 3aMKHYT, TO OTOOpaXKeHne HeIpPepPhIBHO?!

3ama4a 3.17. [IpuBeauTe npuMep TaKOro HEIPEPBIBHOTO 0TOOPAXKEHKE TO-
MTOJOTUIECKUX TPOCTPAHCTB, YTO 06pa3 OTKPHITOTO MHOXKECTBA HE OTKPHIT.
[IpuBemuTe mMpuMep TAKOTO HENIPEPBLIBHOT'O OTOOPaXXeHWe TOMOJOTHIECKUX
MPOCTPAHCTB, YTO 00pa3 3aMKHYTOT'0 MHOXECTBA HE 3aMKHYT.

Omnpeaenenune 3.7. Ilycte M — Tomnonoruydeckoe npocTpancTBo, 4 C M —
IPOU3BOJBHOE TIOIMHOXKECTBO, / — MEPeCeYeHne BCEX 3aMKHYTBIX MOJIMHO-
xecTtB M, cogepxamux /. Torga Z nasbiBaeTCs 3aMbIKAHUEM /.

3agaua 3.18. [oxaxure, 9T0 Z 3aMKHYTO.

Omnpeaenenune 3.8. Ilycte M — Tonosorudeckoe npoctpanctBo. Caenyio-
e yeaoBus T0-T4 Ha3wpIBaloTCA YCJIOBHUAMHU OTJEJIUMOCTH.
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TO. Ilyctys maHBI JI00BIE TBE HECOBHAAIONIUME TOYKM T,y € M, Torma mo
KpalHed Mepe Y OJHOU U3 HUX €CTh OKPECTHOCTb, KOTOPas HE COAep-
XKUT APYTyIo.

T1. Jlio6asa Touka M 3aMKHYTA.

T2. Jliobbie gBe pasaudHble TOYKU X, Yy € M 067aTal0T OKPECTHOCTAME
Uz, Uy, KOTOpHIE He TepeceKaloTcs.

T3. B M Bepuo T1. Kpome Toro, s mo6ou Touku y € M, qr06as OKpecT-
HOCTb U O ¥ COAEPRUT OTKPHITYI0 OKpecTHOCTH U’ O ¥, 3aMblkaHue
KoTopou cogepxurcsa B U.

T4. B M Bepuo T1. Kpome TOrO0, ML1s JTI060T0 3aMKHYTOT'O TI0 TMHOXKECTBA,
Z C M, mobas okpecTHOCTH U D Z COMEPXUT OTKPHITYIO OKPECT-
HocTh U’ D Z, 3aMbIKaHWe KOTOPOU cojepxkuTcsa B U.

Ycmosue T2 usBecTHO Kak akcmoma Xaycaopdpa. Tomosorudeckoe mpo-
CTPAHCTBO, YIOBIETBOPSIONIEe YCAOBUIO 12, Ha3BIBaeTCA XayCAOP(OBBIM.

3agadua 3.19. /lokaxwute, 4T0o ycaoBue 11 5KBUBAJEHTHO CAEAYIOMIEMY: NI
JIOOBIX IBYX HECOBIIAIAIONINX TOYEK T,y € M, HAUJeTCA OKPECTHOCTD ¥, He
coJiepkKalias .

3agaua 3.20. [lokaxwute, 9TO ycjaoBue 14 3KBUBAJEHTHO CICAYIOMEMY: Y
JIOOBIX MBYX HeTepeceKarolmXcsa 3aMKHYTHIX MHOXecTB X,Y C M, man-
IyTCA HellepeceKaloluecs OKPeCTHOCTH.

3aga4a 3.21. Ilycts M — Tomogorudeckoe mpocTpancTBo. OmpeaenanM Ha
M oTHOUIeHNE DKBUBAJEHTHOCTH CJEAYIOIMUM 00pPa3oM: T DKBUBAJEHTHO Y
TOrLa U TOJBKO TOrJAa, KOr'ga T € m nyc m O603HaYUM MHOXKECTBO
KJIACCOB DKBUBAJIEHTHOCTH depe3 M.

a. e [IpoBepsTe, 94TO DTO NEMCTBUTEIHLHO OTHOIIEHWE DKBUBAJEHTHOCTH.
[lokaxmure, uTo M ymoBiaeTBopsieT yciaoBuio T0 Torma u TOIbKO TOrIa,

xorpga M = M'.

6. o Ckaxem, 9T0o moamMHOkecTBO U C M’ OTKPBITO TOTJa M TOJBKO
TOr/Ia, KOrJa OTKPLIT ero npoobpas npu orobpaxeuuun M — M'. [lo-
KaXWTe, 9TO HTO 3ajaeT Tomojoruto Ha M'. YmoBreTBopseT Jau OHA
ycaosuio T07
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B. e [lokaxkuTe, 9TO OTKPHITHIE TOAMHOXECTBA B M — 3TO B TOYHOCTHU
IpoO06OPa3Ll OTKPLITEIX II0AMHOXECTB B M.

r. e [Tycrs Tonomorus wa M xomuckperHas. Hemy pasuo M'?

3ama4a 3.22. Bumoausaiorcsa qu yciaosus T0-T4 B mpocTpancTBe ¢ guc-
kperHou Tonogoruen?! C KOAUCKPETHOU?!

3agaua 3.23. [lokaxwure, yro ycaoBus T0-T4 semmoausiorcs B R.

3ama4a 3.24. [lokaxwure, ¥yTo ycaoue 10 crexyer u3 T1, a T1 cregyer us
T2.

3ama4a 3.25. [IpuBeauTe mpumep MPOCTPAHCTBA, HE YIOBJIETBOPAIOIIETO
ycaoBuio T'1. IlpuBeauTe mpumep HexaycaopgoOBa ITPOCTPAHCTBA, T'Ie BCE
TOYKM 3aMKHYTHI.

3agaga 3.26 (*). [Ipuseaure npumep nNpoCTPAHCTBA, YAOBIETBOPSIIOMIETO
T1, u Takoro, 4To JI00BIE ABa HEMYCTHIX OTKPBITHIX MHOXECTBA TepeceKa-
IOTCAL.

3agaga 3.27 (*). [loxaxure, uro uz T3 caexyer T2.

3agadga 3.28 (*). [IpuseauTe npmvep IPOCTPAHCTBA, IJie BHIOIHAETCA T3,
HO He BhIOJHseTca 14.

3agada 3.29. /lano meTpusyemoe TOMOJOTHYECKOEe MpOcTpancTBO. /loka-
JKWUTe, YTO B HeM BhIMOTHeHB! ycaoBua 11, T2, T3.

3agaga 3.30 (*). /[lano MeTpusyemMoe TOMOIOTHYECKOE TPOCTPAHCTBO. [[o-
KaXXWTe, 9YTO B HEM BHITIOJTHEHO yciaoBue T'4.

3agadga 3.31 (*). Ilycrs mHOXecTBO M KOHEYHO.
a. e Hannure Bce Tomonorum ua M, yrosrerBopsomue yciaosuio T17

6. e BriBator sim Ha M Tomomoruu, KOTOphLIE HE yaoBaeTBopsaioT 11, HO
yaosaerBopsoT 107

B. o [**] [Iycte M cocrout u3 n To4ek. CKOIBKO PA3HBIX TOMOJOTUE HA
M? Ckonbko 3 HuUX yaoBaeTBopsaoT T07
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Onpeneneunne 3.9. MuoxecTBo M Ha3LIBAETCA YACTUIHO-YNOPAJOYECHHBIM,
ecau Ha HeM 3ajJaHo oTHomenue £ < y (“z MeHble 1160 PABHO Y) C TAKMU
CBOMCTBAMHU:

1. Ecmmz <y,ay <z 10z <2
2.BEcmzr<yuny<z, 10T =19

3agaga 3.32 (*). a. e Ilyctb M — 49acTUYHO-yIOPSALOYEHHOE MHOXKE-
cTBO; OygeM TOBOPHUTHL, 9TO MOAMHOXKeCTBO S C M OTKpPBHITO, ecau
BMeCTe C JIOOBIM DJIEeMEeHTOM x € S OHO COAepXuT Bce y € M, nnda
koTopeix ¥y < . [lokaxuTe, 9T0 3T0 3amaeT Tonojoruio Ha M. Koraa
aTa TOmoJOrusa ynosiaeTBopser ceouctBy 107 a couctsy T17

6. o [lycte M — KOHe4YHOEe MHOXKECTBO, M Ha HEM 33]aHa TOIOJOTHS,
yaosaeBopsomas csoucTtBy T0. [Jokaxwure, 9TO0 OHa NMPOUCXOAUT U3
KaKOT'0-TO YaCTUYIHOrO mopsgka Ha M.

Onpeapenenne 3.10. Ilycte Z C M — mOAMHOXECTBO B TOIMOJOTHYE€CKOM
npocTpancTBe. [[ogMHOXeCTBO Z HA3BIBAETCA IIOTHBIM, €Ciu / mepeceKka-
eTCA C KaXIbIM HEIYCTBIM OTKPBITBIM ITOAMHOXecTBOM M.

3agaua 3.33 (!). [okaxure, 9T0 Z IIOTHO TOTJa U TOJIHKO TOTJA, KOT/A
3aMBIKaHUe Z eCcTh Bce M.

3agaua 3.34. Haugure Bce MIOTHBIE IOAMHOXECTBA B IPOCTPAHCTBE C AWC-
KPETHOU TOMOJOTMEN; C KOJUCKPETHOU TOMOJOTUEH.

3aga4a 3.35. [lokaxwute, uTo Q mioTHo B R.

3agadga 3.36 (!). [logmHOXeCTBO Z B TOMOJOrHYIECKOM IpocTpaHcTBe M
Ha3bIBAETCA HUT'JEe He ILIOTHBIM, eCIu [I1d JI000r0 OTKPHITOTO IOAMHO-
xectBa U C M, mogvmuoxecTtBO Z N U He maoTHo B U. [lokaxuTe, 4T0 £
HUTIe He TUIOTHO TOTJa U TOIBKO Toraa, Korja M\Z niotao B M.

3agadga 3.37 (*). [locrpoiire KOHTUHYAJIBHOE HUL/IE HE ILIOTHOE IIOJMHO-
xecTBO B orpeske [0, 1] ¢ ecrecTBEHHON TONOIOTHEH.

3agaua 3.38. Haugure Bce HUI/Ie HE ILIOTHBIE ITOIMHOXKECTBA B IPOCTPAH-
CTe ¢ AUCKPETHOU TOIOJOIHeN; B IPOCTPAHCTBE C KOAUCKPETHOU TOIOJIOTA-
en.

Jlexknuu m 3a3a4M IO TOMOJOTUM - 80 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



JIncTok 3: TeopeTHMKO-MHOXKECTBEHHAA TOIIOJOTHUA

Omnpeaenenune 3.11. Ilycts M — Tomojoruveckoe mpoCTPaHCTBO, T € M
— NMPOM3BOJbHAA TOYKA. Baza okpecTHOCTEN T — >TO Takou Habop B okpecT-

HOCTEH T, ITO JI00as OKPeCTHOCTh U 3 & COIEPXKUT KAKYI-TO OKPECTHOCTh
3 B.

3agadua 3.39. Ilycrs B Tomomorudeckom npocrpancrse M 3a1aH Takou Ha-
60p OTKPHITHIX MOAMHOXEeCTB B, 4To miasa mobou Touku ¥ € M, cCOBOKyI-
HOCTDb Beex U € B, comepxamux , obpasyeT 6a3y okpecTtHocTen z. [loxa-
xurte, 470 B — 6a3a Tomoaoruu M.

Omnpeaenenune 3.12. Ilycte M — Tomomorudeckoe mpoctpancTtso. Ha M
MOXKHO HAJOXWTHL IBA YCJIOBUA cueTHOCTHU. Fcam y xaxmou Touku M Hau-
IeTcAa cueTHas 6a3a OKPECTHOCTEH, TO T'OBOPAT, YTO B M BBINOJIHAETCA
nepBasa akcmoma cueTHocTu. Ecau y M Hangerca cueTHas 6a3a OTKPHI-
THIX MHOXECTB, TO TOBOPAT, YTO Aad M BBINOTHsAETCA BTOpPasA aKCHOMAa
cueTHOCTH, 1160 uT0 M — mMpPOCTPaAHCTBO CO cYeTHOM OGaszom. Eciu
B M HaugeTcs MIOTHOE CIeTHOE MHOXECTBO, TO TOBOpAT, uT0 M cemapa-
6eabHO.

3ama4a 3.40. /lano npocrpancTBo M ¢ muckpeTHou Tomoaoruen. [Jokaxu-
Te, 9T0 B M BBHINOJIHAETCA IepBas aKCHOMa CIETHOCTH.

3ama4a 3.41. Ilycts Tomogormdeckoe MpoOCTPaHCTBO M uUMeeT CIETHYIO
6a3y. /loxaxuTte, 9TO OHO cenmapabeabHO.

3agada 3.42 (*). Ilycrs MeTpusyemoe TONOIOIUYECKOE TPOCTPAHCTBO M
cemapabenbHo. [lokaxuTte, ¥To M mmeeT cueTHYIO 6a3y.

3agaga 3.43 (!). [Jano MeTpusyeMoe TOMOJOTHYECKOE MPOCTPAHCTBO. [[o-
KAQXUTE, 9TO OHO MMEeeT CUYeTHYIO 6a3y OKPECTHOCTEN B KAXKIOU TOYKE.

3agadua 3.44. IlocTpoute HecemapabeabHOE METPU3YEMOE TOMOJOTTIECKOE
IIPOCTPAHCTBO.

3agadga 3.45 (**). Ilpuseaure npumep cyeTHOro Xaycao0pgpoBa IPOCTPaH-
crBa 6€3 cueTHOU Oa3Hbl.
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3.1. Tommosorus m cxXogMMOCTD

Tomosormyeckme mpocTpaHCTBa OBLIM M300PETEHHI KaK SA3BIK, HA KOTOPOM
y1006HO TOBOPUTH O HETIPEPHIBHBIX (DYHKIUAX. B TucTKe 2 MBI OIpeneauin He-
NPePBIBHYI0 (PYHKIINIO KaK (PYHKINIO, COXPAHAOIIYIO IpeJelbl CXOIAINNXCA
IIOCJIG,E[OB&TGJIBHOCTGIZ. K TOIIOJOT'UM MOXKHO IIOAXOOIUTH C aKCHOMaTquCKOﬁ
TOYKHN 3PEHUA, HpI/IBe,IIeHHOIjI BHIIIIE, Jn00 ¢ TOYKU 3peHusA FeOMeTpH‘IeCKOﬁ
UHTYUIIUA, ONpeneasasa TOIOJOTMIO Ha IIPOCTPAHCTBE IIOCPEICTBOM 3a1aHUA
KJACCA CXOIAMIMXCA MOCIe0BATENbHOCTEN, 8 HATIPEPHIBHBIE OTOOPAXKEHUA —
KaK 0TOOpaXXeHus, COXPAHAIONINE MPeIeNbl.

Bropon noaxon k Tononoruu (Ipu BCeX ero 04eBUIHBIX TPEUMYIIECTBAX )
HaTaJKUBAE€TCAd Ha TEOPETUKO-MHOXKECTBEHHBIE TPDYAHOCTH — €CJIHU B HallleM
MPOCTPAHCTBE HET CYETHOU 0a3bI, TPUXOIUTCSI MOJB30BATHCA MOJHOCTHIO
YInopAg09€eHHBIMU HECHYETHBIMU IIOCAEJ0BATEIbHOCTAMMU. B ,I[&JII:.HGI‘/)IHIGM MBI
OyaeM paboTaTh B OCHOBHOM B MIPOCTPAHCTBAX CO CIETHOU 0A30M OKPECTHO-
CTel TOYKHU, U B TAKOW CAUTYAIMU BECbMa yAOOHO ONPEneIATh TOIOJOTUIO 1
HEIIPEPLIBHOCTD Y€Pe3 MPenebl MOCAeJ0BATEILHOCTEH.

Onpeapenenne 3.13. Ilycte M — Tomojorudeckoe MpoCTPaHCTBO, 4 C M
— GECKOHEYIHOE IIOAMHOXKECTBO. 109ka T € M Ha3LBaeTCA MpPegeTbHOUN
TOYKOHM A1 Z, €CIM B KaXJ0H OKPECTHOCTH ¥ cojepxurca z € Z. Ilpe-
JAE€JIOM NOCJIeI0BATENILHOCTY {X;} HA3BIBAETCA TaKas TOYKA X, YTO B JIOOOU
OKPECTHOCTH T COAEPKATCA MOYTH BCe ;. [locIe10BATENbHOCTH HA3BIBAETCS
CXOJAIIENCA, €CAU y Hell eCTh Ipeed.

3aga4da 3.46. Haugure Bce cxomsmmecs moCaeI0BaATEILHOCTH B IIPOCTPAH-
CTBe C IUCKPETHOW TomoJoruer. B mpocTpaHCTBe ¢ KOIUCKPETHOUW TOIOJIO-
ruen.

3aga4a 3.47. [lycrs M — xaycaopdoso. [Jokaxure, 9T0 y 100601 TOCIE-
IOBATEIBHOCTH €CTh He 6oJiee OJHOTO TIpeaea.

3agadga 3.48 (*). Bepno au o6parHoe (T.e. BEITEKaeT i1 Xayca0pdhoBOCTH
u3 euHCTBeHHOCTY npegena)? A ecaiu B M ecthb cyeTHas 6a3a OKPECTHOCTEN

TOUKH

3aga4a 3.49. Ilycrs B M npemen 060U MOCTEIOBATEIBHOCTH €IUHCTBE-
wveH. [lokaxure, 470 B M BBINOJHEHO ycaoBue oTaeanmoctu T1.
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3aga4ya 3.50. [lycTe 3agano HenpepwiBHOe orobpaxkenue f : M — M’
1 HEKOTOpoe MOoAMHOXeCcTBO 4 C M. [lokaxure, 4T0 f MEepeBOIUT IIpe-
IeIbHBIE TOYKY Z B TpeeibHbie ToUku f(Z). [lokaxuTe, 9TO f mepeBoauT
mpenesbl B IPeIeb.

3agaga 3.51 (!). Ilycrs oTo6paXenue mepeBOAUT MPEIEIbHBIE TOUYKY JIIO-
6010 MHOXECTBa B NpelelbHbIe TOYKK ero oOpa3a. [lokaxure, 4TO OHO He-
IPEPHIBHO.

3agadua 3.52. Ilycres mano mpocrpancTBo M ¢ cyerHOU 6a30W OKPECTHO-
CTel y KaXJI0u TOYKHU. PaccMOTpUM MpOU3BOIBHOE TIOAMHOXECTBO Z C M.
[lokaxuTe, 9TO 3aMBIKaHUE 7 €CTh MHOXECTBO MPEIEJIOB BCEX MOCTEI0BA-
TeIbHOCTEN U3 7.

3agadga 3.53 (!). Ilycrs gamer mpoctpancrsa M, M’ co cueTHOU 6azon
OKPECTHOCTE! y KaxXJOoW TO4YKH, u orobpaxenume f : M — M’ coxpa-
HAIOIIEe IPeesl I0Cae0BaTenIbHoCTel. [JokaxuTe, 94T0 f HEIPEPHIBHO.

Ykazanue. BocnonpsyuTech mpeabIIyIIen 3a1aqen.

3agaga 3.54 (*). A gro, ecau B npeabiAyIIen 3a1aue He TPEGOBATD CUET-
HOU 6asnl oKpecTHOCTeN Touku aasa M7 Mua M'?
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JIucTok 4.
IIpousBegenune npocTpaHCTB

Onpenenenne 4.1. [lycts mano Tomosorm<ueckoe MpOCTPaHCTBO M u Ha-
60op B u3 oTKpeITEIX mogMHOXecTB B M. Habop B HaswBaeTca mpegba3on
mias TonoJoruu Ha M, ecim m1060€ OTKPHITOE MHOXECTBO MOXKHO TOJYYUTH
(BO3MOXHO, 6ECKOHEYHBIM) OOBeIUHEHNEM KOHEYHBIX IePeCedeHU OTKPHI-
TBIX TTOAIMHOXKECTB, MPUHA IIeXanmx 5.

3agadua 4.1. Paccmorpum R ¢ guckpersou Tomomoruen. /Jokaxkure, 9T0 B
HEM HeT CYeTHOU Ipendasbl.

3agaga 4.2 (!). IIycrs 3agano Tonoaorudeckoe npocTpancTso M co cuer-
mou mpexbasou. /lokaxwure, 4To y M ecTh cueTHas 6asa.

3agaga 4.3 (*). [lano koneunoe muoxectsBo M, |M| = 2", ¢ nuckpeTHOu
rononoruen, a B — mpexbasa B M. [lokaxure, uro |B| > n. Haumgure
npea6a3y, B KOTOPOU 27 DJIEMEHTOB.

3agaua 4.4. Paccmorpum R ¢ ecTecTBeHHOUW TOMOJOTHMEN, U MyCTh B —
MHOXECTBO BCEX WHTEPBAJOB, ¥ KOTOPHIX KOHIIBI — KOHEYHBIE TBOUIHBIE
npobu. /lokaxurte, 9T0 5T0 6a3a B Tomojoruu R.

3agadua 4.5. Ilycrs gam mabop moamuoXkecTB B B MHOXecTBe M, Takowu,
uyro UB = M. PaccMoTpuM BCe MOAMHOXECTBA, KOTOPHIE MOXHO TOJYYUTH
u3 baeMeHTOB B, a Takxke M u () KOHCUHBIME II€PECEICHUAME ¥ IIPOU3BOIb-
HbBIMU O0BbenquHeHuAMY. [[OKaxKUTe, 9TO MOIYIUTCA TOHOIOTUA Ha M.

Onpegenenne 4.2. Takag TOIOJOrMA Ha3LIBACTCA TOMOJAOrHMeM, 3agaH-
HOM mpexpbasou B.

Onpenenenne 4.3. [lycts My, M, — Tonojorudeckue mpocTpancTsa. Pac-
cMoTpuM TomoJoruio S Ha My X My, 3aqaHHy0 Tpea6a30on U3 MO IMHOXKECTB
Buga Uy X My, My x Us, e Uy, Uy orkpeiret B My, M. Torga (M x My, S)
HasbIBaeTCs mMpou3dBegenueM M, u M.
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3agaua 4.6. [Joxaxwure, 4T0 ecTecTBeHHas npoekiusa My X My — M, ue-
npepbiBHA. /lokaxuTe, 94To MHOXecTBa Buma U; x U, 3agaror 6a3y B TOIO-
gorun Ha My X Ms.

71
3agaua 4.7. [lansr oToOpaXXeHNUA TOMOJOTMIECKUX TPOCTPAHCTB X — M,
Y2
X — M,. [lokaxuTe, 9YTO OHM HEIPEPHIBHLL TOr'Ja X TOJBKO TOI'Aa, KOT'Ia,
IPOU3BEICHUE

1 X
X2 M, x M,

HEIIPEPHIBHO.

3agaua 4.8. Ilyctes M, M, ynoBaeTBOpsAeT yCJIOBUIO U3 CIIUCKA, IPUBE/ICH-
HOoTO HUXKe. [lokaxure, uro M; X My ynoBIeTBOpsieT TOMY XK€ yCJIOBHIO.

a. e Csoucreo orpemumoctu T1.

6. o [!] YeaoBue Xaycaopda (T2).

B. o CBoucTBO oTHeaumocTu T3.

r. e CenapabeabHOCTD.

1. e [!] Hamudue cueTHOM 6a3bl OKPECTHOCTEN y KaXKAOU TOYKH.

e. o Hamu4ue cuerHOU 6Ga3bI.
3agaga 4.9 (**). Bepno qm 510 1as akcuoMsl oraeaumoctu 147
Onpeaenenune 4.4. OrobpaxeHue

z 2 (z,z) e X x X

Ha3bIBa€TCA AUATOHAJBbHBIM BJIO}KeHI/IeM, ero O6p&3 — AHUArOHAJBIO B
X x X.

3agaua 4.10. [lokaxwure, 9TO IUArOHAJBHOE BJIOXKEHWE SBIAETCA OMEO-
MopdusMom Ha cBoM o6pas (romosorms Ha A C X x X mnpepnonaraercs

wHAynupoBaHHou ¢ X x X).

Yxazanue. Bocnoawssyurech 3anaden 4.7.
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3aga4a 4.11. /lokaxwure, ¥To X ymosieTBopseT ycaouio T1 Torga u TOIb-
KO TOrga, Korja guaroHaJb ABJAAETCA IIepeCedeHUuEM BCEX OTKDBITBIX MHO-
XKECTB, €€ COJIepXKAIInX.

3agaga 4.12 (!). Joxaxwure, uro X xaycaopd0BO TOTAa U TOILKO TOTAA,
KOT T3 AUaroHaJ b 3aMKHyTa B X X X.

3agada 4.13. [lokaxuTe, YTO TOMOJOIUSA HA X AUCKPETHA TOT'a U TOJBKO
TOrja, KOraa AuaroHaJb OTKpeITa B X X X.

3ama4a 4.14. Ilycts rpaduk I' C X X Y oTobpaxeHus TOMOJIOTHIECKUX
mpocTpaHCcTB X SN 3aMKHYT. BepHo au, 94T0 v HempepLIBHO?

3agaua 4.15 (!). ycrs X Y — MOpdU3M TONOIOIXYECKIX IPOCTPAHCTB,
npuieM Y xaycaopgoBo. [Jokaxure, 9T0 rpaduk Y 3aMKHYT.

3agaua 4.16. Ilycts M;, M, — merpudeckue nmpocTtpancTsa, M = M; X
My — ux mpousBejeHue, a d — OJHA M3 MEPEINCICHHBIX HUXKE (DYHKIUU HA
M x M. Mokaxute, 4TO d 3agaeT MeTpuKky Ha M.

a. o d((my,ms), (my,mb)) = d(my,m}) + d(ma, m))

6. o d((m1, ms), (m), m})) = max(d(my,m}), d(msg, m}))

B. o ['] d((mh mQ)v (mlla ml2)) = \/d(mb m/1)2 + d(m27 ml2)2

3agaga 4.17 (!). [Joxaxwure, 9T0 TPU METPUYECKUE CTPYKTYPHI U3 TPEbI-
oymen 3agaqdu 3agaoT "Ha My X My ogny m Ty xe Tomnogoruio. /[lokaxwure,
YTO DTa TOMOJOTUA SKBUBAJEHTHA TOMOJOT WY TpousBeaenusa va My X My, ko-
TOpPO€ PACCMATPUBAETCA KAaK IIPOM3BEEHNE TOMIOJIOTMIECKUX ITPOCTPAHCTB.

4.1. TuxoHOBCKNU Ky06 U rmib6epToB Ky0

Onpegpenenne 4.5. [Iycrs I — HEKOTOpPHIM HAGOP UHAEKCOB (BO3MOXKHO,
neceTHoil), a M = X! — muoxecTBo oTo6paxkenuin u3 I B pukcupoBas-
HOe Tomoorndeckoe mpoctparcTio X. Ha X! MoxHO cMOTpeTh Kak Ha MHO-
XKEeCTBO TOCIEI0BATEIHLHOCTEN TOUYeK X, MHIEKCUpoBaHHOe [, 1160 KakK HA
6eckonevnoe mpoussenenue X ¢ coboir. O6ozmaumm uwepes W(i,U) C X!
MHOXECTBO BCex oToOpaxenuu I — X, mepeBOAAMNX 33 TaHHBIM WHIEKC ©
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B djeMmeHT u3 noamuoxkectBa U C X. 3agaaum mpenbasy B rTomosorum Ha
X! raxum o6pazom: U € B, ecitu U = W(i,U) a1a Kakoro-To MHieKca
1 € I m xakoro-To oTrkpeiToro noagmuoxecrsa U C X. Takasa Tomosorus
HA3BEIBACTCA CIa00M, I TUXOHOBCKOM.

3agaua 4.18 (!). /lana nocrefoBaTerbHOCTb TOUEK (1, (g, - .. B X 1. [loka-
XKATE, 9TO OHA CXOJUTCA TOTa ¥ TOJBKO TOTAa, KOTAa MOCAI0BATEILHOCTD
o (1) cxoauTesa s Kaxaoro uegekca i € I.

3amMeuanme. YTBePXKIEHUE MPeIbIIYIIeN 33,1891 9acT0 (DOPMYIUPYIOT TAK:
“mpocTpancTBo X! co craboi Tomosornen ecTh MHOXKECTBO OTOOpaXKeHNH 13
I B X, ¢ TOmOJIOrMeN IMOTOYETHON CXOIUMOCTH .

Omnpegenenne 4.6. [lycrs [ — mekoropen Habop mHAekcoB. [IpocTpan-
crso [0, 1] co cnaboit Tomonmoruenn Ha3LIBAETCA THUXOHOBCKUM KyOGOM.

3agadua 4.19. Ilycts Ha TomomormvyeckoM mpocTpaHcTBe M 3aman Habop
HeNpephIBHBIX GyHKIMU «; : M — [0, 1], npounHekcupoBaHHBIX HAGOPOM
ungexkcoB I. [lokaxure, 9T0 0TOOpaAKEHUE

Hai: m — Hai(m)

iel
B TuxoHoBCcku# xy6 [0, 1]’ HenmpepwiBHO.
3ama4a 4.20. /lokaxwuTe, 9TO J1106asg TOYKA TUXOHOBCKOT'O Ky0a 3aMKHYTA.

3agaga 4.21 (*). [Joxkaxure, 9T0 TUXOHOBCKUU Ky0O y/IOBJIETBOPSET YCJIO-
Busam 12 u T3.

3agaua 4.22 (!). Mlan Tuxonosckuit xy6 [0,1]!, rae I cuerno. [Jokaxure,
9TO Yy HErO eCTh cueTHasa 6a3a.

Ykazanme. [lokaxwure, 94T0 coBOKymHOCTb Beex U = W (i, ]a,b]) ¢ paunumo-
HATBHEIMU a, b 3a7aeT cyeTHyto npenbasy B [0, 1]/, u BocnonssyiTecs 3aa-

qen 4.2.

3agaga 4.23 (**). [Joxaxwure, 94TO ecim MHOXeCTBO I MMeeT MOIIHOCTH
KOHTHHYYMa WIu 6oJbine, To TuxonoBckui ky6 [0, 1] mecenapa6enen.
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Ykazanwme. IlycTes 3amano cueTHoe moamuOXecTBo W xaycmopdgoBa mpo-
CTpaHCTBa. ﬂOKa}KI/ITe, 9TO0 MOIIHOCTH 3aMBIKAHUA W HE 60.71]3]_[16 KOHTUHY-
yMa.

3agaua 4.24 (!). Paccmorpum muoxkecrso M = [0, 1]N
CJIeI0BATEIbHOCTEN BemecTBeHHbIX unceda B [0, 1], ungexcuposanusix N. Pac-
cmoTpuM pyHKIMO d: M X M — R,

— MHO2XKECTBO IIO-

d({oi, {6:}) = /D %o — — — il

,ﬂ;OKa}KI/ITe, 9TO 3Ta prHK]_II/IH KOPPEKTHO OIIpeaeJeHa U 3ad1aeT METPUKY Ha
[0, 1]".

Omnpegenenne 4.7. Merpuyeckoe npocrpanctso [0,1]N ¢ merpukoi, mo-
CTPOCHHOH BHIIIC, HA3LIBACTCA IMIL6EPTOBLIM KyOOM.

3aaaua 4.25 (!). Ilycrs 3agana nocrenosaTerbrocTs {;(n)} Touek B [0, 1]N.
JToKaxXuTe, 9TO OHA CXOUTCA B TUXOHOBCKOU TOTOJIOTUY TOT A U TOJIBKO TO-
r/la, KOTa OHa CXOAUTCA B TONOJOTUE TUILOEPTOBA KyOa.

3agaga 4.26 (*). BeiBegure u3 5T0ro, 94T0 TOXKAECTBEHHOE 0TOGDAKEHUE
3am1aeT roMeoMopdu3M ImIbO6epToBa Ky0a U TUXOHOBCKOT'O KyOa.

3amedanue. Mbl HOLy4UIN, YTO €CIM MHOXECTBO UHIEKCOB I CY€THO, TO
tuxonoBcKku# Ky6 [0, 1]7 meTpusyem.

3agaga 4.27 (*). Ilycts MHOXecTBO uHIAeKCOB I HecueTHO. Bymer au Tu-
xonosckuit Ky6 [0, 1]7 meTpusyem?

4.2. Jlemma YpbICOHA U MeTPU3aIUsA TOIOJIO-
r’uYveCcKnuX IMpPpOCTPAHCTB

Omnpegenenne 4.8. [lycTs maHbl HemepeceKkaromuecs 3aMKHYTBIE TI0IMHO-
xectBa A, B C M Tonoaorudeckoro npocrpauctea M. HenpepoiBras ¢pyHk-

mua f 1 M —|[0,1] maseBaercs pyHKIEEen YpbIcoHA, ecim f(A) =
0, f(B) =1.
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3amaua 4.28. Ilycts masa a100BIX HEMEPECEKAOMUXCS 3AMKHYTHIX MOIMHO-
xectB A, B C M cymecTByeT (pyHKIMA YPBICOHA, W BepHO ycaoBume T1.
[okaxute, 9T0 M ymOBIETBOPAET YCJIOBUIO OTaeIUMOCTH T4.

3agaga 4.29 (*). IIycrs M yaosaersopser ycaosuio T4, a A, B C M — ne-
ePEeCeKAININEeCs 3aMKHYThIE ITOMHOXKECTBA. /[0KaxXuTe, 9T0 MOXKHO HANTH
TOCJIeI0BATeIbHOCTE OKpecTHOCTed Upjpe D A, WHIEKCHPOBAHHYIO Dallo-
HaabHBIMU duciamu Buga 0 < p/2?7 < 1, u yIOBIETBOPAIONIYIO CJEIYIOMIUAM
YCJIOBUSAM:

(i) mna Bcex p,q, B He nepecexaerca ¢ Up/o.
(ii) Ecmm py /27 < p,/2%, To 3ambikanme Up, 2 cogepxutca B Uy, /2.
Yxkazanue. Bocnoab3yuTech MHIYKINEN.

3agada 4.30 (*). B ycuoBusax mpenwiayuien 3a1a4qu, OnpegeauM (yHKIUIO
f: M —[0,1] popmyon

f(m) =sup{p/2? | m ¢ Uy}

BHe A m moaoxum f paBHou mymto Ha A. [lokaxure, 9T0 [ HempepuIBHA U
ABJAAETCA (PYHKIMEH YPHICOHA.

Ykazauwme. [lokaxure, 9TO OTpe3KM BUAA |p1 /27, po/27[ 3anatoT npeabasy
romozoruu B [0, 1]. Jokaxure, 4T0

S (p1 /2%, pa/2%2]) = Upyjoe2 \Up, 201 -

BrBenuTe u3 sToro, uro f HempepwuIBHA.

3amedyanme. Mer monyumiau caenyiomyio “jaemmy Ypbicona’: ecau B M BbI-
nonHAeTcsa yeaoBue T4, To A JI00BIX IBYX HEMEPeCeKaIMUXCsa 3aMKHY THIX
moAMHOXeCTB M cymecTByeT (GyHKIUA YPLICOHA.

3agaga 4.31 (*). [Ilycre M — xaycaopdoBO mPOCTPAHCTBO CO CYETHOU
6azou B, ymoBaerBopsiomiee ycaoBuio T4, I — muoxecTBO Beex map U; C
U, € B, takux, aro U; C U,, a Fy, v, — byHKIUR YpEICOHA, COOTBET-
CTBYIOIME HelepeceKamuMcs 3aMKHyThiM MEOoxecTBaM Uy u M\Us, a F :
M — [0,1]! — orobpaxenue B TUXOHOBCKHUY Ky0, 3aganHoe Kak F(m) =
v, voer For,vs(m). Noxaxure, 9T0 F HENPEPLIBHO I MHBEKTUBHO.
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3agaga 4.32 (*). B ycaoBusax mpenwiayuien 3ana4du, o603uadum epes G :
F(M) — M oro6paxenue, obparaoe F. IlycTh gaHa nociaefoBaTeIbHOCTD
rouek {z;} C M makas, 1ro Fy, y,(z;) cxogurcs x y € F(M)I pusa mo-
6ou napet (Uy,Usy) B I. BeiBegure u3 5T0r0, 4T0 mOCIEI0BATEILHOCTD {X;}
cxonutea K 7 := F~1(y). lokaxure, 9T0 G HEMPEPLIBHO.

3agaga 4.33 (*). [Joxaxwure, 910 1060€ Xayca0P(POBO TOMOIOTUIECKOE IPO-
crpancTBo M ¢ caeTHON 6a30H, yIOBJIETBOPAMOIIEE YCIOBUIO T4 MOXKHO pea-
JU30BATh KAK TOIOJOTMYIECKOe MOANPOCTPAHCTBO B M'MIbOEPTOBOM Ky0e.

3ameuanme. Mur noaydunu caeqyioyio TeOpeMy O MeTpu3anuu. Bes-
KOoe Tomosorudeckoe T4-mpocTpaHCTBO CO CIeTHOU 6A30W METPU3YEMO.

3agaua 4.34. [lokaxwurte, 9TO J1000€ O IMHOXECTBO THILOEPTOBA Kyba —
T4 u co caerHou 6a30M.

3agadua 4.35. Jlio6oe n1u meTpusyemoe mpocTpancTBo — T4 u co caeTHOU
6azon?
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JIncrok 5: KoMmmakTHOCTD

Omnpeaenenune 5.1. [lycte M — Tomomorudeckoe npocTpancTBo. Hazosem
nokpbeiTueM M 1060u HAGOP OTKPHITHIX moaMHOXKeCTB U; C M (BO3MOX-
HO, GECKOHEUYHBIN, WIN Aaxe HecueTHbIN), mis koroporo M = |JU;. Ilpo-
cTpaHcTBO M Ha3bBIBaeTCS KOMIIAKTHBIM, WM IPOCTO KOMIAKTOM, €CJIN
13 KaX JOT'0 OTKPBITOTO MOKPHITHA M MOXHO BEIOPATH KOHEYHOE MO JIMTOKPHI-
tue. [logmuoX)ecTBO Z C M TONOJOTTIECKOTO MPpOCTpaHcTBAa M Ha3bIBaeT-
CA KOMIIaKTHBIM, €CJIU OHO KOMIIaKTHO B HHﬂyHHpOBaHHOﬁ TONIOJOTUN!.

3aga4a 5.1. [lokaxwure, 4o orpe3ok [0, 1] komnakren. Korga xomnakrao
MHOX€CTBO ¢ AuckpeTHou Tonogoruen’ C KOAUCKPETHOW TOMOJOTHEN !

3agadga 5.2 (*). [Iycts B M 3anana Takas TONOJIOTUA: OTKPHITHIE MHOXKE-
CTBA DTO NOIOJHEHUS K KOHEYHBIM IOJIMHOXKECTBAM (TakKas TOMOJOrUS Ha-
3bpIBaeTCA KOuHUTHOU). Haliure BCe KOMNAKTHBEIE TOAMHOXKECTBA B M.

3agaga 5.3 (!). I[Iycrs Z komnakTHO, 8 Z' C Z 3aMkHYTO B Z. [lokaxure,
910 Z' Toxe koMmakTHO. ClaegyeT Ju 13 KOMOAKTHOCTH II0AMHOXECTBA, €T
3aMKHYTOCTB?!

3aga4a 5.4. IlycTs Tomosoruyieckoe mpocTpancTBo M xaycaopdoBo, Z —
IPOM3BOJABHOE MOAMHOXKecTBO M, a x ¢ 7 — mobas Touka.

a. e [lokaxuTe, 9T0 y Z €CTb Takoe OTKpbITOe MoKpeiTue {U;}, 9To0 3a-
MBIKaHUe Kaxaoro U; He cOIepXuT .

6. o [*] Ilpusegure mpumep Hexaycaopdosa T1-mpocTpaHcTBa, e >TO
HE€ BBIIIOJHEHO.

3agadga 5.5 (!). [Iycrs M xaycxopdoso. [Jokaxure, 9T0 11060€ KOMIAKT-
HOE TIOIMHOXeCTBO B M 3aMKHYTO.

Ykazauume. Bocnonb3yurech nNpegablIymen 3a avqen.
3agada 5.6. /Janbl 1Ba KOMIIAKTHBIX ITOIMHOXECTBA Xayc10pdoBa MPOCTPAH-

crBa. /[lokaxuTre, 4TO y HUX €CTh HEIEePeCceKaIoNInecss OTKPHITHE OKPECTHO-
CTH.
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3agaga 5.7 (!). [Jano koMmakTHOE XayCcA0pdHOBO TOMOJIOTAIECKOE TIPOCTPAH-
cTBO. /lokaxkuTe, 9TO [JisI HEIO BBIMOJHAETCS yCJIOBUE OTaeauMocTu 14.

3agaga 5.8 (*). CymecrByeT Ju KOMIaKTHOE, XayCA0PHOBO, HEMETPHU3Y-
€MO€ TOMOJOTMYIECKOE TPOCTPAHCTBO?

Onpeapenenne 5.2. Tomosorumvyeckoe MpPOCTPAHCTBO HA3BIBACTCA JIOKAIb-
HO KOMMOAKTHBIM, €CJIHU Y JIO0U TOYKA HAUJETCA OKPECTHOCTD, 3AMBIKAHIE
KOTOPOU KOMIIAKTHO.

dagaga 5.9. /laHO T0KAIBHO KOMIAKTHOE XayCA0P(OBO TOMOJOTUIECKOE IIPO-
crpaHcTBO. [lokaxuTe, 9TO B HEM BBHIIIOJHEHO ycaoBue 13.

3agaga 5.10 (**). CymecTByer au JOKAIbHO KOMIIAKTHOE, XayCI0pdOBO
TOIIOJOI'nY9eCKOe NPpOCTPaHCTBO, B KOTOPOM HE€ BBIIIOJHEHO II€EPBOE YCJIOBUE
CYEeTHOCTH?!

3agaga 5.11 (**). CymecTByer au cueTHOE, XaycIOpdOBO TOMOIOTHYE-
CKO€ MPOCTPAHCTBO, KOTOPOE HE JOKAIbHO KOMIIAKTHO?

3apgada 5.12. [lano xaycopgoso Tononorunieckoe npocrpaacrso X. O6o-
sraquM depe3 X muoxectso X | J{oo} (X, x koropomy pobaBuiu eme oxHy
TO4YKY, 0003HAYEHHYIO KaK 00) €O caepyomen ronojoruen: U C X OTKPBITO
au6o ecau oo € U, a momoanenume K U KOMIAKTHO KaK IOIMHOXECTBO X,
au6o ecmu oo ¢ X, u U oTkphiTO Kak noamuoxectBo X. [lokaxute, 9T0
STO MTEUCTBUTEIHLHO TOMOJOTHSA, ¥ IPOCTPAHCTBO X KOMIIAKTHO.

~

Onpegeaenne 5.3. [IpocrpancTtBo X Ha3bIBaeTCI OZHOTOYEYHOM KOM-
nakTuduKanmen npocrpascrsa X.

3agaga 5.13 (*). Bcerga am X xaycaopdoBo?

3aga4a 5.14. Ilycrs X = R” ¢ ecrecrBenson Tonogorunen. Jokaxure, 9T0
X romeoMopduo n-mepHou chepe.

3agada 5.15. /lano Tonosormyeckoe mpoOCTPaHCTBO M, U 1OIMHOXECTBO
Z B HeM. JlokaxuTe, 9TO CAEAYIONIUE YCJAOBUA DKBUBAJCHTHEL.

(i) Y aobon Touku z € Z CymecTByeT OKpecTHOCTh U S 2z, HE ComepkKa-
masa Ipyrux TO4YeK u3 /.
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(il) M wngynupyer Ha Z IUCKPETHYIO TOIOJOTHIO.

(iii) Z He COAEPKUT CBOMX NPEIEIbHBIX TOYEK.

Omnpeaenenue 5.4. 3aMKHYTOe IOAMHOXECTBO 4 C M, ynoBIeTBOpSAOIIEe
OJHOMY M3 YCJIOBHUH 3a1a4u 5.15, Ha3bIBAETCA AUCKPETHBIM.

3agaua 5.16. Ilycts y xaycropdoBa TONOJOTUYIECKOTO TPOCTPAHCTBA 4 C
M ecTh GeCcKOHEYHOE AUCKPETHOe MOoAMHOXecTBO. [lokaxwuTre, uTo M He-
KOMIIAKTHO.

[Iycts mam HaboOp Z; moamMHOXKecTB MHOXecTBa M. Bynem roBoputs, 4T0
5TOT HAGOP MHOXKECTB MOHOTOHHBIW, €CIU i JIOObIX Z;, Z; U3 HAIIero
Habopa Z; C Z; wm Z; C Z;.

3agada 5.17. [lokaxuTe, 9TO €CJAM TOIOJOTMIECKOE IPOCTPAHCTBO M KOM-
[AKTHO, TO J000M MOHOTOHHBI HAOOP HEMYCTBIX 3AMKHYTHIX IIOIMOXKECTB
Z; C M mmveetr HemycTOe mepecedenue ;7.

3amaya 5.18. I[lycte M — xaycaopdoBo TOMOJIOTMYECKOE MPOCTPAHCTBO
co cueTHOu Gazou. /loxaxwure, 4To0 M KOMOAKTHO TOTAa W TOJLKO TOTIA,
korga y M HeT 6€CKOHEYHBIX TUCKPETHBIX TOIMHOXECTB.

Ykazaume. Ecau M comepX)uT 6ecKOHEYHOE AUCKPETHOE TOJIMHOXECTBO,
u3 3aga4u 5.17 caenyer, ¥To M mexkommakTHO. Ecau, Hao6opor, M HekoM-
nakTHO, TO0 ¥ M ecrb cuerHoe nokpeirue S = {U;}, Takoe, 9470 HuUKaKoe
KOHEYHOe MTOIMHOXeCcTBO S He mokpeiBaeT M. 3amenus U; Ha 00bequHeHTE
Bcex Uj, 7 > 1, MOxHO cauTaTh, 9T0o U; C Uy C Uz C ..., npudeM HE OJMH
u3 U; ve cogepxut M. B3as gomomneHus moiaydaeM HabOp 3aMKHYTBIX TIO-
MHOXKeCTB A; D As D ..., ¢ HyJeBHIM nepecedenueM. Bo3pmure B KaxaoM A;
TOYKY, TOKAXUTE, YTO MOJYUUTCA TUCKPETHOE MHOXKECTBO.

3agaga 5.19 (!). Ilycts M — xaycnopdoBO TOMOJIOTHTYECKOe IPOCTPaH-
cTBO co c4yeTHOU Gazou. [lokaxkure, ur0 M KOMOAKTHO TOTJa W TOJBKO
TOrAa, KOTJa Ji0bas MOCIeJOBATENbHOCTh TOUYeK u3 M mMmeeT mpenerbHYIO
TOYKY.

3aMedaHHe. JTO CBONCTBO Ha3bIBaeTCA CaA60M CeKBEHIIMAJILHOM KOM-
HaKTHOCTBIO.
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3agaga 5.20 (**). CymecTByer Ju c1a60 CEKBEHIIMAIBHO KOMIIAKTHOE, He-
KOMIAKTHOE XaycJ0p(OBO IPOCTPAHCTBO?

3agadga 5.21 (*). [Jano Tonomoruyeckoe npocrpascTso M, He 06s3aTeb-
HO XaycxopdOBoO.

a. Moxer Ju KOMIakTHOE TOAMHOXKECTBO M coaepxkarh 6eCKOHEYHOe
QUCKPETHOE TOJIMHOXECTBO?

6. MoxeT nu cymecTBOBAaThH 1M HEKOMIIAKTHOE IOAMHOXeCcTBO M, He co-
nepxainee 6€CKOHEIHBIX IUCKPETHBIX TOIMHOXECTB?

** Ilycte M xaycmopgposo. CylecTByeT Ju HEKOMIAKTHOE IOAMHOXKe-
ctBo M, He coaepxaiiee 6€CKOHEYHBIX TUCKPETHBIX MOIMHOXKECTB?

3agaga 5.22 (!). [Iycrs f: M — N — HenmpepbIBHOE 0TOOpaXKeHUe TO-
HOJOTUIECKUX TPOCTPAHCTB. [JoKax)uTe, 9T0 [J JI060T0 KOMIAKTHOTO TIOI-
MHOXecTBa Z C M, f(Z) Bcerga KOMIakTHO.

3aga4a 5.23. Ilycts mamo moamuoxecTBo Z C R.

a. /lokaxwuTe, 9T0 Z KOMIAKTHO TOTAa W TOJHKO TOT/Ja, KOT'Ia OHO 3a-
MKHYTO U OFPAHUYEHO (OrPAHUYEHO — 3HAYUT COAEPKUTCA B HEKOTO-
pom oTpeske [a, b]).

6. /lokaxwuTe, 9TO /Z KOMIIAKTHO TOT A U TOJHKO TOTa, KOT' A3 Ji060€e ero
MTOIMHOXKECTBO UMEeT CYIpeMyM U WHPUMYM B Z.

3agaga 5.24 (!). Iycrs f: M — R — HenpepbiBHOE 0TOOPAKEHHE TOTIO-
JOIMYeCKUX ImpocTpancTs. [JokaxmnTe, 9T0 [ JOCTHraeT MaKCUMyMa U MHU-
HUMyMa Ha JI000M KOMIIAKTHOM IMOaMHOXecTBe M.

3agaga 5.25 (*). [IycTs 1aHO HEKOMIAKTHOE XayCA0PHOBO TOMOJOTHYE-
CKO€ TIPOCTPAHCTBO CO CYETHOU 6a30d, KOTOPOE YIOBIETBOPAET CBOUCTBY
oraeaumoctu T14. [locrpoure nenpepeBayio ¢yukiuio f: M — R, koro-
pas He JOCTUTaeT MAKCUMYMa.

Yxkazanuue. Ilycts {r;} — cueTHOoe muckpernoe moamuoxkecTBo M. Boc-
OJB30BABIINCH CBOUCTBOM 14, mocTpouTe HaOOp Takux okpecTHocTen U; D
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x;, 9T0 3aMbikauue U; He mepecekaercs ¢ 3aMbikanueM | ;2 Uj- Tenepnb mpu-
MEHHUTE JeMMY YPBICOHA K 3aMKHYTHIM MHOXecTBaM {z;}, M \U;, u mpocym-
MUDPYUTE MOJYYeHHBbIe (PYHKIMKM YPBICOHA f; C MPaBUILHO IMOAOOPAHHBIME
KO pUImeHTaMM.

3ama4a 5.26. Ilycrs f: M — N — HenpepbsIBHOE 0TOOPaXKEHUE TOIOJIO-
rUIeckux TpocTpaHcTB, M koMmakTHO, a N xaycaopdoso. [loxkaxuTe, 9T0O
f mepeBOIUT 3aMKHYTBIE MHOXKECTBA B 3aMKHYTHIE.

3amaya 5.27. Ilycts f: M — N — HenpepbsIBHOE 0TOOPaXKeHUEe TOIMOJIO-
rm9eckux MpocTpaHcTB, M xommakTHO, a [N xaycaopdoso. [Ipexmomoxmm,
4T0 [ B3aMMHO OAHO3HA4YHO. [[okaxuTe, 4TO f — TOMEOMOP(PU3M.

3agadua 5.28. [IpugymanTe Takoe HEIPEPHIBHOE B3AWMMHO O JHO3HATHOE OTO-
Opaxenue ToOnoJormdeckux npoctparcTs f: M — N, yro M xoMnaxkTHO,
HO f — He romeomopdusM. (N He xaycaopdoso).

5.1. KoMnakTsl 1 Ipou3BeA€eHUA

Omnpeaenenune 5.5. Henpepriuoe orobpaxenue f : X — Y TomoJgoru-
YeCKUX NMPOCTPAHCTB HA3LIBAETCA COOGCTBEHHBLIM, €CIN I KaXJI0r0 KOM-
nakTHOro K C Y mpoo6pas f~'(K) C X xommakTes.

3agaga 5.29 (!). Ilycrs npocrpancTBo Y XaycqopdpoBo U UMeeT CYETHYIO
6a3y okpecTHOCTel B TO4Yke. [lokaxure, 9To J1060€e COOCTBEHHOE 0TOOpa-
xeuue f : X — Y mepeBoauT 3aMKHyTHIE TTOAMHOXKECTBA X B 3aMKHYTHIE
MO IMHOXeCTBa Y .

Ykasanme. Ilycth ecTh samkuyTOe Z C Y, 06pa3 KOTOPOro HE 3aMKHYT.
Bei6epure nocaeoBaTe bHOCTb TOUeK ¥; € f(Z), KoTopas CXOANTCA K TOYKe

y € Y, e aexamen B f (7).

3agaga 5.30 (**). BepHo qm yTBepxkIeHUe IPeABIIYIIEN 3a1a9U 6€3 mpe /-
OJIOXKEHUs CIETHOU OA3BIT!

3agaga 5.31 (!). Iycrs X, Y — KOMOAKTHBEIE TOMOJOTUYECKHE TPOCTPAH-
ctBa. /[lokaxuTe, 4T0 mpom3BegeHue X X Y KOMIIaKTHO.
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Yxkazauue. Bocmoab3oBaBmmchk TeM, ITO MHOXecTBa Bujga U X V, U or-
kpeiTo B X, V oTkpwiTO B Y 3amator 6a3y Tonoaorum Ha X X Y, mokaxwure
CHA4aJga, YTO JOCTATOYHO PACCMATPUBATH MOKPHITHA X X Y MHOXecTBaMu
TAKOr'0 BUJA. 3aTeM IS KaXKIOU TOYKHU Yy € Y BBHIOEPUTE KOHEYIHOE II0I0-
kpbiTre noagmuoxectBa X X {y} C X XY, cocrosmee u3 Kakux-T0 MHOXKECTB
Ui x V;, u 3ameThTe, 9TO MHOXeCTBa Vy, = MNV; 06pa3yioT OTKPHITOE MOKPHI-
THe MPOCTPAHCTBA Y .

3aga4a 5.32. /lano noamuoxectBo X C R". /JokaxuTe, 4YTO CIeIYIOIINE
CBOMCTBA PABHOCUIbHEI

(i) X xoMmaxTHO

(ii) X saMKHYTO M OrpaHu4eHHO (T.e. COAEPKUTCI B KAKOM-TO IIape).

Onpenpeneune 5.6. Henpepwisaoe orobpaxenue f : X — Y HaswiBaeTCsa
OTKPBITBIM, €cau 06pa3 J000r0 OTKPBITOT'0 MHOXECTBA, OTKPHIT.

3agaga 5.33 (*). IIycts f: X — Y — orkpeiTOe 0TOGpaXKenue, a cJioun
fYy),y € Y xomnaxTusl. Beerga qu f co6eTBennoe?

5.2. Teopema TuxoHoBa

3agaga 5.34. Ilycrs gama mocienoBaTenbHOCTD G;(n) oToOpaxkenun uz N
B [0,1]. [lokaxuTe, 9TO MOXKHO BHIOPATH TAKYK MOJMOCIEI0BATEILHOCTE
iy s Wiy, Gig, - - -, ITO {a;, (n)} cxoguTesa gas mo6oro n.

3aga4ua 5.35 (!). Buseaure u3 sroro, uro TuxoHoBckui Ky6 [0, 1N kom-
HaKTeH.

3agada 5.36 (*). [lano Tonomormyeckoe npocrpancrso M. [lycrs 3agaHo
Takoe (BO3MOXHO, HecueTHOe) MHOXKeCTBO {V,} mokpeiTuit M, 4To Kaxgoe
Va comepxur V, ambo comepxurcs B HeM (uHade rosops, {V,} — Habop
MOKPLITAH, TOJYIAIOMMXCA APYT U3 APYra MPUCOCAMHEHNEM KAKUX-TO DJe-
MeHTOB). IlycTh u3 Kaxaoro V, Heab3sA BHIOPATH KOHEYHOE MOANOKDBLITHE.
MokaxuTe, 9T0 U3 0OBEJUHEHNA BCEX V, TOXKE Heab3d BHIOPATh KOHEYHOE
IO ATIOKPHBITHE.
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3agaga 5.37 (*). Ucnoawsys aemmy lopHa, gokaxkure, 9TO y BCAKOTO He-
KOMIIAKTHOrO moaMuoxecTBa X C M maugercs nokpwitume {V,}, u3 xoro-
pOro HeIb3s BEIOPATH KOHEYHOT'O MOAMOKPHITHA, a ecau nobasuth K {V,}
11000€ He comepKaleecs B HeM OTKPBITOE MHOXECTBO, TO U3 MOJLYIEHHOTO
MOKPBITUA MOXHO OyJeT BHIOpPAaTh KOHEYHOE IO TOKPBITHE.

Ykazanme. Bocnoab3yuTech mpeabIIyIIen 3a1a9eu.

Mz1 6ynem HA3BIBATH TaKue MOKPHITUSA MAKCUMAIbLHBIMM.

3agadga 5.38 (*). Ilycrs nano makcumanbHoe mokpoiTue {V, } HeKoMmaxT-
HOI'O TONOJIOru4YecKoro npocrpancrsa M. [lokaxure, 9TO eCIu OTKPBHITHIE
muoxectsa Uy, U, He aexar B {V, }, 1 ux nepecedenue HEIycTo, TO OHO TOXKE
ue aexut B {V,}. [lokaxure, 94T0 11060€ HEMYCTOE KOHEYHOE MEPEeCEeIeHUe
OTKPBITHIX MHOXeCTB, He Jexamux B {V,}, Toxe ue npunagrexur {V,}.

Ykazanue. BocnonpsyuTech mpeabIIyIIen 3a1aqen.

3agadga 5.39 (*). Ilycrs B TomomormueckoM npoctpascTse M 3a1aHa npef-
6asza Tomomoruu R. IlycTh mano HekoMmakTHOe moamMHOXecTBO X C M nu
maxcumaabHoe nokperrue {V,}. dokaxwure, uro B {V,} MOxHO BHIGpATH
MOATOKpBEITHE U3 K.

Ykazanue. BocnonbsyuTech mpeabIIyIIen 3a1a9en.

3ameuanue. MBI HOIyIWIn CIeAYyONyIO TeopeMy (Teopema AJekcaHaepa
o mpenbasze). IlycTs B TomomormueckoMm mpoctpaHcTBe M 3amaHa mpenda-
3a Tomoqoruu S. Torga noamuoxecTBo X C M KOMIAKTHO TOT/a U TOJBKO
TOT/Ia, KOI'[a U3 JI0O0ro HOKPHITHA X DJIeMEHTAaMu U3 S MOXHO BHIOPATH KO-
HeYHOe moAanokKphiTue. Teopema Asekcanaepa MCHOJIB3yeT aKCMOMY BHIOOpA
n (kak mokaszan [Ix. JI. Kexin) skBuBaseHTHA €ql.

3agaga 5.40 (*). Brmseaure us sToro, uto Tuxonosckui Ky6 [0, 1]7 kom-
MaKTeH [/ JI060ro MHOXecTBa I.

Ykazanue. Paccmorpure npenbas3y mias TOIOJOTMU HA TUXOHOBCKOM Ky0e,
cocraBleHHy0 u3 noamuoxkecTs Buga [0, 1] x [0,1] x - -- x]a, b[x[0,1] X ...
(HA OJTHOM MeCTe CTOMT OTKPBITHIM WHTEpBaJ). BoCIOMB3yUTECH TEOpEeMOn
Anexcannepa.
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3ameuanue. KOMNaKTHOCTH TUXOHOBCKOI'O Ky0a DKBUBAJICHTHA TAKOMY YTBED-
xaeruio. Paccmorpum npocrpancrso Map(7, [0,1]) orobpaxenunn u3 MHO-
xecrBa I B orpesok [0,1], ¢ Tonosoruen morodednon cxogumocrtu. Torzga
Map(Z, [0, 1]) komnaxTrO. B wacrrOCTH, N3 10601 MOCAe0BaTeabHOCTY {a;(T) }
0TOOpaXK€eHNH MOXKHO BEIOPATH TAKYIO MOANOCIE0BATEIBHOCTD {d;, (%) }, 9TO
{ai, (z)} cxogurea B ao6oMm z € 1.

Onpenenenne 5.7. [lycts M — Tomoaoruvueckoe mpoOCTPAHCTBO, I — He-
KOTOpoe MHOXecTBO, a M! — mpocrparcTBo oTo6paxenuit us I B M, To
ecTh npousBenenne [ xonuu M. [lns x € I u orkperToro muoxectsa U C M
paccMoTpuM nogmuoxkecTBo U(x) C M, cocTosamee n3 Becex oToGpaxenni,
nepesogamux z B U. Onpenemnm ma M! Tomoaornio ¢ mpea6a3oi, COCTOSAIICH
u3 Beex U(z). Takas TONONOTMA HA3BIBAETCA TUXOHOBCKOM (Takke ca1abomn
WM TOMOJOTMEN IMOTOYEIHOU CXOTUMOCTH).

3agada 5.41 (*). [Iycres M xomnakTHO. BoiBeaure u3 Teopemsr Anekcan-
xepa, aTo M! ¢ TMXOHOBCKOW TOMOMOTHMEH KOMIIAKTHO.

5.3. OcHoBHasA Teopema ajarebOphl

Mycrs P(z) = 2"+ ap_ 12" + -+ 4+ ap — TONMHOM TOJIOKUTETBHOU CTETeHN
¢ KOMILIEKCHbIMU KoddduiimenTamu. Mber paccmaTpuBaem P kak (QyHKIUIO
m C B C. Kax Tonorormueckoe mpoctpancTso, C oToxgecTBigercsa ¢ R2.
Mer xoTuM nokasars, uto P(z) = 0, aas kakoro-to = € C.

3agaua 5.42. /lokaxure, 4To P HempepniBeH.

3agada 5.43. [lokaxure, 94To ectb C Takoe, 4To mus Beex |z| > C, umeem
Fosl < 1/2.

Yxkazanue. Boszsmure |z| > 2max (1, )] |a;)).

3agaua 5.44. [loxaxwure, uro ects C Takoe, 4ro mis Beex |z| > C To
|P(z)| > R".

Yxazaume. Boszbmure |z| > 2Rmax (1, |a;|),

3agaga 5.45. BeBeaure u3 sToro, uro |P| mocTuraer J0KaIbHOI'O MUHH-
MyMa B Touke a € C.
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Ykaszauue. Mbl npubausunyu MEOTOUIEH | P| MHOrOYIeHOM Z™, CKOPOCTH PO-
cTa KOTOPOT'0 HaM U3BecTHa. VI3 »Toro Mul BeiBeau, 4ro |P(x)| > R", korjaa
|z| mocraTouno Bemmk. Ilosromy murumyw™m |P| Ha xpyre |z| < R noctura-
eTCs BHYTPU KPyra, a He HA ero TPAHMUIE.

[ns ynpornenus 0603Ha4eHUN, MBI OyI€M B TAJIbHEUIIEeM MPEeANONaraTh,
4T0 MUHUMYM |P| nocturaercsa B Hyae. MBI XOTUM 10Ka3aTh, YTO MUHAMYM
|P| paBen mymo. [lycts 510 He Tak. [lycTh £ — caMoe MaleHBKOE YHCIO
cpeau 1,2,3,...,n, naa koroporo ay # 0. Jomuoxus P na ao_l, 7 creraB

saMeHy ¥ = z{/a, ', MBI IOIyIMM MHOTOYIEH BUAA
1 2
Q(2) =14 2F 4 b1 25 4+ b2+

3agada 5.46. [lokaxwure, 9YTO A JIOOOTO KOMILIEKCHOTO Z, TAKOT'0, 4TO
|z| < 1, BuimomHseTcs

Q(z) =1 —— =2 < |2 Inil).

3agaua 5.47. [loxaxure, 9T0 cymecTByeT € > (0 TakOH, 9TO LA JHOOOr0
z € C, |z| < €, nmeem

Q@) —1-— -2 _1
£ 2

Yxazanme. Bosevure |z| < Smax (1,3 [b]) 7"

3agma4ya 5.48. BwBegure u3 5T0Or0, 4YTO M JTIOO6OTO MOJOXKUTETHHOTO Be-
MIECTBEHHOTO ¢ < € ¥ JI000T0 KOMILIEKCHOTO 2, Aas KoToporo z¥ = —c,

BBIIIOJHACTCA

|Q(z) —1+4¢| < c¢/2.

3ameuanue. B okpecTHOCTH HyJA, MBI IPUOIU3MIN (Q MHOTOUIeHOM 1+ 2F.
[Moab3ysck >TuM mpubankeHueM, Mbl HaxoauM, 410 |Q(/—¢€)| < |Q(0)|(1 —
3€) A1 JOCTATOIHO MAIBIX €. ClIeJ0BATEIbHO, JOKAIBHBII MUHIMYM MHOTO-
wieHa 3To Bceraa 0.

3agaga 5.49 (!). Joxaxure OcuoBuyo Teopemy AareGphl: Kax bl MHO-
rouieH P moJoXuTeJbHOU cTemenn uMmeeT Kopenb B C.
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JIucrok 6: IloToueuHas m pas-
HOMEPHAas CXOAUMOCTDb

Ha nporsxenun >T0ro aucTKa, pa3penaercs HoJb30BATHCA CJAeIyIOen
opmon Teopemsr Tuxonosa. [Iycrs X — koMmakTHOE TOMOJOTMYECKOE TIPO-
CTPAHCTBO, ] — IPOM3BOIBHOE MHOXKECTBO, 8 X — IPOCTPAHCTBO 0TO6PA-
xenmit u3 I B X, ¢ Tomoaormeil morodednou cxoxmmoctu. Torza X! xom-
MTaKTHO.

3agadua 6.1. Paccmorpum mpocTpaHCTBO (PYHKIMU U3 OTPE3Ka B OTPE3OK,
C TOMOJOTHEN MOTOYEeYHOU cX0auMOocTH. [lokaxuTe, YTO mpeaes HempephbiB-
HBIX (PYHKIMEI MOXET OBITH PA3PHIBEH.

Onpegenenne 6.1. [Iycts X, Y — MeTpudeckue npoCcTpancTBa, a {fo} —
HabOp HeMpepHIBHEIX 0ToOpaxenun u3 X B Y. MuoxecTso { f,} Ha3pBaeTCA
PABHOMEPHO HEMPEPBIBHBLIM, €CJIN JAA KaXJ0I'0 € HAUeTCa Takoe 0, 9TO
o6pa3 a060ro d-mapa moji AeUCTBUEM JI060r0 f, COAEPXKUTCA B HEKOTOPOM
e-mape (BO3MOXKHO, 3aBUCAIINM OT fp).

3aga4a 6.2. Ilycts mano orobpaxenme f : X — Y meTpudeckux mpo-
CTPAHCTB, KOTOPOE MEePEBOUT MOCAeT0BATETLHOCTY Kot B mocae10BaTe b
noctu Kommu. [Jokaxwure, 9T0 f HenpepbIBHO KaK 0TOOPaXKEHUE TOIOJOI M-
9eCKUX MPOCTPAHCTB. Besakoe Jim HenpephiBHOE 0TOOpaXKeHue MepPeBoIuT IMo-
caegoBareabHocTu Komm B nmociegoBareabHocTu Komm?

3agaga 6.3 (!). [Iycres X, Y — merpuueckue npocTpancTsa, a {fi} —
PaABHOMEDHO HEIPEPHIBHAA TOCTEI0BATEIHHOCTh HENPEPHIBHEIX OTOOpaXe-
wui w3 X B Y. llpegnonoxum, uro {f;} cxogurcs x f B Tonmomorum moro-
qeqHou cxoaumocTu. [lokaxwure, 4To f HempepHIBHA.

Yxkazanme. [lokaxure, 9T0 f PABHOMEDPHO HEMPEPHIBHA, C TEMU XK€ CAMBIMHI
qUCAAMU €, §, 9TO U { f;}, ¥ BOCHOJb3YUTECH MPEIBIIYIIEH 3a1a9eN.

3aduKkcupyeM KOMIIAKTHBIE METPUYECKMe TpocTpancTsa X, Y, u mycTh
Map(X,Y) — MHOXecTBO HenpephIBHLIX 0TOOpaxkeHut u3 X B Y.

3agaga 6.4. s mo6wx f, g € Map(X,Y) onpenemnm 9ucio dgyy(f, g) Kak
supzcx d(f(x), g(z)). Joxaxure, 910 dgyp(f, g) KOPPEKTHO OLpEEIEHO U 3a-
naer meTpuky Ha Map(X,Y).

Jlexknuu u 3a3a4M IO TOMOJOTUK - 100 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Jluctok 6: IloTodeunas m paBHOMEpPHAasA CXOAMMOCTH

Onpegenenne 6.2. Drta MeTpuka HazbiBaeTcs sup-merpukon Ha Map (X, V).

3aga4a 6.5 (!). IIpeamonoxuM, 9T0 pABHOMEPHO HENPEPHIBHAA MOCIEA0BA-
reabHocTh oTobpaxenun {f;} C Map(X,Y) noroueuno cxogurcsa x f. [o-
KaxK1Te, YTO OHA CXOJUTCA K f B TONOJOTHH, 3aJaHHOM SUP-METPHKOM.

Ykasanmue. Ilycrs sup,.x d(f(z), fi(x)) > C nas awoboro i. Haugure cxo-
JAILYIOCA MOCAeJ0BATEILHOCTD Takux {x;}, uro d(f(x;), fi(x;)) > C, n mycTh
x — ee npegen. B cuny pasHomepron wenpepsisaoctu, d( fi(z;), fi(z)) crpe-
MUTCA K Hya00. BOCNOJIb30BaBIICE HEPABEHCTBOM TPEyTONbHUKA,

d(fi(z), f(x)) + d(fi(w:), fi(z)) > d(f(z), fi(z:)),
IIOJyduTe IpOTUBOpEYIHE.

3agadga 6.6 (!). (reopema Apnena-Ackomn) [lycrs 1ano 3aMKHyTOE (B CMBI-
cJe SUP-METPUKM) ¥ DABHOMEDPHO HENPEPHIBHOE MHOXECTBO OTOGPaKEHUN
¥ C Map(X,Y). lokaxure, uT0 ¥ KOMIAKTHO.

Ykazanme. Bocnoawssynrecs Teopemorn TuXOHOBA U MpEILIIYIIEH 33 a9eH.
Kak u rosopuioch pamee, mpeamnoaaraercsa, 9o X u Y KOMIAKTHEI!

3agaga 6.7 (**). [Ipuagymanre HezaBucuMmoe OT TeopeMbl TUXOHOBA, (2 CJe-
OBATEJIbHO, AKCHOMEI BEIGOPA) TOKA3aTeILCTBO TeopeMbl Aprena-Ackoan.

3agaga 6.8 (*). Ilycrs 3agano komnakTHOe nogmuoXkecTBo K C X u oT-
KpbiToe moaMHOX)ecTBo V' C Y. O6o3naunm 4epes U(K,V) C Map(X,Y)
MHOX€ECTBO BCeX 0ToOpaxenun nepesoaamux K B V. PaceMoTpum Tomodo-
ruio Ha Map(X,Y), sagaunyio npegbason u3 Becex U(K, V). Jokaxwure, 9T0
Ta Xe camMas TONOJOIUA 3a0AeTCA SUP-METPUKOM.

Onpegerenne 6.3. Dra Tonosorus za Map(X,Y') HassBaeTCsA KOMIAKTHO-
OTKPBITOM TOMOJOTMEN, NI TOMOJOTMEeN PABHOMEPHOM CXOJHMO-
CTH.

3aga4a 6.9. /lokaxuTe, YTO TONOJOIMA IHOTOYEUYHOU CXOAUMOCTH caabee
TOIOJOTUU PABHOMEPHOU CXOTUMOCTH; IPYTUMHU CIOBAMHU, YTO TOXK TCCTBEH-
HOoe oTobpaxkenue u3 Map(X,Y) ¢ Tonororven paBHOMEPHOU CXOJAUMOCTH B
Map(X,Y) ¢ Tonosoruen moTo4e€IHON CXOAUMOCTH HEIPEPHIBHO.
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Onpegenenne 6.4. [lycts Z — MOAMHOXECTBO METPUYECKOT'O MPOCTPAH-
cra M. TluameTrpom Z maseBaercsa uucio diam(Z) := sup, .. d(z,y).

3agadga 6.10. Ilycrs f € Map(X,Y) — HenpepsiBHOe oToOpaxenue, X
KOMIIAKTHO, € — BelleCTBeHHoe 4ucao, a o(f,€) — cynpemym diam(f(B)) no
BceM e-mmapam B B X. [lokaxwure, 9T0 limO(S(f, €) = 0.

Ykazanue. IlycTh 3ajaHa Takas CXOAAMAACA K HYJIIO IOCACI0BATEILHOCTD
€;, 9TO KAKOro-To Habopa To4eK I; € X M MOJOXUTEILHON KOHCTAHTHI ('
umeeM diam f(B,, (z;))) > C. PaccMoTpuM IpefeJbHYIO TOUKY & MOCAeA0Ba-
rexsHoCTH {7;}. Torga B kax oM e-mape BOKpyr = cogepxurca B, (z;) (zis
JIOCTATOYHO GOJIBLIOTO 1), U3 9ero CIefyer, 9To 06pa3 3TOro e-Iapa UMeeT
nuameTp Ooabie C. 3Ha4uUT, f HE HENPEPHLIBHA.

3agaga 6.11 (!). Ilycrs 3agana HenpepriBHOe oTo6paxenue f € Map(X,Y),
n X xkoMmakTHO. /lokaxuTe, 4T0 f paBHOMEPHO HENMpEpPLIBHA.

Yxka3anwue. STO YTBEPXKICHUE TAaBTOJNOI'NIECKHN SKBUBAJECHTHO
lim 6(f,e) =0.
e—0

3agaga 6.12. ITycts gano moamuoxectso ¥ C Map(X,Y). [lokaxure,
410 ¥ paBHOMEPHO HENPEPBIBHO TOT'Aa W TOJBKO TOTIa, KOTIa

lim supd(f,e) =0.
€*>0f€\1;

3agaua 6.13 (*). Ilycrs dg,(f, 9) < 7. Joxaxwure, aro §(f,€) < (g, €) +
Y-

3agadga 6.14 (*). Ilycrs { f;} — mocaegoBarensrocts Komm B (Map(X,Y'), dgyp)-
[lokaxuTe, 9T0 OHA PABHOMEPHO HENPEePHLIBHA.

Yxazaume. Ham HyXHO 10Ka3aTb, 9TO
lim supd(fi,e) =0
e—0

Bocmoab3oBaBimmch nmpeabayimen 3agaden, yoeauTech, 9TO a1 BceX f;, Je-
xamux B KakoM-To 7y-mmape B (Map(X,Y), deyp), ducaa 6(f;, €) oramdarorcs
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He GoJble, YeM Ha 7. BeiBegure u3 sToro, 9ro sup; d(fi, €) < o(fn,€) +
1A UKCUPOBAHHOrO N, a ClIeJ0BATEIbLHO,

sup d(fi,€) < v+ Iig%(é(fi’e)

[Tpenen sToro BeIpaxenusa npu € — () He GOJBIIE 7y, TOCKOIBKY BCe f; paB-
HOMEDPHO HEIPEPHIBHHI.

3agadva 6.15 (*). [Joxaxwure, ¥To Mmerpmdeckoe nmpocrparcTso (Map(X,Y), dgyp)
OJHOE.

3aga4a 6.16 (*). fsmserca au (Map(X,Y), dsyp) IOKATBHO KOMIAKTHEIM?

6.1. KpuBasa Ileano

[Iycrs man orpesok [a,b]. OTo6Gpaxkenue [a,b] . R" wasmmaerca umen-
HbIM, ecan f(Aa+ (1 —A)b) = Af(a) + (1 — A) f(b), musa mobGoro 0 < A < 1.
OTo6paxeHne Ha3BIBACTCA KyCOYHO JUHEMHBIM, €CJI1 OTPe30K pa3buT Ha
MOJOTPE3KN [a, a1, [a1, as], [ag, asl, ..., n f IuHEeH HA KaX TOM U3 HTUX IO 0-
TpeakoB. O6pa3 KyCOUHO JMHENHOT'0 0TOOPaXKEeHUA DTO, OUeBUTHO, JOMAHAA.

[IycTh maHO KycOduHO JuHEnHOE oToGpaxkenue f u3 orpeska [0, 1] B kxBa-
apar [0, 1] x [0, 1] co caenyromum cBoiicTBOM: Bee cermenTsl aoManon f ([0, 1])
HaPAJIETbHBI IPAMOYU T = ¥ Jub0 MPAMOU T = —1.
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NubiMu CI0BaMu, I KaXkJI0TO TOA0TPE3Ka [a, a1], HA KoTOpoM [ auHeeH, f
0TO6paXaer [a, 1] B AuaroHaib HEKOTOPOTo KBaapaTa (), CO CTOPOHAMHU, Ta-
pasnerbHbIME 0CAM KoopauHatT. [IycTts Pl — mpocTpaHCTBO TaKUX KYCOYHO-
JUHENHBIX 0TOOPAKEHNN.

OnpegennM omepanuio [, KOTOPas JeIaeT U3 KyCOYHO-TMHENHOI'O OTO-

opaxenus f € Pl ¢ k JuHEHHBIME CEIMEHTAMM KYCOYHO-IUHEWHOE 0TOOpa-
XKeHue ¢ 4k JMHEeMHBIMY CerMEeHTAMU:

Omupeneanm u(f) cregyrommm o6pasom.

1. O6osuauum 4epes ag, @, - - . , G KOHIBI CETMEHTOB, Ha KOTOPBLIX [ OBbLI
aunenso. Torga p(f) orobpaxaer a; B f(a;).

2. Pa306beM Kax bl U3 CETMEHTOB [a;, d;41] HA Y€THIpe PABHBIE YACTH:

[b4i7 b4i+1]a [b4i+1a b4i+2]: [b4i+2; b4i+3]7 [b4i+3a b4i+4]-

,Lt(f) 0T06pa>KaeT [b4i, b4i+1] JUHENHO B [f(a,), f (%)], a [b4z'_|_3, b4i_|_4]

B [f ("), fai)].

3. PaccMoTpuM KBaApaT, IMArOHAIBIO KOTOPOTO ABIAETCA 0TPe3oK [f(a;), f(air1)),
U IIepeHyMepyeM ero BePIIUHEL 110 YacoBou cTpeike: f(a;), A, f(a;y1), B.
TOI‘,L(& ,u,(f) 0T06pa>KaeT [b4i+1, b4i+2] JUHENHO B [f (%&) y B], a [b4i+2, b4i+3]
B [B, f (5],

M&r mostydaeM Takyw JOMaHYIO:
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3aga4a 6.17. PaccMoTpuMm OTpe30K U KBaIpPaT KaK METPUUIECKUE TPOCTPAH-
cTBa €O cTaHgapTHOU MeTpukou. Ilycrs f € Pl, u caMbil GOMBIION TIPAMO-
auHenHbIN cerMeHT [f(a;), f(a;41)] cooTBETCTBYIOIIEN JOMAHOU UMEET AIUHY

k. Torga dsup(f, u(f)) < %

3agadua 6.18. Ilycts f € Pl, u cambiit 60JBIION NPAMOJUHENHBIN CETMEHT
[f(a;), f(a;4+1)] coorBercTBytomEen toMaHoU mMeeT auHy k. Torma cambri
GOJBIION TIPAMOJIUHENHBIN cerMeHT B yu( f) umeer nauny k/2.

3agaga 6.19. Ilycrs fo € Pl, f1 = u(fo), -, fo = u(fa_1), a cambiit 6016~
IIIOU TPSAMOJWHENHBIN CEIMEHT B JIOMAHOU, COOTBETCTBYIOIIEN fj, UMeeT [Iiu-
uy k. [lokaxwure, 94TO

k
dsup(fn, fn+1) < m

3agaga 6.20 (!). Joxaxwure, uro { f;} — nocaenosarensuocts Komm B Me-
TpUKe dgyp.

3agaga 6.21. Ilycrs f € Pl, u a5 Bcex NPAMOIMHENHBIX CETMEHTOB |G, (11
B f, niuHa

[f(a:), f(ai1)]

He 6oabie, yeM p(a;11—a;), Tle p — KAKOe-TO MOJOKATEILHOE BEIIECTBeHHOe
qucao. [Jokaxure, uro §(f,€) < pe, rae 6(f,€) — dyHkumsa, onpepeseHHas
BBIIIC.
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3agaga 6.22. Ilycts fo € Pl, f1 = u(fo),---s fo = u(fa_1), u maa scex
IPAMOJIMHEHHEIX CEIMEHTOB [a;, G;t1] B fo, AmuHa [f(a;), f(a;41)] He Goabure,
4eM p(a;11 — a;). Jokaxure, aro 6(f,,€) < p2e.

3agaua 6.23. Ilycts f € Pl, a cambiil 6OIBIION TPAMOJUHEUHBIN CEIMEHT
[f(a;), f(a;y1)] coorBeTcTBYIOMmEN JoMaHOU uMeeT mauHy k. [Jokaxure, 94T0

(u(f),0) < 25+ 8(/,0)

3agaga 6.24. Ilycts fo € Pl, f1 = u(fo), - fo = u(fn_1), a cambiit 601ab-
IIOU TPAMOJWHENHBIN CETMEHT B JJOMAHOU, COOTBETCTBYIOIIEH fj, UMeeT IIu-
uy k. llokaxwure, 4TO

k
A——— + p2™e (6.1.1)

st 100bIx n, m (n > m)

3agaga 6.25. B npeasiiymen 3a1ade, Bo3bMeM € < 272™, n > 2m. Brise-
aure u3 (6.1.1)

4kv2+p

6(fnr€) < T omm

[lokaxure, 9TO MJaAd TPOU3BOJBHOTO 1

4k\/2
6(fia€) < max <%)p22m6> .

3agaua 6.26 (!). Ilycrs f, aunenno orobpaxaer [0,1/2] B orpesox [(0,0), (1,1)],
a [1/2,1] — B orpesoxk [(1,1),(0,0)]. Jokaxwure, uro muOXecTBO {f;} pas-
HOMEPHO HEIPEPHIBHO.

Ykazanue. Brisenure u3 nmpeablaymien 3a1a49u, 9TO limo sup,(0(fi,€)) = 0.
€ —

3agaga 6.27. Brseaure us Teopembl Apueaa-Ackoau, uro npegen lim f; (B
SUp-MeTpHKe) CYIIeCTBYEeT U ABIAETCA HenpephiBHOU dyukimen P : [0, 1] — [0, 1] x

0,1].

Onpenpenenne 6.5. OnpegeneHnas BoIe GYHKINA P HA3BIBAETCA KPUBAA
ITeano.

Jlexknuu u 3a3a4M IO TOMOJOTUK - 106 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Jluctok 6: IloTodeunas m paBHOMEpPHAasA CXOAMMOCTH

a

3agava 6.28. Haugure P(q), rae ¢ = 5 (a € Z) — JBOMYHO-PAIMOHATLHOE
IHCJIO.

3ama4a 6.29. [lycts (Jo — MHOXECTBO IBOMYHO-PAIMOHAILHBIX ducen. /lo-
Kaxure, 9T0 P(()2) MWIOTHO B KBaIpaTe.

3agaga 6.30 (!). Joxaxwure, 9T0 06pa3 P — 5TO BeCh KBapar.
Ykazanme. BocnoassyuTech TeM, 9TO 00pa3 KOMIAKTa KOMIAKTEH.

3agaga 6.31 (!). MoxHO Ju CIOPEEKTUBHO U HEIPEPHIBHO 0TOOpa3uTs [0, 1]
Ha Ky6? Ha Ky6 ¢ BBIKOJOTOU TOYKOU?
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JIncrok 7: CBA3HOCTH

Onpegpenenne 7.1. [lycts mano tomosormveckoe mpoctpanctBo M. Ilox-
MHOXeCcTBO W C M Ha3pBaeTCA OTKPBHITO3aMKHYTBIM, €CIU OHO OTKDHI-
TO ¥ 3aMKHYTO. M Ha3bIBaeTCA CBA3HBIM, €CIU J1I060€ OTKPLITO3aMKHYTO€
noamuoxecTBo M aro 6o (), 1u6o camo M. Ioamuoxectso Z C M Hasb-
BAETCS CBA3HBIM, €CJIUM OHO CBS3HO B WHIYIMPOBAHHOU TOMOJOTHUH.

3agaua 7.1. Csasuo qu R?
3agaga 7.2 (!). [Iycrs X, Y ceasuse. Jokaxure, uro X X Y cBa3HO.

Yxazauwme. Ilycts B X X Y ecTh oTKpBITO3aMKHYTOE TTOAMHOXECTBO. Pac-
cmorpum nepecedenne U N X x {y}. dokaxure, yro X X {y} (c uugyuu-
poBauHOU TomoJoruen) romeomopduo X, a UNX X {y} 0TKpbITO3aMKHYTO
TaM.

3agaua 7.3. Casasuo au R™ (¢ ecrecrBernou Tomoxoruen)?
3aga4a 7.4. IlycTs B TOmOOrM4YeCKOM MpocTpancTBe M m00bIe 1Be TOYKM

2,y MOXHO “COeUHUTH MyTeM” , TO eCTh HAUTHU TAaKOe HeMPepPLIBHOE 0TOOPa-

wenue [0, 1] %, M, uro #(0) =z, ¢(1) = y. Jokaxure, aro M cBa3HO.

3ameuanue. B rakon curyanum M Ha3BIBaeTCA JUHEWHO CBA3HBIM.

3aga4a 7.5. BreIkuHeM TOYKY M3 OKPYXHOCTH WU TIOCKOCTH. [JokaxuTe,
YTO TOJYYUTCA CBA3HOE TTPOCTPAHCTBO.

3agada 7.6 (!). a. e Beikunem komewnoe uucio Touek u3 R?. Tokaxu-
Te, 9TO MOLYIUTCSA CBA3HOE IPOCTPAHCTBO.

6. e BrlkmHeM TOYKYy U3 MHTepBaJa. /[JoKaxnuTe, YTO MOIYIUTCA HECBA3-
HOe IIPOCTPAHCTBO.

3agaga 7.7 (!). [Joxaxure, 9TO ClIeAYIOMUE IPOCTPAHCTBA IIONAPHO HETO-
MeomopduE: R, R?, 0KpyKHOCTS.

3agaga 7.8 (!). [Joxaxure, 9T0 OTPE30K, MHTEPBAJI ¥ NOJIYUHTEPBAJ IIO-
TIapHO HEIOMEOMOP(QHHI.
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3agaua 7.9. /lano menpeprisaoe orobpaxenme f : X — Y. Ilycts X
cBasHo. [lokaxwuTe, 9TO 06pa3 f cBA3eH.

3aga4a 7.10 (!). [lano cBaznoe nogmuoxecTso B orpeske [0, 1]. Joxaxu-
Te, YTO DTO UHTEPBAJ, MHOJIYUHTEPBAJI UIH OTPE3OK.

3agaua 7.11. /lamo mempepbiBHOe oToOpaxkenue f : X — R. [lycts X
CBA3HO, a f IPUHUMAET ¥ IOJOXKUTEIbHBIE, U OTPUIATEIbHBIE 3HA4YeHUA. [[0-
KaXuTe, 9YT0 f IIe-TO 3aHY/IAETCA.

3agaga 7.12 (*). I[Iycts gaHO MeTpusayeMoe CYE€THOE CBA3HOE MPOCTPAH-
crBo M. Hokaxwure, uTo M >TO TOYKA.

3ama4a 7.13. IlycTb gaHBI CBA3HBIE TIOMHOXECTBA TOMOJOTTIECKOTO TPO-
cTpaHcTBa M, mepecedeHne KOTOPHIX HemycTo. /[lokaxwuTe, 4TO UX 00HeIN-
HEHUEe CBA3HO.

3agaga 7.14 (!). Ilycte £ € M — TOYKa B TONOJOTHYIECKOM IPOCTPAH-
cTBe, a W — ob6bequHeHne BceX CBA3HBIX ITOIMHOXKECTB, KOTOPHIE ee COMep-
xar. [lokaxure, aro W cBsasHO.

Omnpegenerane 7.2. B takon curyanun, VW Ha3bBaeTCA KOMIOHEHTOHR CBA3-
HOCTH TOYKM T (M4 IPOCTO KOMIIOHEHTOM CBA3HOCTH).

3agada 7.15. [lokaxwuTe, 9TO cBA3HOe moaMHOXecTBO W C M ecThb KoM-
TMOHEHTA CBA3HOCTHU TOTJA W TOJHKO TOTJA, KOTAA J000e CBA3HOE MOJIMHO-
JXKeCTBO, comepxaiiee W, ¢ HIM COBIAIaeT.

3ama4ya 7.16. [/lokaxwute, uTo M pasbuBaeTcsi B 00heIUHEHUE HeMepece-
KAIOIINXCA KOMIIOHEHT CBA3HOCTH.

3agaua 7.17. [lokaxwuTe, 9TO BCe KOMIIOHEHTHI CBA3BHOCTU M 3aMKHYTHI.

7.1. Briosne HeCBA3HBLIE IIPOCTPAHCTBA

Omnpegenenne 7.3. Tonosorudeckoe npocrpancTBo M Ha3BIBAETCA BIIOJ-
He HECBA3HLIM, €CJH Ji00as KOMIIOHEHTa, CBA3HOCTU M COCTOWT W3 OJTHOU
TOYKH.
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3agaga 7.18. [/lokaxuTe, YTO MHOXKECTBO PAIUOHAJIBHBIX YHUCEN (C TOIO-
Joruei, wHAyuupoBaHHOU ¢ R) Brnonxe HecBsizHO. [Jokaxxwure, 94TO OHO He
IUCKPETHO.

3agaga 7.19 (*). [Jokaxure, 9T0 IPOCTPAHCTBO P-a TUIECKUX TUCEJ BIIOJ-
He HeCBA3HO.

3agaga 7.20 (*). [Jokaxure, 94TO MPOM3BEIEHNE BIOJHE HECBA3HBIX IPO-
CTPAHCTB BIIOJHE HECBA3HO.

3aga4a 7.21. IlycTts mano XaycaopdoBO TOMOJOTHIECKOE MTPOCTPAHCTBO C
npegbaszon S. IlycTs Bce daeMeHTH S OTKPHITO3aMKHYTHL. [lokaxure, 9TO
S BIIOJIHE HECBA3HO.

3agaua 7.22 (!). Paccmorpum muoxkecrso {0, 1} ¢ auckperHoi Tonosorn-
eir, u myctsb {0, 1}’ — mpoussegenue I xonuit {0, 1} ¢ THXOHOBCKOU TOMOIOTH-
ent, rie I — mpousBOALHBIM HAGOD MHIEKCOB. [Jokaxure, uro {0, l}I BIIOJHE
HECBA3HO.

Yxazauue. Bocnoab3yuTech IpeIbIIyIIen 33, aen.

3agaga 7.23 (*). IlycTs 1aHO KOMIAKTHOE, XayCA0PGOBO TOMOJIOTHIECKOE
mpocTpaHcTBO M, mycTh M, — MHOXKECTBO KOMIOHEHT cBsasHocT M, a M —— M,
— eCTeCTBEeHHAA TMPOEKIUA (TOYKA MEePEXONUT B CBOK KOMIOHEHTY CBA3HO-
ctu). Beegem na M; Takyio Tonosoruio — noamuoxectso U C M OTKpHITO,
ectu 7' (U) C M otkpwito. [lokaxure, uro M; Bnomne necsasno. /[loka-
KWTe, 94TO J11000e HempephBHOE oToOpaxkenue M —— M, w3 M Bo BIOIHE
HECBA3HOE TPOCTPAHCTBO My PACKIAIBIBACTCSA B KOMIIO3UIUIO HEMTPEPBIBHBIX
oTobpaxenuis M —— M; — M, (B TaKOM CIy4ae FOBOPHTCA, 9T0 “0T0OOpa-
XKEHUe Ty NPOIycKaeTcs depes 7).

3agaua 7.24. [lycts maHO OTKpPBITOE TMOAMHOXECTBO KOMIIAKTHOI'O IIPO-
crpancTBa U u HabOp 3aMKHYTHIX noaMHOXKecTB {K;}, mepeceuenune korTo-
peix cogepxurcs B U. [lokaxure, uro u3 {K;} MOXHO BHIOPATH KOHEUHBIN
moHAO0D, TIepecevenre DIeMEeHTOB KOTOPOro conepxurcsa B U.

3agaga 7.25 (*). Ilycrs nano BmOJIHE HECBA3HOE KOMIAKTHOE XaycA0pdo-
BO TOMOJIOTWYIECKOe TpocTpancTBO M. /[lokaxuTe, 9T0 Kaxnasa Touka r € M
ABJAECTCA TEPECeICHNEM BCEX OTKPBITO3AMKHYTHIX MOAMHOXECTB M, KOTO-
pBIE €€ COomepXKar.
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Ykazanme. [lycts P — mnepecedenue BCceX OTKPBITO3AMKHYTBIX MOJIMHO-
xecTB M, koTopsle comepxkaT x. OUeBUIHO, ITO OHO 3aMKHYTO. /lokaxwuTe,
9TO OHO paBHO {r} au6Go HecBsa3HO. Kcam ono HecBsa3Ho, P pacmajgaercs B
00beIuHEHNE TBYX HEIMYCTHIX HEMePEeCeKAIMMUXCA 3aMKHYTHIX 110 IMHOXECTB
P, P,. Bocmonbp3oBaBiuch TeM, 9YTO B KOMIAKTHOM XaycaopgOBOM IIPO-
crpancTBe BhnoaHsAeTcs 14 (nokaxure »ro), Haugem y Py, P, Henepeceka-
fomecs oTKpeIThie OKpecTHOoCTH U, Us. BBIBEIMTE M3 IIPEALIYIIEN 38 1a49H,
gTo B U; UU, comepkuTcs OTKPHITO3aMKHYTOe moaMHOX)ecTBO W C M, co-
mepxkaiee x. [lokaxure, aro W N U; OTKPBITO3aMKHYTHI, U BBHIBEIUTE U3
sroro, uro P sto {z}.

3agaga 7.26 (*). [Iycrs gaHo BHOJIHE HECBA3HOE KOMIAKTHOE XayCca0pdo-
BO ToOmOJOTHYecKoe npocTpancTBo M. [JokaxuTe, 9TO OTKPHITO3aMKHY ThIe
MHOXecTBa 06pasyioT 6a3y Tomnogoruum M.

Ykazauue. Ilycts mamo oTkpeiToe moamHox)ecTBo U C M u B HEM TOYKA
x. Bozpmenm y kaxnon Touku M\U OTKPBITO3aMKHYIO OKPECTHOCTb, He CO-
Jepxkamyio & (JOKaXKUTe, 9TO 3TO MOXKHO CIeIaTh). MBI MOIyIuM IOKPHITHE
{Uy} muoxecTBa M\U. Ilockoasky M\U xommakTHO, u3 {U,} MOXHO BBI-
6paTh koHeuHOE ToAnoKpeiTHE Uy, ...U,. [lokaxure, uro gonoruenue Kk UU;
OTKPBITO3AMKHYTO, COAEPXKUT T u comepxkurcs B U.

3agaga 7.27 (*). Ilycrs gaHo BHOJIHE HECBA3HOE KOMIIAKTHOE XayCA0pdo-
BO TOIOJOTMYECKOe MPOCTpancTBO M, u mycth 2,y € M — 1Be pa3auyHbe
rouku. [Jokaxkure, uro M nomyckaer HempepwiBHOe oToOpaxkenue B {0,1}
(¢ IUCKpeTHOU TOmoJOruen) Takoe, 9To x mepexoaut B 0, ay — B 1.

3agaga 7.28 (*). IlycTs naHO BIOJHE HECBA3HOE KOMIAKTHOE XayCI0PQO-
BO TOIOJOIXIECKOE TIPOCTPAHCTBO M, n mycTh I — MHOXECTBO BCEX HEIpe-
poiBEbIX oTo6paxenunn M B {0, 1}. Onpegerure ecrecTBeHHOE OTOGPAKEHNE
M — {0,1}". TokaxuTe, 9TO 5TO HENPEPLIBHOE BIOKEHHE, U 4TO 06pa3 M
3aMKHYT.

3agaga 7.29 (*). I[Iycrs M — xomMmakTHOE XaycA0p(OBO TOMOJIOTAIECKOE
npocTpaHcTBo. [JoKaxnTe, 9TO ClefyONye YTBePXKIeHIA PABHOCHILHEL

(i) M BnoxHe HECBA3HO

(ii) M moxet 6BITh Baoxkeno B {0, 1} 114 KaKOro-T0 MHOXKECTBA UHIEKCOB

I
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3ameduanme. HamoMuuM, 9TO ecim koMmakT M momycKaeT HeNpephIBHOE
nHbeKTHBHOE oToOpaxenue f : M — X B xaycaopdoBo mpocTpaHcTBO X,
to f ecrs romeomoppusm mexay M u f(M) C X ¢ uHAyUupPOBAHHOU TOIO-
JOIHeH.
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JIucTok 8: dyHgaMeHTaATbHAA
I'PYIIIa U IPOCTPAHCTBO IIETEIb

8.1. JImHemHas CBA3HOCTD

Omnpegenenne 8.1. Ilycte M — Tomosorumyeckoe mpocTpancTBo. Hamo-

¢
MHHIM, 9TO HyTeM B M Ha3bIBaeTCs HeNpephIBHOE oToOpaxkeHue [a,b] —
M. B sToMm caydae roBopuTCs, 9TO Iy Th ¢ coeguHsaeT TOIKA ¢(a) 1 ¢(b).
M Ha3bIBaeTCA JUHEMHO CBA3HBIM, €CIN JI00LIe IBe TOYKH M MOXHO CO-

eVHUTH TyTeM [a, b] 2. M.

3ama4a 8.1. Ilyctb a, b, ¢ texxat B M, mpudeM @ MOXHO COETUHUTD IyTEM
cb,abcc [lokaxure, YTO ¢ MOXHO COETUHUTDH IIyTEM C C.

3agadga 8.2. BruBeguTe u3 5T0r0, 9T0 00BEINHEHNE JUHENHO CBA3HLIX II01-
MHOXKeCTB M, comepXKalux BEIOPAHHYIO TOYKY & € M, JUHEHMHO CBA3HO.

Omnpeaenenune 8.2. O6beauHeHME BCEX JUHENHO CBA3HBIX 110 IMHOXECTB, CO-
JIepKAIMIX KAKyI0-TO ((MKCUPOBAHHYIO TOYKY ', HA3EIBACTCA KOMIIOHEHTOH
JMHENHOU CBA3HOCTH M.

3agaga 8.3. PacemoTpum crenyiomee moamuoxecTBo X C R2?: rpadux
dyukimn sin(1/t), o6veaunennn ¢ orpeskoM [(0,1), (0, —1)]. doxaxwure,
910 X JOKAILHO KOMIAKTHO, CBA3HO, W HE JUHENHO CBA3HO. Hamamre KoM-
MOHEHTHI JUHEWHOU CBA3HOCTM.

3agaga 8.4 (*). Hamgure koMIakTHOE U CBA3HOE METPU3YEMOE TOMOIOTH-
4eCKOe IPOCTPAHCTBO, UMeoIee GeCKOHEYHOE KOIMYeCTBO KOMIIOHEHT JIU-
HEeMHOH CBA3HOCTH.

Onpeaenenne 8.3. Ilycrs {M,} — HAGOp TONOJIOrUYIECKUX IPOCTPAHCTE,
MHIeKCHpoBaHHEI MHOXecTBoM 2. HecBasnoe o6wegunenmue [ [, o Mo — 210
TOMOJOTHIECKOEe IPOCTPAHCTBO, TOYKAMI KOTOPOT'O ABIAOTCA Hapsl (o, m) |
A, m € M,, a 6a3a TOTOIOTUY 33TAETCSA OTKPHITHIMUA MHOX€ECTBAMU BO BCEX
M,.
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3aga4a 8.5. /lokaxwuTe, 9TO HECBA3HOE 00BEIUHEHNE OTHOTOYEIHBIX ITPO-
CTPAHCTB JUCKpeTHO. JlokaxuTe, 4T0 ecrecTBeHHas NPOeKus | [, o My — 2
Ha 2 C QIUCKPETHOU TOMOJOIMEN HENPEPHIBHA.

Onpepenenune 8.4. Tonosormyeckoe npocTpancTBo M Ha3BIBAETCSA TOKATb-
HO CBSI3HBIM (JIOKAJBHO JWHENHO CBS3HBIM), €CIu Kaxjaasd Todka T € M co-
JAEPKUTCA B CBA3HOM (JMHENHO CBSA3HOM) OTKPBITOM MHOXKECTBe.

3agaua 8.6. Ilycts mano Tomosormveckoe mpoctpancTBo M. Jokaxwure,
410 M JOKAJIBHO CBA3HO (JOKAIBHO JMHENHO CBA3HO) TOIJA U TOJBKO TOTAA,
korga M mpencTaBaseTCs B BHUAE HECBA3HOT'O OOBEIWHEHWS CBOUX KOMIIO-
HEHT CBA3HOCTU (JIMHEUHOU CBA3HOCTH).

3agaua 8.7. /JokaxuTe, 9TO CBA3HOE IPOCTPAHCTBO JUHEMHO CBA3HO TOr A
1 TOJBKO TOTa, KOTJa OHO JOKAJLHO JUHEHHO CBA3HO.

3aga4a 8.8. Ilycts maHo oTkpbeiToe moaMuOXecTBO B R”. /[lokaxwuTe, 4TO
OHO JOKAJIBHO JUHENHO CBA3HO.

3agaga 8.9 (**). I[lycts w — mnepBbI KOHTMHYAJbBHBIN OpIMHAIL, a ¢ :
[0,1] — w — coorBercrByoman 6uekuus. [lycrs X C [0, 1] x [0, 1] — moa-
MHOXECTBO KBajpaTa, COCTOsAINlee W3 BCeX I,y TakuX, 4To ¢(x) > o(y).
[okaxure, uro X cBa3Ho. [lokaxuTe, 9TO JUHEUHO CBA3HBIE KOMIIOHEHTHI
X — m60 ToUKM, MO0 CerMEHTHI FOPU30HTAILHLIX OTPE3KOB.

Yxazauwme. [loxkaxure, 4To mepecedernue X ¢ JIOOBIM BEPTUKAIBHBIM OT-
peskoMm Hurjge He miotHo. [Iycrs V' C [0,1] X [0,1] — cBasHOe 3aMKHyTOE
MO IMHOXECTBO KBajapaTa, comepxkamieeca B X . /[Jokaxwure, uro V mepece-
KAeTCsA C KaXJIBIM BEPTUKAJLHBIM OTPE3KOM He 6oJee 4eM B OTHOU TOYKe.
3uauuT, V 5T0 rpaduk HENPepPHIBHOTO 0TOOpaxenus v : [a, b] — [0, 1], Ta-
koro, 4To ¢(y(a)) < ¢(a). Jokaxure, 9T0 Takoe OTOOPAKEHNE IOCTOSHHO.

8.2. I'eoge3nvieckas CBA3HOCTD

Omnpegenenne 8.5. [lycte M — moaHoe JOKaJIbHO KOMIAKTHOE MeTpPHYe-
ckoe npocTpancTBo. Hamomumm, 9To reoge3andeckon B M HA3LIBACTCA OTO-
6paxenue [a,b] — M, koTopoe coxpauseT MeTpuky. [osopsarT, uro M reo-
J€3UYEeCKU CBA3HO, €CJIH JI00bIE TBE TOYKM MOXHO COeIUHUTH T'e0Ie3ntie-
ckou. EcTecTBeHHO, reo1e3nIecKn CBA3HOE MPOCTPAHCTBO JMHEUHO CBA3HO.
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Omnpegenenne 8.6. [lycts M — moaHoe JOKAJIbHO KOMIAKTHOE MeTpPHYe-
CKO€ TIpOCTPaHCcTBO. ['oBOPAT, YTO M JMOIIALIEBO CBA3HO, C KOHCTAHTOU
Jlunmmmma C' > 1, ecan mias a00bx x,y € M u ao60ro € > 0 HaugeTcs Takas
MOCJEOBATEIbHOCTD TOUEK L1 = T, To,.-., Ly = Y, 9T0 d(T; Tip1) < €, a
> i d(wi, xi1) < Cd(z,y). Unadge roBops, MBI MOXeM DACCTABUTh 1 TOYEK
MeXJIy T W Y TakuM o0pa3oM, 9YTO OHH OTCTOAT APYI OT APyra HEe 00JIb-
e, 9eM Ha €, a JINHA JOMAHOW, COCTABIEHHOW M3 DTUX TOYEK, HEe OOJIbIIe

Cd(z,y).

3agadga 8.10 (*). [oxaxure, 9To MeTpudeckoe npocrpancTso M reone-
3UYECKH CBA3HO < M JMIIINMIIEBO CBA3HO, C KOHCTaHTOU Jlummuma 1.

Ykazauume. OT0 Teopema Xomda-Punona.

3agaga 8.11 (!). Ilycrs (M, d) — aunmuuneBo CBA3HOE METPUYECKOE IPO-
cTpaucTBO, ¢ KoucrauToun C. Onpegenum pyukuuio d : M x M — R kak

Tim_inf (Z d(z;, xi+1)) ,

rae inf 6epercsa Mo BceM TAKUM MOCAEIOBATEABHOCTAM T1 = X, Lo, ..., L, =
Y, 910 d(z, Ti41) < €. Joxkaxkure, uyro d(z,y) < dp(z,y) < Cd(z,y) ax
T00BIX T,y € M. [okaxure, 94T0 d), — MeTpuKa, u 410 (M, d) romeoMopdHO
(M, dy).

3agaga 8.12 (*). [oxaxwure, uro (M,d)) aunmuneso CBA3HOE, € JIOGOU
koucrauron C > 1.

3agaga 8.13 (*). [loxaxwure, uro (M, dy) yaoBierBopser ycaoBuio Xomnda-
PunoBa (a creqoBaTeIbHO, TEOIE3UUECKY CBA3HO).

Onpegenenne 8.7. Hanomuum, 4To oTobpaxenue [a, b M yAOBJIe-
TBOpAET ycaoBuio Jlunmmna, ¢ koucranrou C > 0, eciu d(¢(z), d(y)) <
C|z —y|, pnsa m06w1x ,y € [a,b]. Jlerko Bugers, 4To aunmuneso oTobpaxe-
HU€ HEIPEPHIBHO.

3agaga 8.14 (*). [Iycte M — 10KATbHO KOMIAKTHOE MOTHOE MeTpHYe-
ckoe mpocTpancTBo. /lokaxure, 9T0 M JIUNIIUIEBO CBA3HOE C KOHCTAHTOH
C, TOra M TOJIBKO TOT' A, KOT1a J00BIe 1B TOUYKU MOXKHO COCTUHUTE TyTEM,
KOTOPBIU YIOBJIETBOPAET YCJAOBHUIO JIMMIIUIA ¢ TOU XK€ caMOU KOHCTAHTOM.
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Yka3aHmue. BOCHOJIBByfITGCL IIpe,I(])I,ILYIIIteI 3&,1(&‘1612 1 HEPABEHCTBOM d(.%‘, y) S
dh(xa y) S Cd(.T, y)

3ameuanme. Mbl noayduin, 9TO JUMIIIUIEBO CBA3HOE METPUYECKOE IPO-
CTPAHCTBO JUHENHO CBA3HO.

3aga4a 8.15. PaccMoTpuM OKpyXHOCTH S Ha ILIOCKOCTH, C WHAYIUPOBAH-

HOU MeTpukou. JlokaxwuTe, 9T0 S MUMIIUIEBO CBA3HO, C KOHCTAHTOM 4.

3agava 8.16 (*). [oxaxmuTe, 9T0 § — HaUMeHDLITAS U3 KOHCTAHT, [JIA KO-
TOPBIX OKPYKHOCTH ¢ TAKOW METPUKOU JUIIIAIEBO CBA3HA.

3amaga 8.17 (**). Paccmorpum oToGpaxenme |0, 0o — R?, 3agannoe B
HOMAPHBIX KoopauHaTax (yuknuen § = 1/z, r = = (310 cnupanb, KoTopas
HaMaTBIBAETCA BOKPYT HYJA, C IMIArOM ﬁ) [Tycts X — 3ambIkanue rpadguka
5TOro oTo6paxkeHus (OHO, OYEBUIHO, COCTOUT W3 DTOrO rpaduka W HYJA).
[lokaxure, ¥To X auHerHO cBA3HO. /[lokaxuTe, 14T0 X He JUMIIAIIEBO CBA3HO,

KaKYIO OBl KOHCTaHTY C' MBI He B3sIH.

3agadga 8.18 (*). [Iycte M — 10KATbHO KOMIAKTHOE TOJHOE MeTpHYe-
ckoe mpocTpancTBo. O6o3HaUM depe3 S.(x) cdepy paimyca € ¢ IEHTPOM B
x. [JokaxwuTe, 9TO CIeYIOMNE YCJIOBUsA PABHOCUIbHEL.

(i) M nunumueso cBs3HOe, ¢ KoHCTaHTOU C

(i) mas a06bIxX T,y € M wu m06b1xX 71,79 > 0, 148 KOTOPLIX 71 + 79 < 1,
paccrosuue Mexay cepamu Sy (), Sar,(y) He 6oabme Cd(l — — —
L — — —13), rae d = d(z,y).

Yxaszaame. UT00bI BHIBECTHU U3 JUIIIULNEBON CBA3HOCTH (ii), IpoBeuTe e~
pe3 z,y kpuByio Jlunmmuna. V3 (ii) aunmmuesa CBSA3HOCTBH CJeLyeT HEIO-
cpeacTBenHo. Paccroanue or Toukn T 10 chepsr Syi—c-1¢)(y) He Goabie €;
BO3bMEM B Ka4€CTBE Ty TOUYKY C(HEPHI, PEATU3YIONUIyI0 5TO PACCTOAHUE (4TO
BO3MOXHO, TOCKOIBKY cepa, 1m0 Teopeme Xomda-PunoBa, koMmakTHa) u
TIPUMEHUM UHTYKITUIO.

3ameuanue. Hanomuum, 4o ycaosue Xonda-Punosa (B ogHou u3 Bepcui)

COCTOMT B TOM, 9TO DPaccTosHue Mexay chepamu Sy, (x), Sir,(y) pasHO
d(1———r  —— —19).
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8.3. IIpocTpaHCcTBO IeTeNb

Onpeaenenne 8.8. Ilycts (M, z) — Tomosoradeckoe IpOCTPAHCTBO C OT-

o o o ¢
MedeHHOU To4kou. Pacemorpum muoxectso Q(M, x) myren [0,1] — M,

#(0) = ¢(1) = z, ¢ OTKPBITO-KOMIIAKTHOH TONOJIOrHeH (Ipenbasa TOR TOMO-
dorun - MuHOXecTBa U(K, W) oToOpaxeHni, IepeBOAAMNX 3aJaHHEIN KOM-
naxt K C [0,1] 8 3agannoe orkperroe muoxectso W C M). Torga Q(M, x)
HA3BEIBAETCA IPOCTPAHCTBOM meTensb jius (M, ).

3agaga 8.19 (!). Ilycrs M wmerpusyemo. [Jokaxwure, uro (M, z) Toxe
METPU3YeMO, U METPUKA 33JAETCA 110 (HOPMy.JIe

N /
d(v,7) = sup d(v(z),7'(2)).
z€[0,1]
3agaga 8.20. Ilycts (M, x) — IPOCTPAHCTBO ¢ OTMEYEHHOU TOUKOU, My
— KOMIIOHEHTA CBA3HOCTH OTMEICHHOM TOYKM T, a M| — KOMIIOHEHTa Ju-
Hennou csasnoctu z. [Jokaxkure, uro Q(M,x) = Q(My, ) = Q(M, ).

3ama4a 8.21. Ilycts X, Y — kommakTsl, a VYV — npocTpaHCTBO 0TOOpaXxe-
iy u3 X B M, cHaGXeHHOe OTKPHITO-KOMIAKTHON TomoJoruen. [Tocrpoure
OMEKIINI0 MeXIy HeNPepPLIBHBIMU OTOOpaxkeHuaMu u3 Y B VV u HenpepwiB-
HBIME OoTOOpaxeHuamu X X Y — M.

3agadga 8.22 (!). Ilycrs v, € Q(M,z) — TOYKE B IPOCTPAHCTBE METEb.
[TocTpouTe GUEKINI0 MeX Y CIeAYIOIINMEA MHOXKECTBAMM:

(i) Oyru T': [0,1] — Q(M, z), coeauusiomme vy u 7.
(ii) HempepoiBubie oroGpaxenus ¥ usz ksaapata [0,1] x [0,1] 8 M, mepe-
sogsume {1} x [0,1] B z, u Takue, yro ¥ oo =0 Yloupny = v

Onpeaenenne 8.9. [lyrtu v, € Q(M, ), 111 KOTOPHIX Takoe 0TOOpaXKe-
e ¥ : [0,1] x [0,1] — M cymecTByiOT, HA3BIBAIOTCSA TOMOTOMNHLIMH, 2
U — cBA3BIBAIONIEN UX TOMOTOIMEN.

3amaya 8.23. /lokaxwuTe, YTO MHOXECTBO BCeX I€TeNb, TOMOTOIHBIX Y €
Q(M, r) — »T0 KOMIOHEHTA JUHENHOU cBsazHOCTH Y € Q(M, ).

3agada 8.24. /lokaxuTe, 9TO TOMOTONHUA IETEIb ABIAETCA OTHOIICHHEM
DKBUBAJEHTHOCTH.
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3amMmedaHue. ['oMOTONHEBIE IET/IN TaKXe Ha3LIBAIOT TOMOTOINYECKY DKBH-
BaJIEHTHBIMM.

Onpegenenne 8.10. Ilycrs (M, ) nunenHO cBs3HO. MHOXECTBO KJIACCOB
FOMOTOINNYECKON DKBUBAJEHTHOCTH TeTenb o6o3Ha4daercs depes mi(M, ).

1), (0, =1)]

3agaqa 8.25 (*). Ilycrs M C R? — o6weaunenue orpesxa [(0,1),
( ’ 1) u (0’ _1)

7 CEMEHTOB OKPYKHOCTeN quameTpa 3,4, D, .. ., COe TUHAIOMUX

[oxaxure, yro M nuueuno cessuo. /Jokaxkwure, 9To aus aioboro x € M
Q(M, z) He TOKATBLHO JUHEWHO CBS3HO.

3agadga 8.26 (*). Ilycts (M,d) — Taxoe reoJe3mvecKu CBA3HOE JOKATb-
HO KOMIIAKTHOE METPUYECKOe MPOCTPAHCTBO, YTO AJIA HEKOTOpOro d > 0 u
J06BIX TOYEK T,y € M, d(z,y) < 0, reogesnveckas, COENUHAIONAA T 1 Y,
emuucTBenHa. [lycrs Ay C M x M — muoxecTBo nap =,y € M, d(z,y) < 0.
Paccmorpum oTobpaxkenue A; — M, cTapamee nape TOYeK CepejuHy Co-
eMHAIOIIEH UX reoJe3ndeckon. [JokaxuTe, 9T0 OHO HepPePHIBHO.

Yxazauue. [lycrs {(z;,y;)} — nocaenoBarenbHOCTb TAKUX TAP, CXO AAMIAX-
ca K (z,y), a {z;} — mocaenoBaTeNbHOCTD CepeNuH Teoe3ndeckux. B cury
JOKAMBHOU KOMIAKTHOCTH, Y {2;} €CTh mpeeibHble TOYKN U HET GeCKOHEY-
HBIX MUCKDPETHBLIX MOJMHOXECTB. JI106as mpefeabHas TOYKa {z;} Oyaer ce-
peIuHON reone3mydeckon, coeauuswomen ¢ u y. Crenosarensno, y {z;} ects
€IUMHCTBEHHAasA NIpeaeJbHasd TOYKa.

3agaga 8.27 (*). Paccmorpum oro6paxkenue A;R|0, 1] 2, M, crassmee
nape To4ek z,y € M, d(z,y) =d,ut € [0,1] B cooTBeTCTBIE TOUKY 7y, (5),
TAe Vg, — Deoje3sndecKas, COeUHAOMAA T 1 Y (€CIU 9TU TOYKH COBIALAIOT,
nonoxum V(z,y,t) = ). [Jokaxure, 9T0 5TO 0OTOOPAKEHNE HENPEPHIBHO.
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Ykazanue. Bocnoab3yuTech npeabIayInen 3aa49en 1 KOHCTPYKINen reore-
3UYECKOU KAK Tpefeia CepeInH OTPE3KOB, KOTOpas MPUBOAUIACH B T0Ka3a-
TeJbCTBe TeopeMbl Xotmda-PuHoBa.

Omnpegenenune 8.11. Ilycts M — merpudeckoe mpocTpaHcTBo. [IyTs 7 :
[0,1] — M wHa3wBIBaeTCA KyCOYHO-T'€0Ae3ndecKuM, eciun oTpe3ok [0,1]
pa36ur Ha nogorpesku [0,ai], [a1,as], ..., [an, 1], n HA KaXKKOM U3 BTUX OT-
pe3koB 7 yaosrersopsier d(y(x),v(y)) = Az —y|, 415 KAKOU-TO KOHCTAHTHI
Ai

Wuade roBops, KyCOYHO T'e0e3NIeCKUN Iy Th IPEJACTABIACT COO0M JOMa-
HYI0, KaXIBII OTPE30K KOTOPOU — reoae3ndeckas (C TOYHOCTHIO 10 JUHEH-
HOW 3aMEHBI IIePEMEHHBIX ).

3ameuanme. Eciu M — orkpbeiToe nmogMuOXkecTBO B R™, ¢ eCTeCTBEHHON
METPUKOU, TO Te0fe3udecKre, KaK ObLIO TOKA3aHO B JUCTKE 4, DTO OTPE3KH
npsMou. Takum 06pa3oM, KyCOYHO T'€0Ie3WYeCKrne MyTH — 3TO JOMAHBIE.
Takue 0TOOpaXKeHUA TAKKe HA3LIBAIOTCA KyCOYHO-IAHENHBIMA.

3agaga 8.28 (*). B ycaosusax szagauu 8.26, paccmorpum Q(M, x) Kak Me-
TPUYECKOE TPOCTPAHCTBO (¢ sup-MeTpukon). [Jokaxure, 9TO M00ad MeTAsA
v € Q(M, z) roMOTOIHA KYCOYHO Ie01e3U4eCcKON, IPUIeM TOMOTONUIO0 MOXK-
HO BHIOpATH B /110601 €-okpecTHOCTH B () C Q(M, ).

3aga4a 8.29 (*). Bregure u3s sroro, uro (M, ) 10KaIbHO IMHEHHO CBA3-
HO.

3ameuanue. B rakon curyaunu, 7 (M, ) — MHOXKECTBO CBA3HBIX KOMIIO-
uent Q(M, z).

3ama4a 8.30. I[lycts M — oTkpeiTOE MOAMHOXECTBO B R™. /lokaxuTe, 4TO
Q(M, z) TOKAIBbHO TUHENHO CBA3HO.

Ykazanue. [lokaxure, 9T0 JO6YI0 METI0 MOXHO IPOTOMOTONUPOBATE (B
IIPOU3BOIBHO MAJIOU €-OKPECTHOCTHU) B KYCOYHO JIUHEHHYIO.
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8.4. DyHAaMeHTAJIbHAsA I'PyIIna

3agadga 8.31. Ilycrs mnambl meraum 1,7 € Q(M,x). Pacemorpum meriio
Y172 € Q(M, x), KoTOpas 3a1aeTCA CICAYIOMUM 06PA3OM:

71 (2X) A€ 0,1/2],

Y172(A) = Y2(2A — 1) A€ [1/2,1].

[loxaxuTe, 4TO KJIacC TOMOTOIIUY Y17Y2 3aBUCUT TOJABKO OT KJIACCOB I'OMOTO-
. / / / /
AN 71, Y2- €CTH Y1 ~ 71, Y2 ~ T2, TO Y171 ~ 7272-

3agaga 8.32. [lokaxure, 9T0 (7172)Y3 TOMOTOMHO 71 (Y27Y3)-

3aga4ua 8.33. Ilycrs nama meras v € Q(M,x). O6o3madum depes v~ ' Te-
rmo v H(z) = (1 — z). loxkaxure, 9To meTau vy ' u v 'y TOMOTONHLI
rpusnaasHou nerse [0,1] — .

3ameuanme. [leTiin, KOTOpbIE TOMOTONHEI TPUBUAJILHON TIETJIE, HA3BIBAIOT-
¢ TOMOTONHBIMHA HY.IIO.

3agaga 8.34 (!). [Joxaxure, 9T0 Omepamus v, Yo — Y172 3a1aeT Ha 71 (M, x)
CTPYKTYPY T'DYIIHIL.

Onpegenenne 8.12. Dra rpynna HazeBaeTCA PyHJAMEHTAILHONA TPYI-
mou M.

f o
3agaua 8.35. [lycte X —— Y — HenpepniBHOE 0TOOpaKeHUE JUHEMHO
CBA3HBIX IIPOCTPAHCTB, & £ € X — mpom3BoJbHadA Touka. Paccmorpum co-
OTBETCTBYIOIIEe 0TOOpaKeHe

Q(X,2) L, f), v ol

[llokaxure, 9T0 f MepeBOAUT TOMOTOIHLIE TYTH B TOMOTOIMHbBIE, W WHIYIIN-
pyeT roMoMopdusM QyHIaMEHTAIbHBIX TPYIIII.

3agadua 8.36. Ilycre M — JuHENHO CBA3HOE TOMOJOTUYECKOE TPOCTPAH-
cTBO, a T,y € M — nBe Touku. Paccmorpum npocrpanctso Q(M, x, y) nyren
[0,1] — M, coequuAOMUX & U Y, C OTKPHITO-KOMIAKTHON Tomoaoruen. Kak
U BBIIIE, IYTH HA3BIBAIOTCA TOMOTOMHLIMEA (TOMOTONUYIECKN DKBUBAJIEHTHBI-
MU) €CIU OHU JIeKAT B ONHOUW KOMIIOHEHTe JuHenHou csazuoctu (M, z,y).
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Oupenennm onepauumio Q(M, z,y) x UM, y, z) — UM, z, z), Y1,Y2 — Y172
Tou ke (hOPMYJIOK, KOTOpas MpuBOAUTCA B 3anade 8.31. /lokaxwuTe, 9T0 5TO
0TOOpaXKeHne HeIPEPLIBHO, W IEPEBOIUT IOMOTOIHBIE IIYTH B TOMOTOIHEIE.

3agaua 8.37 (!). Ilycre z,y € M, a 74[0,1] — M — nyTs, coeiunsio-
mu  u y. Oupegeanm ’y;yl dopmy.aon ’y;yl()\) = Yzy(1 — A). Paccmorpum
orobpaxenune Q(M,z) — Q(M,y), v — ’y;ylfy’ywy u Q(M,y) — QM, z),
Y = YayVVay - JOKaxKHTE, ITO HTH OTOOPAKEHHS MEPEBOJAT TOMOTOIHBIE
myTd B romoromnuwle. IlycTs f, ¢ — cOOTBeTCTBYMOIIME OTOOpPaKEHUA Ha,
dbyHIaMeHTAIbHEIX Tpynnax. /lokaxwure, 9To f U ¢ B3aUMHO OODATHBI, U

by
MHIYIUPYIoT m3oMopduam rpymn my (M, z) — m (M, y).
3ameuanume. Kak Bugno us caegyiomen 3anadu, ecau 71 (M) He abenesa, TO
noxydeHHb u3omopdusm (M, x) = (M, y) HETPUBHAILHO 3aBUCHT OT
BBIOODA IYTH Yz,. T€M HE MeHee, KOI4a 3aBUCUMOCTb OT OTMEYEHHOH TOYKH

He BaxHa, QyHIaMeHTanbHyI0 rpynny M o6osnadator npocro mp(M). Do
0603HaYeHNe He BIIOJHE KOPPEKTHO.

3agaga 8.38 (!). B ycroBusax mpemsayuien 3a1adu, IycTh & = Y, & Yoy —
HEKOTOPHIH IyTh. [JoKaxuTe, 9T0 MOJYIeHHBI BEIIE X30MOP(OU3M
¢’Yw:c
m(M,z) =5 m (M, )

BRIDAXKAETCA 1€Pe3 Yoz TAK: Y — YooV Van -

8.5. OaHOCBA3HBIE IPOCTPAHCTBA

Omnpegenenne 8.13. Ilycts M — JIMHEHHO CBA3HOE TOIOJOTHYIECKOE MPO-
cTpaHcTBO. ['oBopAT, ¥TO0 M OAHOCBA3HO, €CIHU BCE meTau Ha M cTAruBa-
eMmsl, T.e. ecau T (M) = {1}.

3agaua 8.39. [lokaxwure, ¥ro R"” 0JHOCBA3HO.

Onpeaenenne 8.14. Ilycrs (M, x) — Tomosoruieckoe IpOCTPAHCTBO C OT-
o o ¢

Medennou Toukon, a M x[0,1] — M — rakoe HempepEIBHOE 0TOOPAKEHHE,

aro ¢(M x {1}) = {z}, a ¢ rixjop 3AAAET TOXJECTBEHHOE OTOOPAXKeHMe U3

M = M x {0} B M. Torga (M,x) HaseBaeTCA CTATMBAEMBIM. B Takon
CUTyanuu, FOBOPUTCA, 9TO ¢ 3aJaeT MOMOTOIHIO MEXAY TOXJeCTBEH-
HBIM OTOGpakeHueMm u npoeknuen M — {z}.
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3agaga 8.40 (!). Ilycrs (M, x) auHENHO CBA3HO U cTATHBaeMO. [lokaxuTe,
9410 A5 aI0001 Touku y € M upocrpancTso (M, y) crarusaemo.

Yxkazauue. [Iycrs M x[0,1] ®, M - romoromnus MEX Iy TOXKIECTBEHHBIM
orToGpaxkenueM u npoexuueit B {z}, a [1,0] — M — myTh, COeIMHAIOLINI
z u y. Bosemure M X [0, 1] o, M, orobpaxaromun (m,t) B ¢(m,2t) nis
t€[0,1/2] m (m,t) B y(2t —1) gat € [1/2,0].

3agaua 8.41. [[okaxuTte, YTO CTATMBAEMOE TOTOJOTUIECKOE TPOCTPAHCTBO
JWHEWHO CBS3HO.

3ameuanme. 13 1Byx BhIIIENpUBEIEHHBIX 3a1a4 ACHO, YTO CTATUBAEMOCTD
(M, x) He 3aBucuT OT BHIGOpA . B najbHenmeM Mul Gy1eM FOBOPUTH IPOCTO
“M craruBaemMo”.

3aga4a 8.42. /lokaxuTte, 9TO CTATUBAEMOE ITPOCTPAHCTBO OTIHOCBA3HO.

3agadga 8.43 (!). Ilycrs V C R™ — 3Be3guaToe mogmuoxecTso (R”, x),
TO €CTh TaKO€ IOAMOXKECTBO, 9TO Ji00as MpAMas, IPOXoadimas depe3 & € R™
mepecekaeTca ¢ V 1o cBA3HOMY MHOXecCTBY, a € V. [lokaxwuTe, uTo V cT-
T'uBaeMoO.

3aga4a 8.44. Ilycts V C R"™ — BBIIyKJI0€ MOAMHOXECTBO. /[loKaxuTe, 4TO
OHO CTATUBAEMO.

Onpeapenenne 8.15. Ilycte N C M — Tomomoruyieckoe MpOCTPAHCTBO U
ero mogMHOXecTBO. [Tedpopmanmonnou perpaknuen M k N HasbIBaeTCA

Takoe HempepbiBHOE oToOpaxenue M x [0, 1] N M, aro ¢(M x {1}) C N,

npuvieM OTPAHUYIEeHUEe DTOr0 0TOOpaxenus Ha N TOXAECTBEHHOE, & @, .
3aaeT TOXJIECTBeHHOe oToOpaxenme. B nTom ciydae N HasbiBaeTcsa ge-

dopManmoHHBIM peTpakToM M.

3agaga 8.45 (!). Ilycre N C M — medopManuoHHBIN peTpakT, n € N —
rouka B N. [Jokaxwure, uTo ecrecrBenHoe orobpaxenue w1 (N, n) — (M, n)
— A30MOPGU3M.
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Omnpegenenne 8.16. Ilycte M — Tomosornvyeckoe mMpoOCTPAHCTBO, a ~ —
COOTHOIIIEHNE SKBUBAJEHTHOCTH. MHOX€eCTBO KJIAaCCOB DKBUBAJIEHTHOCTHU 060-
3HAYAETCA, KaK Beernaa, epes M/ ~. Ha M/ ~ BBogurcsa Tomosaorusa gak-
TOpAa: OTKPHITHIE TOAMHOXeCTBa M/ ~ — 3TO Takue MoAMHOXKECTBA, IPO-
06pa3 koropeix B M orkpwiT. B wacTHOCTH, eciu HAa M meurcTByeT rpymma
(G, TO BO3HUKAET €CTECTBEHHOE OTHOIIEHWE SKBUBAJEHTHOCTHU: T ~ ¥ €CJIU
cyummmnecTByeT Takoe g € G, uro g - x = y. Paxrop M 1o sTomMy oTHOIIE-
HUIO DKBUBAJCHTHOCTY Ha3bIBaeTCA (paKTOPHPOCTPaHCTBOM M 1o mewm-
crBuio (7, u o6o3HadaeTcsa M/G. Kiacchl 5KBUBATEHTHOCTH HA3BIBAIOTCA
G-op6uramu B M.

3agaua 8.46. Ilycrs M — xayc10pdoBO TOMOIOTAIECKOE TIPOCTPAHCTBO, a
{z1,...;z,} CMu{y1,...,ym} C M — 1Ba HemEPeCEKAIOIMUXCA KOHETHBIX
noaAMHOXecTBa. [Jokaxure, 9T0 y MOAMHOKECTB {Z1, ..., T} ¥ {y1,.. ., Ym}
HAWIYTCA HEIEPECEKAIOMMECS OKPECTHOCTH.

3agaga 8.47 (!). Ilycte M — xaycaopdoBO TOMOJOTTYECKOE MPOCTPAH-
cTBO, a G — KOHedYHas rpymna, KoTopas geicTByeT Ha M romeoMopdusMa-
mu. Pacemorpum dakropupocrpancrso M/G ¢ rononoruen dakropa. [o-
kaxwure, uro M /G xaycaopdoso.

Ykazauue. Ilycrs x,y — aBe TOYKH, HE NPUHAIEKAIINE OJHON M TOU XKe

G-opbure. Haunure y x, y Henepecekaionuecs (G-MHBAPUAHTHBIE OKPECTHO-

cru. [lns sroro npumenute 8.46 k opburam Gz, Gy, TOIyYnTE OKPECTHOCTH
/ /

U, U, n BosbMute (,cq U, (yeq 9U"-

3agaga 8.48 (*). IIpuseaure nmpumep, korga M xaycaopdoso, a M/G ne-
xayca0pdoBo (U rpymna, COOTBETCTBEHHO, HE KOHEYHA).

Omnpegenenne 8.17. Ilycrs I' — HekoTOpHIZ Ipad, TO €CTh HAOOP TAHHBIX
Buga “muHOX)ecTBO Bepmuu’ {V}, “MmHOox)ecTBO pebep”’ {R}, u cBegenun o
TOM, KaKie BePIINHBLI ABAAIOTCA KOHIIAMHA KaKuX pebdep.
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Boaee crporo, I' MoxHO onpeneanTh Kak mapy MHOXeCTB V, R u CIOpbek-
tuBHOE oToOpaxenue {R} x {/,00} — {V}. Beegem na {R} x [/, 00|, o1-
HOIIEHNE DKBUBAJEHTHOCTH, MOPOXK IEHHOE CJAEIYIONINM: KOHIIBI IBYX pebep
SKBUBAJEHTHBI, €CJIU OHY MPUMBIKAIOT K OJHOU ¥ TOU Xe BEpIIUHE. DTO OT-
HOIIEHNE YKBUBAJEHTHOCTY CKJIEUBAET KOHIBI PeOep, IPUJIEraiomuX K OTHON
u Tou ke Bepumue. Paxrop {R} X [/, 00] 0 5TOMY OTHOIMIEHNIO DKBUBAIEHT-
HOCTY HA3bIBAETCA TOMOJOTMYECKUM MPOCTPAHCTBOM rpada.

3agada 8.49. /lokaxwuTe, YTO TOMOJOTUIECKOE TTPOCTPAHCTBO JI0O0T0 T'pa-
da xaycaopdoBo.

3agaua 8.50. ['pa¢d HazwIBaeTCs CBA3HBIM, €CJu JI006as BEPIIMHA COETUHE-
Ha C JI000U IPYrou KOHEYHOU 1enovYkou pebep. [lokaxkwure, 9T0 TOMOIOTH-
YecKoe MPOCTPAHCTBO CBA3HOI'O rpada JUHENHO CBA3HO.

3agadga 8.51 (**). Ilycrs gan rpad ¢ 6eCKOHEYHBIM MHOXKECTBOM BEPIIVH.
[lokaxure, 9T0 B rpade HaugerTcs OECKOHEYHOE IOJMHOXKECTBO BEPIIUH,
IIOIIAPHO COeIMHEHHBIX peOpamu, Jn60 6€CKOHEeYHOe ITOIMHOXKECTBO BEPIINH,
MOTIAPHO HECOeINHEHHBIX.

3agaga 8.52 (!). Iycrs I' — cBasubi rpad, y KOTOPOro 7 BepImuH u 1 — 1
pebpo (Takou rpad HA3HIBAETCSA JEPEBOM).
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[lokaxuTre, 9TO €ro TOMOJIOTUIECKOE TPOCTPAHCTBO M CcTATUBaEMO.

3agaga 8.53 (*). Ilycrs I' — Takon 6€CKOHEYHBIN CBAZHBIN Ipad, ITO JII0-
6ou cBA3HBIN KoHewHbM moarpad I' — mepeso. [loxaxure, uro mi(Mr) =

{1}.

3agadga 8.54 (*). Ilycrs S™ — n-mepnas cdepa (n > 1). [Jokaxure, 4T0
S™ OIHOCBA3HA.

Yxazanue. Bocnoab3yuTech yueHueM 0 Te0Ie3UIecKON CBA3ZHOCTH.

8.6. HakpbiTusa

Omnpegenenune 8.18. Ilycts M = M- HepepLIBHOE 0TOOpaXeHHNe TO-
TOJOTMYeCKUX TpocTpaHcTB. OToOpaXxeHne T Ha3bIBAETCA HAKPLITUEM, €C-
MW y KaXKIOW TOYKM eCThb Takad OKpecTHOCTh U, uto 7' (U) maomopdHo
npousBefennio U m IUCKPETHOTO TOMOJOTHIeCKOro nmpocTpancTea K, mpu-
"em cTapgapTHOE oTo6paxkenne 7 (U) —— U coBmajaeT ¢ eCTeCTBEHHOH
npoekiuenn 7 1(U) = U x K — U. B aToM crydae Takxke TOBOPUTCSA, 9TO
M HakpbiBaeT M.

MubI paccMaTpuBaeM OKpyx)HOCTB S' kak dakTop S' = R/Z. 9o 3agaer
eCTeCTBeHHYIO TPYIIIOBYIO CTPYKTYpy Ha St.

3agada 8.55. Ilycts n — Heny.seBoe 1esoe qucao. PaccMoTpuMm ecrecTBeH-
Hoe oTobpaxenume S' — S', ¢ — nt. [JokaxkmTe, 9TO 3TO HAKPHITHE.

3agaga 8.56. [lokaxuTe, 9TO ecTecTBeHHaA Mpoeknusa R — S =R/Z —
HaKpBITHE.
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3amava 8.57. [[okaxuTe, 9TO ecTecTBeHHaa mpoekuus R™ — (S1)™ aro
HAKPBITUE

3agaua 8.58. Paccmorpum dakrtop S™ — S"/{£1l} = RP" cdeps 1o
lIeHTpaJIBHOﬁ cuMMeTpuu, C €CTEeCTBEHHOU TOIOJOTHNeN (OTKpBITBIe MHOX€E-
CTBa - HTO TaKue, Npoo6pa3 KOTOPHEIX OTKPHIT). [lokaxuTe, 9T0 5TO HAKPHI-
THE.

3agaua 8.59. [ycrs M —— M — makpsitue, a M’ C M — 1moAnpocTpasH-
CTBO, KOTOpOe ToxXe HaKphiBaeT M. [Jokaxute, 970 M’ OTKPLITO U 3aMKHY-
TO B M.

" ™ o
3ama4a 8.60. [lycts M — M — HakpoiTHe, a M JOKaJIbHO JUHEWHO CBA3-
Ho. /lokaxwure, 9T0 M JOKAJBLHO JUHEHHO CBA3HO. [lokaxwure, 4TO JI06as
KOMIIOHEHTA, JuHenHOu cBsa3HocTu B M HakpwiBaer M.

-~ .
3agadga 8.61 (!). [Iycte M — M — maxpswiTue, a M JOKaJIbHO JTUHEWHO
cBa3HO. [lokaxnTe, 970 M CBA3HO TOTa ¥ TOIBKO TOT'AA, KOT' 1A OHO JUHENHO
CBA3HO.

Omnpegenenne 8.19. Iycrs 7y : [a,b] — M — HekoTODBIIT Ty TH, a M5
M — nakpwitue M. Orobpaxenue 7 : [a, ] — M Ha3BIBaeTCA MO AHATHEM
Y, €CIu YO T = 1.

3agaua 8.62 (!). lIycrs M —— M — maxperrme, a v : [a,0] — M —
nyTh, coequnstomui r u y. [Jokaxure, 9To naa kaxjgoro Z € m '({z}),
CyHIeCTBYeT U €IWHCTBEHHO MOTHATHE Y, IEPEBOAAIIEE 4 B T.

3agaga 8.63 (!). [JoxaxwuTe, 4TO FOMOTOIHBIE MYTU MOTHAMAIOTCA A0 TO-
MoronHbIX myTed, a y(y) € 7 '({y}) oAHO3HAYHO ONpereIAETCA KIACCOM
romoronuu 7y B (M, z,y) u Toukon Z.

3ameuanue. O603Ha4uM uepes m (M, z,y) MHOKECTBO KJIACCOB FOMOTOIMA
nyTen u3 r B Y. MbI momyduin oTobpaxkeHune

({a}) x m(M,z,y) = 7 ({y})

" ™ v
Onpenpeneune 8.20. Ilycte M — M — makpwiTue, a M JUHENHO CBA3HO.
[TpocTtparncTBO M Ha3BBaeTCA YHUBEPCAILHBIM HAKPBLITHEM, €CJIU OHO
CBA3HO U OJHOCBA3HO.
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3amedanme. OIHOCBA3ZHOCTHL ObLIA ONPEAeNeHa TOJILKO IAA JAHEUHO CBIA3-
HBIX TpocTpaHcTB. Ho »T0 HMYemMy He MeImaeT, MOCKOJAbKY M3 3amadum 8.61
crenyer, 9T0 M JUHEWHO CBA3HO.

3agaua 8.64 (!). IIycts M —— M - yHEBepCATbHOE HAKDHITHE. 3a(uK-

cupyem £ € M u & € m~({z}). Paccmorpum oro6paxenue (M, x) 2,

71 ({z}), mocTpoennoe B 8.63, 1(y) = ¥(Z, ). [lokaxure, 9T0 5TO OUCKIHA.
3agaua 8.65. [okaxure, ato m (S') = Z.

3agadua 8.66. [okaxure, ato m ((S')") = Z™.

3agaua 8.67 (*). Jokaxwure, uro npu (n > 1) umeem m (RP") = Z/27.

3agaua 8.68. Hauaure dpyHmaMeHTaIbHBIE TPYIIIEL BCEX OYKB PYCCKOTO AJ-
dasura, kpome “@” u “B” (Toumee, rpadoB, CMOAEIUPOBAHHBIX HA DTUX
OykBax).

3agadga 8.69 (*). /[lan koHe4HBIN CBA3HBIN r'pad), y KOTOPOro n pebep u n
BepmuH. [Iycts M — ero TomoJoruveckoe nmpocTpaHcTBo. /lokaxure, 9T0

m (M) =Z.
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JIncrok 9: HakpbwiTua I'anya

Hayxka o makperTusax [amya, mpo KOTOPYIO pacCKa3bIBATCS B 9TOM JUCT-
Ke, BeCbMa MOX0Xka Ha Teopuio ['amya anre6pamveckux pacUIMpeHUU MOJEH.
OTO He caydanHo. B anrebpanveckon reOMeTPUN METO Il TOTIOJOT A U Tu(-
(pepeHImaANTbHON TeOMEeTPUN TMPUMEHAIOTCA K 00heKTaM aire0pamdeckon u
TEOPETUKO-IUCIOBON TTPUPOIHL.

['porenauk onpenennt pyHIaMEHTAIBHYIO TPYINY aarebpandeckoro MHO-
000pa3usa TakuM o6pa3oM, UTO rpymnna l'adya m ¢pyHIaMeHTaIbHASA TPYIIIA
TOMOJOTUIECKOTO MPOCTPAHCTBA OKA3AINCH YACTHBIMU Caydasmu 6osee 006-
men koucTpykuuu. [Ipy n3yvdennu HAKPHITUYN U PACIIMPEHUN TIOJEH, & TAKKE
(pyHIaMEHTAJBLHOU I'PYNIBI U TPyIel [anya, 04eHb MOME3HO epXKaTh B I'O-
JIOBE, ITO DTO TIOXOXKUE BEITH.

Bce Tononoruyeckue mpocTpaHCTBA B 3TOM JUCTKE TPEATOIATAIOTCA XayC-
TOpQOBBEIME U JOKAJBHO CBI3HBIMU.

3agaua 9.1. Ilycte M - M — makpwitue, a M; — CBA3HAA KOMIOHEHTA
M. Nokaxwure, uro 7(M;) — cBsa3Has koMmnoHeHTa B M.

- .
3agaga 9.2 (!). [Iycte M — M — naxpoitue, npudem M u M cBA3HBL 1
HeNlyCTHI, & T UHBEKTUBHO. /JOKAXUTE, YTO T — FOMEOMOP(UIM.

w’

Onpenpenenne 9.1. Ilycts M = M, M = M — HakpbITUA. Mop-
$PU3MOM HAKPBITHHR HA3BIBACTCA HEIIPEPLIBHOE OTOOPAKEHHE ¢) : M — M,
COMJIACOBAHHOE C Mpoekiuen B M — uHade roBoOps, Takoe, 9To ¢ o ' = 7.
MHOXeCTBO MOPGU3IMOB MeX Iy HAKpHITHAME oGo3uagaerca Mor(M, M').
N3oMopdu3MOM HAKPBITAU HA3BIBAETCA MOPGU3M, KOTOPBIA 00PATHAM, IPU-
JeM TaKuM 06pa3oM, 4To ¢ 1o =1Id, po ¢~ = Id.

3agaua 9.3 (!). Ilycts ¢ : M — M’ — mopdmsm HaxpbiTuil. Jokaxure,
gr0 ¢ : M — M' — HakpruITHE.

" K
3aga4a 9.4. Ilyctb M —— M — HenpepbIBHOE 0TOOpaXKEHHE.
a. e Ilycrs m — nakpoiTue /[lokaxure, 9TO y KaxX 101 TOYKN & € M ecThb

okpectHOCTb U Takas, uTo npoekmusa 7w : U — w(U) — romeomop-
dusm.
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6. o [!] ycrs y xaxgon Touku x € M ectb okpecTHOCTH U Takas, 4TO
npoekuusa 7 : U — 7(U) — romeomopduam. Beerga au m — HAKpBI-
Tue?

" ™
3amaua 9.5. Ilycts M gokanbHo cBaA3HO, a M —— M — maxpwiTue. /[oxa-
XKuTe, 9T0 M J0KaJbHO CBA3HO.
~ T ~ y 7.(./ ~ y ~
3agaga 9.6. lIyctro M — M, M' — M — uaxpwrrusa, a M' [[ M —
X HeCcBA3HAA cyMMa. /[okaxwuTe, 9TO 3TO TOXe HAKpuITUE M.

3apnaua 9.7. Ilycte M cBasHo, a M =5 M - makpoirue. Noxaxwre, 9T0
M = Hoer M,, rae {M,} — MHOXKeCTBO KOMIOHeHT cBa3gocT: M, paccmo-
TPEeHHBIX KaK HaKpeITUA M.

" e
Omnpegenenne 9.2. PacmiemienueM nakpoituas M —— M HaszbiBaeTCs
u3oMoppmam M m mHakpeiTua Buga M = V X M, rae V — MHOXeCTBO C
OACKPETHOUW TOTMOJOTHEH.

=~ e
3ama4a 9.8. Ilyctb M —— M — HakpbITHE CBA3HOrO IpocTpaHcTBa M.
[lokaxuTe, 4TO T paCHIEIIAETCA TOTAA U TOJIHKO TOTAA, KOTIA BCE CBA3HBIE
KOMTIOHeHTHI M m3omopduB M.

9.1. HakpoiTusa I'axya

3agaua 9.9 (). Iycrs M; — M, M, — HakpbiTui. Paccmo-
TPUM CJeayiolee MoIMHOXecTBO B My X My

M1 XM M2 = {(ml,mg) € M1 X M2 | 7Tl(m1) = 71'2(77’12)}

Mer pacemarpuBaem M X My Kak TOMOJOrHYECKOE MPOCTPAHCTBO (¢ TO-
nojoruer, MHAynupoBanuou us M; X Ms). JJokaxure, 94TO €CTECTBEHHOE
otobpaxenue M, X My — M — >T0 HaKpHLITHE.

Omnpegenenne 9.3. IIpocrpancrso M X s My BMecTe C eCTECTBEHHBIM OTO-
OpaxenueM B M HasbIBaeTCa Ipou3BefeHneM HakpwiTuu M, M,. Ana-
JOTUYHBIM 00Pa3oM ONpereseTcs MpOou3BeaeHne JTI000T0 KOHETHOTO YUCIa,
HAKPBITUH.
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3ameuanme. Ecim noip30BaThCA aHAJIOTHEH MEXIY PACIIAPEHUAMU IIOJEN
1 HaKPBITUAMU, HECBA3HBIE O6'be,Z(I/IHeHI/IH HaKprTI/Iﬁ COOTBETCTBYIOT IIDA-
MO CyMMe IOJIYIIPOCTHIX apTUHOBBLIX KOJEI, 8 MPOU3BEIEHUS - TeH30PHBIM
IpPpOU3BEACHUAM.

3agaua 9.10. Ilycts M,, My, M3 — nwakpwitua M. [JokaxuTe, 9TO MOP-
¢usmer u3 Ms B My X My B3auMHO OTHO3HAYMHO COOTBETCTBYIOT IapaM MOP-

busmoB ¢y : Mz — My, ¢o 1 My — M.

3agaga 9.11. Paccmorpum R kak sakpeiTue S'. CKOJIBKO CBA3HBIX KOMIIO-
HeHT y R x g1 R?

Onpenenenne 9.4. Ilycts M, 2, 2 — MOp}pU3M MeXIy IByMS Ha-
kpuituamu M. Onpeneaum rpaduk ¢ Kak TOIMHOXKeCTBO B M; Xy Mo,
cocTosmmee u3 nap Buga (m, ¢(m)) s Bcex m € M.

3agaga 9.12 (!). ycrs M, 2, My — Mopdu3M MeXIy ABYMA HAKPBI-
tuamu M, a I'y — ero rpacduk. [Jokaxwute, 9T0 I'y OTKPEITO U 3aMKHYTO B

M, -2 M,

3agaua 9.13. Iycrs [M : M| — nakperrue, mpudem M u M casusr (Ta-
KO HAKPHITHE HA3HBAETCA CBA3HBIM). ITycts X C M Xy M - ceasmas
KoMIOHeHTa. [lokaxuTe, ¥To X TOorja M TOIBKO TOr'ZAa fABIAeTCA I'padu-
KOM aBTOMOpdu3Ma v : M — M, KOrja IpOoeKIuaA Ha IepBYIO0 KOMIOHEHTY
3agaeT uzomopdpuzm X = M.

3agaua 9.14 (!). Mycrs [M : M| — cBasnoe maxpoiTue. PaccMoTpum mpo-
exmmio (o mepsomy aprymenty) M X, M —s M kax maxperrue M. TTo-
CTPOUTE B3aMMHO OJHO3HAYHOE COOTBETCTBUE MexX a1y Mor M(M M xp M)
¥ MHOX)eCTBOM aBToMopduamoB M nax M.

Ykazanme. Bocnoap3yuTech IpeabIIyIIen 33 a9ei.

Ompegenenne 9.5. Ilycts [M : M] — nakpsitue, npudem M u M cBA3HBL
Torna [M M| masbiBaercs HakpeiTmeM Lamya, ecin makperrue M X M
M—M pacmeniserca. B Takou cuTyanum rpynmna aBTOMOP(U3IMOB M
nag M wmasmiBaerca rpymmon Iarya makpertusa [M : M| (o6osnauaer-
ca Gal([M : M])). Mrorga rpynna [anya HAKPHITHA HA3HBAETCA T'PYIIION
MoHOgpommu, a no-aurauincku — deck transform group (rpynma nepe-
JUCTHIBAHUSA KOJOIHI).
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3agaua 9.15 (!). Iycrs M ceasuo, a [M : M] — rakoe maxpsirue Tarya,
9TO y KaXJ0U TOUYKH M ecTh POBHO N MPOOOpa3oB (Takoe HAKPHITHE Ha-
spiBaeTca n-macTHEM). [lokaxure, uro y rpymnsl Laxya [M : M] poBso n
DICMEHTOB.

Yxkazanme. [loxaxwure, uyro [M X M : M| Toxe n-1ucTHOE, X BOCIOIb-
3yUTECh MPEILIIYIIEeNA 33 1a9eH.

Omnpeaenenune 9.6. Ilycte rpynna G gencTByeT Ha MHOXecTBe S. [len-
CTBHUE HA3bIBAETCA CBOGOAHBIM, ecau Iis Jiobbix g € G, s € S, s # gs,
ecau g # 1. [leiicTBue HAa3BIBAETCA TPAH3MTUBHBIM, €CIU I JIOOBIX IBYX
81, 8o € S, Hangercs g € G rakou, 4To g(s1) = So.

3agaua 9.16. Ilycte M —— M — makperrme, a G = Auty (M) — ero
rpynna aBToMopduamoB. [Ipernonoxum, uro M cBasHo. [JokaxuTe, 9TO 114
mo6oro x € M rpynna G geiicTByer cBo6oaHO Ha T (T).

Bagaua 9.17 (). Mycte M — M — naxperrue Danya, a x € M — mobas
touka. [lokaxure, aro Gal([M : M]) neiicrByer Ha 7 '(z) cBOGOAHO U
TPAH3UTUBHO.

Ykazanme. YcTaHOBUTE B3aUMHO OJHO3HAYHOE COOTBeTCTBHE Mexkay T (X))
1 MHOXE€CTBOM CBS3HBIX KOMIOHEHT M Xj); M u npumenute 3agady 9.14.

3amaga 9.18 (!). Ilycrn M =5 M —wmakpsitme, az € M — mo6as TOUKa.
Nokaxwure, 1T0 Auty (M) Torga u TOIBKO TOTAa TPAH3UTUBHO TEUCTBYET
Ha 7~ '(z), xorga [M : M| — makperrue [anya.

3agaua 9.19. Paccmorpum makphitue R™ — R™/Z™ = (S1)". Tokaxwure,
4T0 5TO HakphiTue ['anya.

3agaga 9.20. 3aduxcupyem n € Z PaceMoTpuM n-amcTHOe HakpeiTre ST — S,
t — nt. [lokaxwuTe, 94TO >TO HaKphITHE [ 'axya.

Omnpeaenenune 9.7. Ilycre M — rTonojorudeckoe mpocTpancTso, a G —
rpymnmna, geucTByoomas Ha M menpepsBHbBIME mnpeobpasoBanusamu. Paccmo-
TpuMm npocrpaHcTBo G-op6utr M/G. Hamomuumm (cMm. saucrok Tomosorus
10), ¥ro Ha M /G crexyromum 06pa3zoM BBOIWTCA TOMOJOTHA: IIOIMHOXKE-
ctB0 M /G OTKpBHITO TOr[a U TOIBKO TOTAA, KOTAA €Cau ero npoobpas B M
orkpeT. MHOX)ecTBO M /G ¢ 5TOU TOmOJOrUen Ha3biBaeTCA (PaKTOPIPO-
crpadcTBoM M mo meucrBuio G.
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3agaga 9.21 (!). Ilycrs [M : M] — makpsitue, a G C Auty (M) neicrsy-
er ma [M : M] asromopdusmamm. [foxaxure, 9T0 dTO JeHCTBUE CBOGOIHO,
a axropupocrpascrso M /G xaycnopdoso u HakpeiBaeT M.

3ameuanme. Paxrop o G urpaer B Teopun HaKpuITuU [anya Ty xe pob,
ur0o G-uHBapUWAaHTHI B Teopuu pacmupenun [arya.

3agaua 9.22 (!). ycrs [M : M| — nakperTne, a G — ero Tpynna aBTo-
mop¢usmos. [lokaxure, 1ro M /G wm3omopdHO M TOrma m TOIBKO TOTAA,
korga [M : M| — nakpeitue Caxya.

Yxkazaume. Bocmoassyurecs 3amaden 9.18.

o1 @2
3ama4a 9.23. Ilycts M; — M, — M3 — moc1e10BaTEIbHOCTD HAKPBI-
THUU, IPAYEM ¢@); CIOPLEKTUBHEI, 8 UX KOMIIO3UINA paciiemisercsa. /Jokaxure,
YTO ¢); PACHIEILIAIOTCA.

o = ™
B pasBuTme amamorum ¢ Teopumeu [aaya, maxpeiTus Buga M — M
OyAyT B maapHemmeM o6o3HadaThes [M : M].

3agaga 9.24 (!). I[Iycrs M7, — My — M3 — mocie10BaTeIbHOCTH HAKPHI-
Tui, mpudeM Bce M; cBsasHEL, a [M; : Mj3| — maxperitue [anya. [Jlokaxure,
910 My X, Ms pacmenasercsa Kak pacciaoenue Han M.

Yxazanwme. BocnoawssyuTech 3amaden 9.23, IpuMeHUB €€ K TOCJIEI0BATEIb-
HOCTH
M1 X M3 M1 —>M1 X M3 M2 —>M1 X M3 Mg.

3agaga 9.25 (!). Ilyctes My — My — M3 — nocae10BaTeabHOCTh HAKPHI-
tun, npudem [M; : Mj| — nakpoitue Tanya. Jokaxwure, uro [M; : Ms] —
HakpeiTue ['anya.

Yxkazanwme. Bocnoassyurecs 3anaqgen 9.23.

3agaua 9.26. Ilycrs M; — My — M3 — nocien0BaTeibHOCTh HAKPBITHN.
[okaxure, 4TO

M1 X Ms Ml %JMI X M, (MQ X Ms Mg) X M, Ml-
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3agaua 9.27. Besegure u3 nroro ciexyiomee: ecan M; — My — M3 —
MOCJeIOBATEIbHOCTD HAKPHITUH, ipuaeM [M; : Ms| u [My : M3] — nakpuiTus
Taxya, To [M; : M3] — Toxe HakpbiTHe ['anya.

3agaua 9.28. Ilycrs [M : M] — maxperrue, G — ero rpymma lanya, a
G’ € G — ee moxrpynna. Pacemorpum daxrop M /G'. lokaxure, aro [M :
M /G'] — nakperrue Tanya, ¢ rpymmoit Farya G'.

Omnpegenenne 9.8. Illycre M — M — naxperrne. PakTOpHAKPHITHEM
[M : M] nasmiBaercs HAKPBLITHE M — M, 3aJaHHOE BMeCTe C TOCIe0Ba-
TeIbHOCTBIO HAKPLITUT M— M — M, rme M — M CIOPBEKTUBHO.

3agaua 9.29 (!). (ocmoBHas Teopema reopun Lamya) Iycrs [M : M] —
Hakperrue [anaya ¢ rpynnou [anya G. Paccmorpum coorBeTcTBHE, COTOCTA-
pasiomee mogrpyme G C G dakropuaxperrue [M /G : M. lokaxuTe, 910
DTO COOTBETCTBUE YCTAHABINBAET OMEKIINIO MEXIYy MHOXECTBOM TOATPYII
1 MHOXE€CTBOM KJIaCCOB m30MOpdu3Ma (PaKTOPHAKPBITHMN.

3ama4a 9.30. Ilycts M; — My — M3 — mocienoBaTeIbHOCTb HAKPHI-
Tuit, npuiem [M; : M3] — makpwuitue [axya. PaccMoTpuMm ecTeCTBEHHYIO
PO EKIAIO

v
M1 X Ms Ml — M2 X M3 MQ.

Hycrs g € Gal([M; : Ms]), a e, C My Xpp My — KOMIOHEHTa CBA3HOCTH
{(m,g(m))} B My Xp, M;. Joxaxwure, uro g € Gal([M; : My]) C Gal([M; :
M3]) Torga u TobKO TOrA, KOrga npu npoekuun B My Xy, Moy KoMIOHEHTA
€y IEPEXOIUT B IMATOHATBHYIO KOMIOHEHTY.

3ama4a 9.31. Ilycts My, — My — M3 — mocieqoBaTelbHOCTb HAKPHI-
tuu anya. [lokaxure, 9T0 €CTECTBEHHAA MPOEKIUA

3
M1 X Ms M1 — M2 X M3 MQ.

3ajaeT CIOpbeKTUBHEIN romomopdusm Gal([M; : Ms)) 2, Gal([Ms : Ms)).
Hoxkaxure, aro ker ¢y = Gal([M; : My)).

Ykazanme. Bocnoabsynrecs Tem, uro rpymna laxya Gal([M; : Ms]) oro-
XK JeCTBIAETCA C MHOXKECTBOM CBA3HBIX KOMIOHEHT M; X pr, M;, 1 IpUMeHHUTe

IpeABbIIYIIYIO 31a4y.
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3agaua 9.32 (!). Iycrs M — M — maxpsitue Daaya, a G — M /G’ —
OMEKTHUBHOE COOTBETCTBUE MEXIY (PAKTOPHAKDPHLITHAMM W IMOATPYNIAMHA B
rpyune ["anya, mocrpoennoe soime. [Jokaxure, aTo G’ ABaseTcsa HOPMaIbLHON
HOATPYIIION TOrAa ¥ TOABKO TOT'Ja, KOT'JIa, []\Zf /G’ : M| — unaxpsrrue [anxya.

9.2. HakphbITus JUHENHO CBA3HLIX IIPOCTPAHCTB

Onpenenenne 9.9. Ilycts M — merpuieckoe mpocTpancTBo. Hamomuum,
4T0 Teoge3mueckor B M Ha3mBaeTCA Takol myTh [a,0] —— M, [To
d(y(z),v(y)) = |z — y|. JauHA reogesmdeckonl — 3TO PACCTOSHUAE MeXK-
Iy ee KoHmamu. IIyTh Ha3bIBAETCA KYyCOYHO I'€0JE3MIECKUM, €CIU €ro
MOXHO Pa30UTh B OObeJWHEHNE KOHEYHOr'O HYUCIA e0Ne3WIeCKUX CerMeH-
TOB. JlIMHA KYCOYHO re0e3udeCKOro My TH ONPENeNIeTCI KaK CyMMa JINH
COCTABJSAOIIMX HTOT IMYTh M€0IE3NICCKUX OTPE3KOB. Mbl 0003HAYAEM JIUHY

myTH vy depes |y|.

Onpeapenenne 9.10. Ilycte I' — rpad, a Mr — ero TOMOIOTAIE€CKOE MIPO-
cTpaHcTBO. MBI roBopuM, 4TO [' CBA3€H, ecam ero TOMOJOTMYIECKOe IIPO-
CTPAHCTBO CBA3HO.

3agaga 9.33 (!). [Toxaxwure, 9TO rpad CBA3EH TOrAa U TOJBKO TOTAA, KO-
rja Jro0ble IBe BePIINHBI COeIMHAIOTCA KOHETHON MOCAeI0BATEIbHOCTHIO Pe-
6ep. [lokaxuTe, 9TO CBA3HBLIN rpad JUHENHO CBA3EH.

3agaga 9.34 (!). [ycrs I' — ceasuwii rpad. [To mocTpoenuto, Ha KaxkI0M
pebpe 1 C M, rpada BBeIeHEI KOOPAMHATHI, 0TOX fecTBIAmue ero ¢ [0, 1].
[TycTh v — Kyco4HO JuHEWHBIW TyTh B [/, TO €CTh MyTh, COCTABJIEHHBIN U3

KOHEYHOT'O YUCIa OTPE3KOB BUIA [a;, by &, [Ai, i] C ro, THE ¢; TUHEHHA.
Ompeneanm |y| := > |\, i3], KaK cymmy aamH BCEX OTPE3KOB, COCTABIAIO-
mux 5>ToT nyTh. Oupeneanm d(x,y) := inf|y|, roe v npo6eraer Bce KyCOIHO
JUHEWHBIE TIyTH, Beayume u3 = B y. Jlokaxure, 910 d(z,y) 3a12€T METPUKY,
u My reome3wvecKu CBS3EH.

Omnpegenerne 9.11. DTa MeTpUKa HA3BIBACTCA CTAHJZAPTHOU METPH-
KOHM Ha TOMOJOTMYIEeCKOM HIPOCTPAHCTBE rpada.

Omnpegeneune 9.12. I'eogesutdecku CcBA3HOE MHOroooOpasme M HA3LIBaET-
¢A 3BE3J49aThIM, €CIU JI00LIe 1B TOYKH M COeIMHAIOTCA €IUHCTBEHHOU
reo1e3NIeCKOMN.
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3agaga 9.35. [lokaxure, 4TO J11060€ BHIIYKJIOE MOAMHOXeCTBO B R™ (co
CTAHIAPTHOU METPUKON) 3BE3IIaTOE.

3agaua 9.36 (*). Hauaure na M = R? Taxyto merpuky, uto M reoe3u-
YeCKM CBA3HO, a U3 JIOO0UW TOYKM B JIOOYIO MaeT OECKOHEYHO MHOI'O I'€0/e-
3WYECKUX.

3agaga 9.37 (*). [Iycrs [' — nepeBo, TO ecTh KOHEYHBIN CBA3HBIA I'pad,
y KoToporo n Bepmud u n — 1 pe6po. [lokaxure, 9To Mp cO cTaHIAPTHOU
MEeTPUKOU 3BE3T9aTOE.

3agadga 9.38 (*). Ilycrs I' — Takon koHeunsint rpad, uro I'y, 3Be3guaroe.
[okaxwure, uro I' — mepeso.

3agaga 9.39 (!). HyCTB M — 10KaJbHO KOMIAKTHOE, Me0Ae3NIeCKH CBA3-
HOe mpocTpaHcTBo, M —— M — CBA3HOE HAKDHITHE, & & U § — JABE TOUKH
B M. PaccMoTpEM MHOXKECTBO Szy BCEX IyTeH Ha M, coejuHAIOMUX T 1
Y, TPOEKIUA KOTOPBIX B M KyCOYHO reome3wdHa. PaccMOTpUM CJIeIyIONIyIO
pyHKIIUIO Ha M x M

d(z,y) = inf |7(v)|

YESz,y

Tloxaxure, 4T0 510 MeTpuka. Jokaxure, aro d(z,y) > d(r(z), 7 (y)).

3agaua 9.40 (*). B ycioBuax mpeblayiiel sajadm, goKaxkmre, 9To M
reo1e3MIeCKN CBA3HO.

3ama4a 9.41. Ilycts M — reoae3mvecku CBA3HOE METPUIECKOE IIPOCTPAH-
ctBo, a M — M — ero makpwiTue. /loKkaxuTe, 9TO CBA3HAA KOMIIOHEHTA
npoobpasa reoge3ndeckon — reogesndeckas B (M, d).

Ykazanue. [Jokaxure, 9T0 IPo06pPa3 reo e3ndecKon ABIAETCA I'eoJe3nde-
CKOM B OKPECTHOCTHU KaXKJOU TOYKM. 3aTE€M BOCIOJb3YUTECh HEPABEHCTBOM

d(z,y) > d(r(z),7(y)).

3a,qat1a 9.42 (!). Hycrs (M, d) — 3Be3a1aTOE METPUIECKOR TPOCTPAHCTRO,
a M — M — ero cBa3HOe HakperTHe. IlycTh, Kpome Toro, z € M — mo-
6as Touka, a U, — MHOXeCTBO TO4eK y € M, KOTOpBIe MOKHO COeTUHUTE C T
reogesumdeckon. /lokaxwure, 4T0 U, OTKPHITO U 3AMKHYTO B M, u qTO (Ug, d)
3Be3T9aToe. BrBeauTe U3 5TOro, 9TO ecrecTBeHHaa npoekmua M —— M —
U30METPHUA U TOMeOMOP(DU3M.
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Ykazanme. Bocnoas3yuTech IpeIbIIyINen 33 a9ei.

3agaua 9.43. Ilycrs M = [0,1] x [0,1] — xBagpar, a M — M — ero
CBA3HOE€ HaKPBITHE. ﬂOKa}KI/ITe, 9T0 3TO I‘OMeOMOp(I)I/IBM.

3a,/:[at1a 9.44. Tlycte M — quHEWHO CBA3HOE W OTHOCBA3HOE TPOCTPAHCTBO,
a M = M — cssHOe HakpbITHE. /[0KaXWTe, ITO DTO TOMEOMOPPUIM.

Ykasanme. [lokaxure, yro M ammeiHo cBasmo. Ilycrs z,y € 7 (o) —
NBe TOYKH, & 7 — IyTh, KOTOPHIA X coenuuser. Toraa v := m(7) 5T0 meTas.
[Mockoabky M 0QHOCBA3HO, Y MPOJIOMKAETCA 0 OTOOPaKeHUsA U3 KBapaTa
B X C M (mokaxwure 5710). Paccmorpum npoo6pas sToro xajapara B M, u
nycTh X KOMIOHEHTa Ipoobpasa, KOTOPAA CONCPHHT 7. BOCHOJIBBOBaB]lII/ICb
IpeBLAVINeH 3a1adell, nOKaxkuTe, 9T0 X —> X 5TO TOMeOMOP(U3M, I
BLIBEJUTE U3 DTOCO, 9TO T = v).

3aga4da 9.45. B ycaoBusax npeawniayiren 3a1auu, T0KaxKuUTe, 9TO 110606 Ha-
KpbiTe M paciienisercs.

Omnpegenenne 9.13. Ilycrs M — a060e (He 06A3aTENIBHO JIUHEWHO CBS3-
HOE) CBSI3HOE TONOJOIMYecKoe IpecTpaHcTBo. M HasbiBaeTcs OJHOCBA3-
HBIM, ecau Ji000e HakpbiTue M pacieniseTcs.

3ameuanme. B cuny nmpenbiayiien 3a1adu, STO ONpeIeJeHre COMJIACOBAHO C
OTIpereTeHneM OJHOCBA3HOCTH [JIs JUHEUHO CBA3HBIX TOMOJOTHYECKUX MPO-
CTPAHCTB, TaHHLIM B Juctke Tomomorus 8.

Omnpegenenne 9.14. Ilycts M cBsasuo. Hakpeitue M — M uaswsiBaeTcs
YHUBEP CAJIbLHBIM, €CJIU OHO OTHOCBA3HO.

3agaga 9.46 (!). a. e [lokaxkuTe, YTO YHUBEPCAIbHOE HAKPHITHE €CTh
HakpeiTHE [amya.

0. e ﬂoxamnfre, 9TO YHHUBEDCAJBbHOE€ HaKpPbITHE €IMHCTBEHHO C TOYHO-
CTBHIO 10 U30MOp¢pu3Ma.

Ykazanwue. Ilycth M M — ABa yHUBepCaIbHbIX HakpblTusa M. [lockoas-
Ky M X M' sBasercs nakposiruem M, M’, oHo PaCIIEIIACTCA HAJ M, M.
DT0 3HAUMT, 9TO K00 CBA3HAA kommoHeHTa M X 3y M’ n30MopdhHO mpoek-
tupyerca 8 M, M’
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3agaua 9.47. Ilycte My — My u My — M3 — HakpbeiTus,
a. o [**] Bepno au, uro xomnosunusa M; — M; — Toxke HakpbITHE?

6. o [!] IlycTs y xaxnou Touku Ms ecTh OJIHOCBA3HAS OKPECTHOCTH. [[o-
Kaxmure, 94to M; — M3 — HaKpuITHE.

9.3. CymecTBOoBaHUE YHUBEPCAILHOIO HAKPHI-
TUA

) Y ™
3ama4ya 9.48. Ilycts M aumeuno cBszuo, M — M — cBsi3HOE HaKpHITHE,
ar € M — mobas Touka. [JokaxuTe, 9TO MOIHOCTH MHOXECTBA T ' (1) He
Goabie, yem MomHOCTh T (M).

3agaga 9.49. JJokaxknuTe, 9TO MOITHOCTD T (x) He GoabIe, YeM MOIIHOCTD
muoxecta MU oro6paxennit us [0,1] B M.

" K
3agaga 9.50 (*). Ilycte M — M — cBs3HOe HaKphITHE CBA3HOTO M, a
r € M mobaa Touka. [[0KaxuTe, 9TO MOMHOCTL 7 ' (r) He GOJBIIE, YeM
|225], rae |225| — mommocTh MHOXECTBa TIOAMHOXKECTB S X S.

Yxazaume. BuiGepem 1,7, € 7! (z). [lokaxure, 9To HaligeTca HAGOP Ta-
KUX CBA3HBIX OTKPHITHIX MHOXecTB {U,} € m71(S), uro U,, nepecekaercs
¢ o6benuHerneM Bcex U,, He paBHBEIX U,,, IpudeMm

{1, 25} =7 (z) N (U f]a)

Cyxas 6a3y S, ecin He0OX0IUMO, MOXHO TTPEAIOJOXKUTE, YTO 7 PACIIEILIA-
ercsa Hag 7(U,) nas Beex . [lokaxuTe, 9TO Ty 33JA€TCA OJHO3HAYHO, €CJIN
sagano 1, {m(U,)}, n ormedeno, kakue us U, nepecekaiorcs.

3agada 9.51. Ilycte M cBsasHOe, a V' — MHOXeCTBO 3aJaHHOU HUXKE MOIII-
mocTu. O603Ha4YMM Yepe3 R MHOXKECTBO BCeX TOIOJOIUH, 33 TAHHBIX HA, KAKOM-
To moamHoxkecTBe X C M XV Takum 06pa3oM, 9TO eCTECTBEHHAS TPOEKITUA
X — M saBaserca HakpoiTueM. [lokaxuTe, 9TO J10000€ CBA3HOE HAKPBITHE
M w3oMopdHO KAKOMY-TO dIeMeHTy R, ecan

a. ® M qume#rHO cBA3HO, a MomuOCTH V pasra | M|
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6. e [*] Mommocts V pasma |22°|, rre S — 6asza Tononoruu B M.

3amedanme. IJTa 33/a4a M03BOJAET FOBOPUTDH O “MHOXECTBE KJIACCOB U30-
Mopdusma HakpeiTun”. HamoMHMM, 9TO He BCe MaTeMaTHYeCKHe O0BEKTEHI
ABJAIOTCA MHOXECTBaMHM; TaK, MHOXKECTBOM HE ABJACTCA KJaCC BCEX MHO-
*®ecTB. YTOOBI JOKa3aTh, YTO KAKOU-TO KJIACC ABIAECTCA MHOXKECTBOM, HAIO
OI'PAHUYIUTH €I'O MOITHOCTG.

Omnpegenrenne 9.15. Ilycts {M, % M} — ma6op orobpaxenui Ha M,
IPOVHIEKCUPOBAHHBIM HAOOPOM MHIEKCOB I (BO3MOXKHO, 6€CKOHEYHBIM, WA
Jake HeCYeTHBIM). PaccMOTpUM MHOXECTBO BCEX TAKUX (Mg, May,...) €
[1 My, 9To m4(me) = m aas kakoro-to m € M. DTO MHOXKECTBO HA3bIBAETCS
paccaoeHHBIM npou3BegenueM {M,} u o6osnagaercs [ [,, M.

3agaua 9.52. Ilycte M — TONOJOrWYECKOe TPOCTPAHCTBO, a {M, -
M} — mabop ero makpeiTHu. BBegem Ha [[,, M, Tomoxormio ciexyommm
obpaszom. Ilycte U C M orkpwiro, a {U, C M,} — HAGOD OTKDPHITHIX
MHOXeCTB, HakpbBalomux U. [Jokaxwure, 4o MHOXecTBa Buma | [, U, C
11, Mq 3anator 6a3y Tononoruu Ha | [,, M,. Jokaxwure, uro [[,, M, xayc-

ITop¢OBO

a. e [*] Bepno a1, uTo ecrecTBenHad npoexuud [ [,, M, — M — HakpbI-
Te?

6. e [!] IIpeamosoxuM, 9T0 y Kaxaou TOYKU M HaUIETCA OJHOCBAZHASA
OKpeCTHOCTb. [JokaxuTe, 4TO ecTecTBeHHAA npoekuus | [, My, — M
— HAKPBITHE.

Onpepgenenne 9.16. B rakoun curyamun [[,, M, HaseIBaeTCA PACCIOEH-

HbBIM npousBegenueM M, mag M, 1u60 mTpoOCTO MPOU3BEIECHUEM HAKDPHI-
3] T,
muun M, — M.

.
3agaga 9.53. Ilycrts Bce HakpeiTua {M, —> M} pacmemisiorcs. /Joka-
xwure, 9T0 | [,, M, TOXe pacimemnisercs.

e
3agaga 9.54 (!). lycrs {M, —> M} — wakpeitua [aaya. [lokaxure,
9710 JI06asd KOMIIOHEHTa CBA3HOCTHU WX Tpou3Bemenus wHajg M — Toxe Ha-
kpeiTue [aaya.

Ykazanme. Bocnoassyurech 3amaden 9.53.
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3agaga 9.55. IIycrs M — nakpsitue M . llocTponre ecTecTBenHHyI0 GUEK-
nuo Mex 1y MEOxecTBamu Mor([[,, Ma, M) u [[ Mor(M,, M)

3agaua 9.56 (*). Ilycrs {M, — M} — MHOXeCTBO Bcex HakpbiTui ST — ST,
t — nt, TPOMHIEKCUPOBAHHLIX N € Z. [lokaxuTte, 4TO J100as CBA3HAA KOM-

nonenta [ [,, M, n3omopdpua R — R/Z = S*.

3ama4ya 9.57. Ilycts M = M — HAKpBITHE, TpUIeM MuM CBA3HBIE,
z €M, x,, 1y € 7' (2), W — xomnonenra casaoc M Xy M, cogepxamasn
T1 X Ty, a Wi — xommomenta cssgoctu M X M X M, coxepxamas
X1 X Ty X Ty. [Jokaxure, 9T0 ecrecrBennas npoexius W, — W (3a6eiBanue
TPeTHEro apryMeHTa) 5TO U30MOPHU3M.

3agadua 9.58. B raxou xe cuTyanuu, mycTh {T,} — Ha6op Touex B (),
MPOMHAEKCUPOBAHHBIX v € [, W — coOOTBeTCTBYIOIIAsA KOMIIOHEHTA B PACCIO-

eHHOM npousBegennunt | [, ; M I xonuu M, a W, - koMmnoHeHTa B (HM I M) X s
) )

M, conepxamas {x,} u xy, mpuaem xy € {T,}. [Jokaxure, 9T0 ecTecTBeH-
Hasa npoekuusa Wi, — W sT0o uzoMmophusM.

3agaua 9.59 (!). Hycrs M —— M — cpasnoe makpsitue, a z € M. Pac-
CMOTpUM Ipom3BeneHue [[,, - 1(w)}M M ¢ co60oii, IPOUHAEKCHPOBAHHOE
MHOXKeCTBOM 7~ !(z), ¥ mycTs Mg — CBAI3HAA KOMIIOHEHTA B | Py M,
cofiepiKaas MPOU3BEIEHNE BCEX Ty € {7r‘~1 (x)}. doxaxure, ato Mg X M
pacmemniserca Hax Mq. Jokaxute, uto Mg — M — makpwuiTue l'axya.

3ameuyanme. Mur nokaszanu, 4TO JI060€ HAKPHITUE ABAAETCA (PAKTOP-HAKPHITUEM
HaKpeITUA [anaya.

3ama4da 9.60. [Iycte M — cBsAI3HOE TOMOJOTUYIECKOE TPOCTPAHCTBO, R —
5 0y
MHOXECTBO BCEX KJIACCOB M30MOP(MU3Ma CBA3HBIX HaKprTI/II/I M, {M, =
M} — coorBercrBytomuit Habop Hakpertui, a M C [[,, M, — xommoHeHTa
CBA3HOCTH MX Npou3Befenus. lokaxure, 9T0 111 Kam,qoro CBS3HOTO HAKDBI-
tua M’ — M HaiifeTcss CIOpbeKTHBHBIN MopduaM HakpsTuit M — M.

Ykazanue. BocnonpsyuTech IpeabIIyIIen 3a1a9en.

3aga4a 9.61. B ycroBuax mpeabIayiien 3a1a4u, TOKAXKUATE, ITO M — na-
kpeiTue [arya.
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3agaga 9.62 (!). BeiBegure u3 5T0Or0, 9TO AIA JIO6G0TO0 M — M, HaxpbI-
tne M Xy M' — M pacmenasercs.

Yxkazanue. Bocnoassyurecs 9.24.

3agaga 9.63 (!). [lycre M — m1060€ CBA3HOE TOMOJOTHIECKOE MPOCTPAH-
cTBO, a M — M — nakpseiTue ['anya, mocTpoenHnoe Buime. /lokaxuTe, 9T0
M onHOCBSI3HO.

3amedanme. MEbI moay4Iman, 9To y JI060T0 CBA3HOTO TOMOJIOTUIECKOTO TTPO-
CTPAHCTBA HAUETCS YHUBEPCAJIbHOE HAKpBITHE. Kak OBLIO BHINIE TOKA3aHO,
yHUBepCAJIbHOE HAKPBLITUE €TUHCTBEHHO.

3agaga 9.64 (!): [Iycts M nvuHeuHO CBA3HO, M — ero VHUBepCaJbHOE Ha-
kpritue, a Gal([M : M]) — coorsercrBytomas rpynna lanya. [lokaxuTe,
yro Gal([M : M]) usomopdHO dyHIaMeHTaIbHON Tpynme M.

Ompegenenue 9.17. dyHgaMEHTATHEHOM I'PYIIIOHN TONOJIOTHIECKOTO IPO-
crpancrsa M naswBaercs rpynna i (M) := Gal([M : M]), rae M — yun-
BEPCAJIbHOE HAKDPBITHE.

Onpepeneune 9.18. Ilogrpynnst G, Gy C (G Ha3BIBAIOTCA COMPANKEHHBI-
MM, eCJIi HauaeTcsa Takou g € (G, aro G mepeBoutcsa B (G5 aBTOMOP(HU3IMOM
r — 9.

3agaga 9.65 (*). [ycrs M; — M — mekoropoe nakpsirue, a M —s My — M
—— yHEBepcalbHOE HAKphITHE. Pacemorpum noarpymmy Gy C Gal([M : M]) =
71 (M), nOMyUeHHYIO B Pe3yabTaTe NPUMEHEHUs OCHOBHON TEOPEMBI TEOPUM
lNanya. /[lokaxuTe, 9TO 5TO COOTBETCTBUE 3aMaeT OMEKINIO MEXKIY KIacca-
MH #30MOpGhU3Ma HAKPLITUA M U KJIaccaMyu CONPAXKEHHOCTH IOATPYNN B

m(M).

3agada 9.66 (!). Hauagure BCe HAKPHITHA OKPYXKHOCTH, C TOYHOCTHIO A0
u3omopdusma. [locrponure ux ABHO.

3agaga 9.67 (*). Ilycte M — CBA3HOE TOMOJOTUYECKOE IIPOCTPAHCTBEO,

BCE KOMIIOHEHTHI JUHEMHOU CBSI3HOCTH KOTOPOTO OXHOCBA3HBL Moxer au
OHO MMETh HETPUBUAIBHYIO (PYHIAMEHTAIBHYIO TPYIIy !
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3agaua 9.68 (*). Ilycts B — muoxecTBo noauroMoB P(t) = t"+a, 11" 1+
Ap_ot" 2 +---+ay Hag C, y KOTOPBIX BCe KODHY pPa3HbIe, a B — MHOXeCTBO
BCEX HAOOPOB (X1, ..., T,) € C" nonapuo pasiununsx gyucen x; € C. Bregem
Ha B um B; ecrecTBenHyo Tomogoruio moamuoxectsa B C". Paccmorpum
orobpaxenne B, — B, (zy,...,1,) — [[(t — z;). Jokaxure, uro m —
nakpeiTue ['anya. Haungure ero rpynny [axya.

3agaga 9.69 (*). [locrpoiire cBsizHOE HAKpHITHE, KOTOPOE HEe Oyner Ha-
kpeiTueM [aaya.
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JIucrok 10: OyHgaMeHTATIbLHAA
rpynmna u roOMOTOIINU

10.1. T'omoTOoIMMK

Bce Tomosoruveckue npocTpaHCTBA B DTOM JUCTOYKE MPEJAI0JATraI0TCSA JO-
KAJbHO JUHENHO CBA3HBIMU U XayCAOP(OBBIME, €CJIU He OIOBOPEHO IPOTHUB-
HOTO.

Omnpepeneune 10.1. Ilycts fi, fo : X — Y — HenpepoiBHBIE 0TOOpaXKe-
HUA TOMOJOTMYECKAX NMPOCTPAHCTB. HAlOMHUM, 9TO TOMOTOMUEN MEX Iy
fi1 u fo HA3BIBAaETCA Takoe HempephiBHOE oToOpaxkenue F : [0,1] x X — Y

PaBHO f5.

{0} xX

9T0 F‘ paBHO fi, a F' )xx

3aga4va 10.1. /JokaxuTe, 9TO TOMOTONHBIE 0OTOOPAXKEHUSA UHAYIIUDPYIOT OTUH
u ToT ke romomopdusm 71 (X) — 71 (V).

Omnpegenenne 10.2. Ilycts f: X — Y, g: Y — X — HempephIBHBIE
0TOOPAXKEHUs TONOJOTMIEeCKAX MTPOCTPAHCTE, npudeM fog u go f romoromn-
HBI TOXAecTBeHHBIM oToOpaxenusam u3 X B X u u3 Y B Y. Takue oTrobpa-
YKEHUA HA3BIBAIOTCSA TOMOTONNYECKAMHY DKBUBAJIEHTHOCTAMH, a X u Y
— I'OMOTONMNYECKYU DKBUBAJICHTHLIMH.

3agada 10.2. /lokaxwuTe, 9TO KOMIO3UIAA MOMOTONMIECKAX DKBUBAJIEHT-
HOCTEHM OTOOpPaXKEHUU €CTh MOMOTONUYECKasA DKBUBAJEHTHOCTD. /lokaxure,
4TO F'OMOTONNYECKAA SKBUBAJEHTHOCTh IPOCTPAHCTB €CTh OTHOIIEHNE DKBU-
BaJEHTHOCTH.

3agaga 10.3 (!). [ycrs f : X — Y — romoronuveckas 5KBUBAJEHT-
HoCTh. [JokaxuTe, 9T0 f UHAyHUpyeT n30MOpGhu3M GyHAAMEHTATLHBIX IPYILI.

3agadua 10.4. Ilyctes X C Y — nedopmamnumonnsin peTpakT. [lokaxure,
yro X u Y IOMOTOINYECKN DKBUBAJCHTHEL.

3agaga 10.5 (!). [Iycre X — Tomosorudeckoe MpoCTPaHCTBO. [JoKaxu-
Te, 970 X CTACMBAEMO TOTJa U TOJIBKO TOTJAA, KOTAa OHO MOMOTONNICCKH
DKBUBAJIECHTHO TOYKE.
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3agaga 10.6 (!). [au casuwm rpad I, y koToporo n peGep u n BepIiIuH.
[lokaxxuTe, 9TO €ro TOMOJOTMYECKOe MPOCTPAHCTBO TOMOTONUYECKA DKBU-
BAJEHTHO OKPYXHOCTH.

3agaga 10.7 (!). IIycte M — cBsi3HOE TOHOMOTWYECKOE IPOCTPAHCTBO, a
z,x’,y,y € M — mo6bie Touku. /[JokaxuTe, 9TO COOTBETCTBYIOIINAE TPO-
crpanctBa nyren Q(M,z,x') u Q(M,y,y’) romoTONMYECKYN SKBUBAIEHTHEIL.

Ykasanue. BriGepure myTh gy, COCIUHAKMME £ U Y U IYThb Yyry, COCAU-
aaommit ' u y'. Mycrs v,/ (t) = Ygy(1 — 1) ’yz_,;,(t) = Yy (1 —t). Pac-
cmorpuM orobpaxenue [ : Q(M, z,z") — Q(M,y,y') nepesoasamee 10601
nyrs 7 € Q(M,,2') B KOMIOBHINIO 7Yy, Y Yery, B AHAIOIHHOE OTOGpAKe-
uue g : Q(M,y,y) — Q(M, z,2"), nepesogsmee v € Q(M,y,y’) B %:y’Y’Yw_r;,.
Mokaxwute, 9T0 fg TOMOTOIHO TOXIECTBEHHOMY U ¢f TOMOTONHO TOX/JIe-
CTBEHHOMY.

10.2. TIpocTpaHCTBO IIyTeHu Ha JOKAJILHO CTA-
r'MBaeMbIX IIPOCTPaHCTBaX

Omnpegaenenune 10.3. Ilycte M — Tomonorudeckoe mpocTpancTBo. M Ha-
3BIBAETCA JIOKATHHO CTATMBAEMBIM, €CIN Y KaX/I0W TOUYKU €CTh CTATUBA-
eMasg OKPECTHOCTb.

3ama4ga 10.8. [Ilycts M — J0KaabHO CTATUBAEMOE TOIOJOTUYIECKOE IIPO-
crpaucTBo. [lokaxure, 9To M JT0KAJIHHO JUHEUHO CBA3HO.

3agaga 10.9 (*). [Iycre M — Takoe re01e3n9eCKu CBA3HOE METPUYECKOe
OPOCTPAHCTBO, YTO I KAKOTO-TO 0 > () m00BIe BE TOYKHU, OTCTOSIINE HA
paccrosHue < 0, COEIWHAIOTCA €IMHCTBEHHOW Treojge3mdeckoun. Joxaxwure,
410 M JOKaIbHO CTATHUBAEMO.

3agaua 10.10. [loxaxwuTe, 94TO J10601 rpad JTOKATLHO CTATUBAEM.

Omnpeaenenune 10.4. Tononoruydeckoe npocTpancTBO M Ha3bIBaeTCA MHO-
roo6pa3meM pPa3MEpPHOCTH 7, €CIM y JI000M TOYKHA HAUTETCA OKPEeCT-
HOCTBb, TOMeOMOpPGdHAA OTKPHITOMY mapy B R".

3amedyanme. MHOroo6pasus, 04eBUIHO, JOKAJLHO CTATUBAEMEL.
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3agaga 10.11 (!). Jokaxwure, uTo chepa S™ — >T0 MHOrOOOpa3Ue.
Ykazanume. Bocnoassynurech crepeorpadguieckon mpoeKInen.

3aga4a 10.12. Ilycte M craruBaemoe, x,y € M. [lokaxuTe, 9TO BCE IyTH
v € Q(M, z,y) TOMOTOIHEI.

3agaga 10.13 (!). Iycrs v € Q(M, z,y) — 1yTh B JOKAILHO CTATUBAEMOM
npocrpancTse M, a {U,} — MHOXeCTBO CTATUBAEMBIX OTKPBITBIX MHOXECTB
wa M. BuiGepem B {U,} KOHEYHOE TOAMHOXECTBO, MOKpHLIBAKOIIEE 7 (DTO
MOXKHO CHEJIaTh, IOTOMY 9TO Y KoMnakTeH). Ilycts Vi, ..., V, — cooTser-
crByiomee nokpsrtue [0, 1] cBA3HBIMEM MHTEpBAJIaMuU, IJe KaXAbIA V; ABJIA-
erca casnou kommnonenton 7y~ (U;), a Bce U; crarusaembl. Ynopsagouum V;
rTakuM o6pasoM, uro V; u V| nepecekaiorcs B TOUKe t;, U mycTh a; := Y(t;).
Moxaxwure, yro mobou nyts v € Q(M,x,y), Takou, aro v'(t;) = a;, u
v ([ti, tiv1]) C Ui, romoToneH 7.

Yxkazanme. Bocrnoab3yuTech TpeabIIyIIend 33 a9en.

3agaga 10.14 (!). IIycte M — J0KaabHO CTATHBAEMOE TOIOJOTHIECKOE
IPOCTPAHCTBO, & ¥ € (M, x,y) — HEKOTOpLIN myTh. [JoKaxuTe, 9TO y 7y
HAUAETCA Takad okpecTHOCTh U C (M, x,y), 9410 BCe 7' € U TOMOTOIHBL
Yxkazanme. Bocrnoas3yuTech IpeIbIIyIIend 33 a9en.

3ameuanue. 3aMeTHUM, YTO Ha KOMIAKTHBIX MHOI0OODa3UAX Pa3MEePHOCTH
> 1 cymecTByeT meTau, 3a1aBaeMble CIOPHEKTUBHBIM OTOGPaKEHUEM; MPU-
Mep TaKOW MEeTJIH JErKO MOCTPOUTH TEM XKe MeTOI0M, 9YTO KpuByio [leano.
3agaga 10.15 (!). IIycte M sTo MHOroo6pasue (Hampumep, cdepa) pas-
MepHOCTH Goabine 1, a v € Q(M, z) — meria. /Jokaxure, 4TO ¥ TOMOTOIHA
meTse, KOTOPas He CIOPbeKTUBHA.

Yxkazauume. Bocnoib3yiTech MpeIbIIyIIen 33, a49en.

3agaga 10.16 (!). Iycts n > 1. [lokaxuTe, 9T0 n-MepHas chepa OTHO-
CBA3HA.
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Yxkazanume. Ilycrs v — neras na cdepe. Bocnons3oBaBmucs mpeasiymen
3aj1aden, IPOrOMOTOMUPYUTE Y B MET0, KoTopas orobpaxaer [0, 1] B S™\{z},
rae r HekoTopad Touka. /Jokaxure, 4To cdepa 6e3 Touku romeomopdua R”,
B YACTHOCTHU CTATUBAEMA.

3agaga 10.17 (*). Ilycrs M crarusaemo, a F': M x [0,1] — M — ro-
MOTOIHA TOXJECTBEHHOIO 0TOOPaXKeHns B IOCTOAHHOE oToOpaxenune M —

y € M. Paccmorpum caenytomee orobpaxenue M — Q(M, y, %), t,m — F(m,t)
(t €[0,1], m € M). [lokaxuTe, 9TO OHO HELIPEPHIBHO.

3agadua 10.18. Ilycte M mokanpHO cTATHBaeMo, x,y € M — nBe TOYKH,
v € Q(M, z,y) — HeKOTOPHIA TyTh. [[OKAXKUTE, 9TO Yy 7y €CTh TaKasd OKPECT-
Hocte U € (M, x, %), 910 BCe myTH 7' € U, COEIUHAIONINE T U 0, TOMOTOIHEI
B Q(M,z,a).

3agaga 10.19 (*). [Iycre M — J0KaJIbHO CTArMBAEMOE TONOJIOIUIECKOE
npocrpancTso, £ € M — Touka, a Q(M,x,*) — MHOXeCTBO BCeX IyTeHl,
HAYMHAIOMINAXCA B TOYKE I, CHAOXKEHHOEe OTKPBLITOKOMIAKTHON TOIMOJOTHEN.
PaccmoTpuM Takoe oTHomeHwe skBuBajdeHTHocTH Ha QU(M,z,%): v ~ 7/,
ecim v u ' coeguHAT T # Yy, u romoronssl B Q(M,x,y). Paccmorpum
Q(M,z,%)/ ~, ¢ Tonosoruen daxropa. BeilbepeM cTAruBaeMy OKpPeCT-

Hocte U, > y, u mycts U, L, QUy,y,*) — orobpaxkeHne, MOCTPOEH-

noe B 3agade 10.17. Ilycts v € Q(M,z,y) — HekoTOpHI myTh, a U, =,

Q(M, z, x) — oro6paxenue, crasamee a € U, nyts vF (a) (To ecTs myTs, 3a-
nanub Ha [0,1/2] kak t — (2t), n va [1/2, 1] xak F(a,2t—1). Jokaxwure,
410 (A1 JocTaToIHO MasteHbkoro U,) ¥ B xoMmmnosunuu ¢ (M, z, *) HEN
Q(M,z, %)/ ~ — sT0 romeomopduam U, Ha HEKOTOPOE OTKPBHITOE IIOIMHO-
xecTBo B (UM, x, %)/ ~.

Yxazaume. HenpepriBHocTh W o 04eBUIHA 110 KOHCTPYKIIWY, 8 UHHEKTUB-
HOCTB CJAeIyeT U3 MPeIbIAyInen 3aaa49u. ITo0s yoequTocs, 4ro Vo 3amaer
romeomopdusm Uy, va Won(U,), HaM HyKHO L0Ka3arh, 9T0 W o7 mepeBoguT
OTKDBITHIE MHOXKECTBA B OTKPHITHIE. DTO ACHO W3 TOrO, 9YTO €CTECTBEHHOE
orobpaxenune Q(M,x,*)/ ~ — M, v — +/(1), HenpepHIBHO, U UHIYIH-
pyet romeomopdusm Uy, Ha 06pa3s.

3agaga 10.20 (*). Paccmorpum oro6paxenue Q(M, x, *)/ ~ — M, cra-
Bamee B coorBercrsue nytu vy € (M, z,y) Touky y = v(1). Jokaxure, 4To
5TO HAKPHITHE.
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Ykazanme. Bocnoas3yuTech IpeIbIIyINen 33 a9ei.
3agaga 10.21 (!). Jokaxwure, uro (M, x, *) cTATEBAEMO.

3agaua 10.22 (*). Ilycrs v — nyts B Q(M, z,%)/ ~. [lokaxure, 94TO0 ¥
TOMOTOTEH 00pa3y HeKoToporo mytu u3 (M, x, *).

Yxkazanue. [lokaxure, 9TO 7 MOXHO NOAHATH 10 nyTtu B (M, z, %) 10-
KaJIbHO, ¥ BOCIOJIb3YUTECHh T€M, 4TO M Kaxaou To4uku B (M, x, %)/ ~ ee
npoo6pas B Q(M, , %) casen.

3aga4a 10.23 (*). Busegure us storo, uro (M, x,*)/ ~ 0IHOCBA3HO.

3ameuanue. [lycrs (M, 2) — I0KaIbHO CTACMBAEMOE TOHOJOIXIECKOE IPO-
CTPAHCTBO C OTMEYEHHOU TOYKOU. YHUBEPCAIbHOE HAKpbITHE M MOXKHO Ta-
KUM 06Pa3oM OTOXAECTBATH C MHOXeCcTBOM map (y € M, kiacc roMmoTonuu
nyren v € Q(M, z,y)).

10.3. CBoGogHas rpynmna u 6ykeT

Onpegenenne 10.5. Ilycrs (M, 1), (M, x2), (M3, x3), ... — HAGOD (BO3-
MOXKHO, G€CKOHEYHBIN) CBA3HBIX TOMNOJOTMYECKUX IPOCTPAHCTB C OTMEYEH-
HOHM TOYKOH. PaccMoTpuM (pakTOPIPOCTPAHCTBO HECBA3ZHOT'O OOBEMHEHUA
Bcex (M, Z,) 10 cooTHOImEHNIO SKBUBATCHTHOCTH {X1 } ~ {X2} ~ {3} ~ ...
DT0 (HaKTOPIPOCTPAHCTBO HA3KIBaETCA OykeToM, o6oznagtaerca \/ ,(My, Z,).
Taxxe 6yker o6osuagaercsa (My,x1) V (My, z2) V (Ms,23) V ...

3agaga 10.24. Ilycts Bce M, CBA3HBIE (IMHENHO CBA3HBIC, XAyCAOMOBHI).
MokaxuTe, 9T0 UX OYKET CBA3€H (JMHENHO CBS3€H, XaycAopdoB).

3agaga 10.25 (!). Ilycrs Bce M, cBA3HBIE U OMHOCBA3HLIE. [[oKaXuTe, 9TO
uX OyKeT OJHOCBA3EH.

3agaga 10.26 (!). Iycre ' — cBasub rpad, y KOTOPOrO 7 BEPIIMH U
n + k — 1 pebep. [lokaxure, 94TO €ro TOMOJOTHYECKOE TPOCTPAHCTBO Mt
FOMOTOIMYCCKA DKBUBAICHTHO OyKeTy k OKPy>KHOCTEH.

Jlexknuu u 3a3a4M IO TOMOJOTUK - 146 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Jluctok 10: dyngameHTaATbHAA IPyNNna U IOMOTOIINHA

Ykazaume. Ilycts y ' ecTb pebpo r, coequHsioniee 1Be Pa3Hble BEPITUHbI
vy, Vo, Pacemorpum rpad IV, y koroporo n — 1 sepmmun u n + k — 2 pebep,
moaydeHHbn u3 [ caepyromum obpaszom. M3 I' BeikmabiBaeTcs pebpo 7, a
BEPIIVHEI ¥ U Uy CKIEMBAIOTCA B onHY. [lokaxwute, uTro Mr u Mp romoTo-
IINYECKN SKBUBAJEHTHBI.

Onpegenenne 10.6. 3aganuM MHOXECTBO {dai,ds, ...} MomuocTu N (N
MOXET OBITh KAK KOHEYHBIM KapIWHAJIOM, TAaK U GECKOHEYHBIM). N-apHOe
pepeBo Dy — 5T0 GeCKOHEYHBIN Tpad), KOTOPLIU OIPEAEIACTCA CIeIYI0-
muM o6paszoM. Beprmubl Dy — KOHEYHBIE MOCIEI0BATEILHOCTH U3 CAMBO-
JOB a;. PeGpaMu COeIMHAIOTCA BepIINHBI, cOoTBeTCcTByommue A1 As... Ay n
A1Ay ... ApAgi1 (Bce A; mpunagaexat {ai,as, ... }).

3agmaga 10.27. [JoxaxwuTe, 9TO B Kaxayio Bepmuay Dy Bxoxat N + 1 pe-
oep.

3agaga 10.28 (!). IIycrs My — Tonosorudeckoe npocTpancTBo N-apHOro
IepeBa, C €CTECTBEHHOW METPUKOU, TIOCTPOEHHOW B HAYae 3TOTO JUCTKA.
Hoxaxure, 9T0 My ABIgeTCA 3Be3IaTHIM (JI0OBIE JBE TOUYKY COETUHAIOTCS
eIMHCTBEHHOW Ieoae3mdeckon). [Jokaxure, 9T0 OHO CTATUBAEMO.

3agaga 10.29 (!). Pacemorpum 2N — 1-apuoe nepeso. Packpacum ero pe-
6pa B N 1mBeToB, TaKuM 00pa3oM, YTO K KaXIOU BEPIIUHE CXOAUTCA IO 2
pebpa kaxjaoro mseTa. PaccmoTpum OykeT m3 N OKPYXKHOCTEH, U pacKpa-
CUM KaXIyI0 W3 OKPYKHOCTEU B CBOU IBeT. PaccmoTpum oToOpaxkeHue u3
Mjn_1 B 6yker u3 N OKPYXHOCTEH, TIEPEBOIAIINN BEPITUHEL IrPada B BepIIu-
HBI OykeTa, a pebpo IBeTa a; B OKPYXKHOCTH TAKOro xe 1Bera. /Jokaxwure,
YTO 3TO YHUBEPCAJIbHOE HAKDLITHE.

3agadga 10.30. IIycrs {ai,as,...} — mHOXecTBO MOommuocTu N, a W —
MHOXECTBO KOHEYHBIX T0C/Ie10BaTeIbHOCTER (“ca0B”) U3 CUMBOJIOB @, a]-_l,
B KOTOPBIX HUTJe HE BCTPEYAIOTCA MOADAN a;a,; 1, a TakXe a, 1ai. [Tocae-
JIOBaTEIbHOCTL AauHbl () 0603HaYaeTca e. Mbl yMHOXKAEM CJI0Ba, 3allUCHIBASA
OMTHO 32 IPYTEM U 3aMePKUBAA MOCICTOBATEIBHO BCE G;a; ', G;  ;, KOTODHIE

BcTpedatoTcsa moapaa. [lokaxwure, 1uTo VYV obpasyer rpymmy.

Omnpegenerane 10.7. Ora rpynna Ha3LBaeTCA CBOOOJHOM I'PYIIION, IO-
POXAEHHOU 06pas3yoIuMu {ay, s, . . . }, 0603HadaeTca Fy.
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3ama4a 10.31. /loxaxwute, uTo F| uzomopduo Z.

3agaga 10.32 (!). Ilycrs G — aobas rpynna, a {gi, ga, - . . } — HABOP due-
MeHTOB u3 (7, IPOHYMepPOBaHHBIN {a1, A, ... }. [okaxure, 94T0 CymecTByer
eIUHCTBEHHBIN ToMoMopduam Fy — G, mepeBoIANmn a; B g;.

3agaga 10.33 (!). Iocrpoure cBoGomuoe aeucTsue Fy HA TOMOIOTHYE-
ckoMm mpocTtpancTBe Moy 1 2N — 1-apHOrO AepeBa, TPAH3UTUBHOE HA BEp-
ITTHAX.

3agaga 10.34 (!). Jokaxure, uro Myy_1/Fy — 6yker N OKpyXHOCTEH,
a pyHIaMeHTaJbHAsA rpynma 6ykeTa cBOOOTHA.

3agadga 10.35 (!). Jokaxwure, 9T0 110601 (BO3MOXKHO, GECKOHEUHEIN ) Ipad
FOMOTONNYICCKY DKBUBAJICHTEH OYKETY OKPYKHOCTEH.

3agaga 10.36 (!). Brisegure u3 >T0ro, 4ro aobas MOACPYNNa CBOGOTHON
rpynnbsl CBOOOTHA.

Yxazanwme. Bocnoassyurecs Teopuen ['amya 1 HAKPHITUN.

3agaga 10.37 (*). Ilycrs Gy, Go, ... — kakou-To HaGop rpymnn. Paccmo-
TPUM MHOXKeCTBO YV KOHEYHBIX MOCJIEI0BATEIbHOCTEN HEeTMHUIHBIX DJIEMEH-
TOB U3 pas3HbiX (F;, TAKUX, ITO DIEMEHTHI OJHOU U TOU XK€ I'PYIILI HUTIE He
unyT noapsan. Ecam nana mobas mocaenoBaTeasHOCTh A diaemeHToB u3 G,
13 Hee MOXHO HOJYyYuTh djaeMeHT YV caeayoomum cinocobom. Ecau B A gy
TOAPAL ABa daeMeHTa u3 (G;, MbI UX IEPEMHOXAEM U 3aMEHSEeM DTH B dJe-
MeHTa Ha npousBenenue. Ecaum B A BCcTpedaeTcs eIUWHUIE OJHUU U3 TDYII,
MBI €€ BeIYepKuBaeM. [[oBTopuM 5Ty mpoueaypy CTOIBKO pa3, CKOIbKO HYX-
HO, YTOOBI MOJYYUTH DJIeMEHT u3 VV. OaeMeHTHl )V MOXHO NEePEeMHOXATh,
3ammMcaB OTHO CJIOBO MOCJE IPYTOro W MPUMEHUB BBHIIEOTUCAHHYIO TIPOLETY-
py. okaxuTe, 9TO MOTYIUTCA TPYIIA.

Onpenenenne 10.8. DTa rpymnna Ha3bBaeTCs CBOGOAHBLIM IPOU3BEAE-
HueMm rpymnua G, Go, .. ..

3aga4ga 10.38. [JokaxwuTe, 4T0 cBOGOAHAsA rpynna or N obpa3yomux —
2T0 cBOOOIHOE nmpousBegenne N Konuu Z.
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Jluctok 10: dyngameHTaATbHAA IPyNNna U IOMOTOIINHA

3agaya 10.39. [JoxaxwuTe, 9T0 CBOHOTHOE TTPOUBBEIEHUE CBOOOTHBIX TPYIII
cBOOOIHO.

3agaga 10.40 (*). Iycrs (M, x1), (Ma, xo), (Ms, 23), . .. —HaOOP CBA3HBIX
TOHOJOTMYECKUX IPOCTPAHCTB C OTMEYEHHON TO4YKOn. JokaxkuTe, 9T0 QyH-
AamenTanbHag rpynna 6ykera m (\/,(Ma, To)) B30MOpPdHA CBOGOJHOMY IIPO-
usBenenuto rpynn w1 (M, x1), w1 (Ms, z3), 1 (M3, x3), . . ..
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Jlekmusa 1: meTpuKa, IIONOJHEHUE, p-aTUYUECKUE YHCIA

Jlekiiusa 1: meTpuka, IIomnoJIHEHUE,
p-aAnvdeCKne Inucja

1.1. MeTpudeckue nNpoCTpaHCTBA U MOMOJIHE-
HUE

OnpegeneHne U CBOMCTBA BeIIECTBEHHLIX UHCET CM. IPUIOKEHNWE B KOHIIE
DTOU KHUTMU.

O603ra4nm gepe3 RZ0 MHOXKeCTBO BCeX HEOTPHIATEILHBIX BEIIECTBEH-
HBIX YUCEJI.

Omnpeaenenne 1.1. Ilycts M — muOoxecTBo. MeTpukon na M HaszwBaeT-
ca dynakmua d : M x M — RZ°, yroBaeTBopsiomas clegyOMmIM yCIOBIAM

Hesovipox gennoctb: d(x,y) = 0 Torga u TOILKO TOrAa, KOTAa T = Y.
CummerpuuHocTh: d(z,y) = d(y, )
HepasenctBo Tpeyroasuuka: d(z,y) < d(z,z)+d(z,y)

IJIsi TIOOBIX TOYeK T,Y,2 € M.

Omnpenenenne MeTPUKY BECbMa TOYHO COOTBETCTBYET UHTYUTUBHOMY NpPE-
CTABJIEHUIO O ”paccToAHNN” . AKCHOMATUYIECKOE OIpPEeNeIeHNe METPUIECKOr O
npoctpancTBa gaa1 Mopuc @pemre B 1906-Mm rogy, HO caM TepMUH ~ MeTpUYe-
ckoe npocrpaHcTBo” (metrischer Raum) npunagrexur Xaycgopdy. Croso
" paccTosHNE” 9aCTO UCIOJIB3YIOT KaK CHHOHUM ~MeTpUuKe’, 0COOEHHO B KOH-
CTPYKIUAX TUIA ~PaccTosiHue oT x M0 Yy~ . Takxke roBOpAT ”paccTOAHUE OT
T 1o y B MeTpuke d”.

ITpumep 1.2: /lypaukuy npuMmep MeTPHIECKOro mpocTpancTsa: M 1ob6oe
MHOXeCTBO, a d(z,y) = 1 nas ao6eix Touek = # y. [IpoBepbTe akcuoMsL.

IIpumep 1.3: R™, co craugapTueiM paccrosuueMm d(z,y) = |x — y| — me-
TpUYEeCKOe IPOCTPAHCTBO. IIpoBepbTe aKCHOMEL
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Maurice Fréchet
(1878 — 1973)

Onpepenenne 1.4. [lyctes M, N — meTpudeckue mpocTpaHCTBa. Biaoxe-
mme M < N masemBaercs M30METPUYUECKUM BJOXEHUEM, €CJIU [ COXPa-
user paccrosuus: dy(z,y) = dy(u(z),t(y)), gasa mobeix z,y € M. Uso-
METPHUYHBIE IIPOCTPAHCTBA — MPOCTPAHCTBA, MEXIYy KOTODPBIMHU €CTh
OMeKInA, COXPAHAIOMIAsA PACCTOAHUA.

Omnpeapenenune 1.5. [lycts £ € M Touyka B MeTpUYeCKOM TPOCTPAHCTBE.
OTkpbiThill e-m1ap Be() B ¢ UEHTPOM B & — MHOXECTBO BCEX TOYEK, OT-
CTOAIMX OT I MEHBINIE, 9eM Ha €:

B(z)={ye M | d(z,y) < e}

Omnpegenenne 1.6. [Iycte M — merpudeckoe npocTpancTso. [locaerosa-
TeIbHOCTD {;} To4Yek u3 M HasbiBaeTcs mocaegoBaTelbHOCTHIO Kormrn,
eCau AU Kax 1010 € > (), BCe DIEeMEeHTHI II0CIe10BATENbHOCTH { ; }, KpOME KO-
HEYHOI'0 YHCIa, CONepXKATCA B HeKOTOpoM e-1mape. [locaenoBarensroctu Ko-
mu {o;}, {f;} HA3BIBAIOTCS SKBUBATEHTHBIMH, €CIU MOCIEJ0BATEILHOCTD
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ag, Bo, @1, 1, ... ABAseTCa ocaenoBareabHocThio Komu. ([Jokaxure, 910 5T0
OTHOIIEHUE SKBUBAJICHTHOCTH. )

Onpeaenenne 1.7. Tosopsar, uro nocaegosareabuocts Komm {o;} cxo-
aaTca K x € M, ecan «g,x, 01,2, Qs, ... - IOCIeqoBaTe bHOCT, Komu. B
DTOM ClIydae TakKxkKe FOBOPAT, YTO I — DTO MPEAeJ MOCAeN0BATEILHOCTH
{a;}. Merpudeckoe nmpocTpancTBo M Ha3LIBAETCS MOIHBIM, €CIU Y JIO60U
mocaeqoBaTeabHOCTH Koln ecTh mpege.

CsoucTBa nocaegoBaTe bHOCTeN Kolu u nmpegena m3BeCTHB MHOTUM 13
IIKOJBHOTO Kypca aHaam3a. B mkoae u 8 MI'Y 0OBLIKHOBEHHO M3y4aloT TIO-
CIeOBATEAbHOCTU B R, HO I0KA3aTEIbCTBA JErKO IMEPEHOCATCA Ha, CIydan
MPOU3BOJIHLHOI'0 METPUIECKOTO MPOCTPAHCTBA.

Cpenu mpodero, BepHO crefyomiee (IpoBephTe).

(i) Tpegen nocregosareabrocTr Ko emHCTBEHHBIN (€CIM CYIIECTBYET).

(i) TMogmocrenoBaTersHOCTH mocaegoBaTensHOCTH Komm — cHOBa mocae-
noBaTeabHocTh Kormm. [locregosarensunocts Komm skBuBaseHTHa, 1t0-
60U CBOEU TO/TIO0CIEJ0BATEIHLHOCTH.

(iii) Ecaum nepecraButh snemenTs nocaegosarenbuoctu Komm {o;} npo-
M3BOJBHBIM 00Pa30M, MOXYYUTCS TOCIeL0BATEIbHOCTh Komm, dkBuBa-
aeHTHasA {q;}.

Ompegenenue 1.8. Juamerp muOoxecTBa X C M eCTb sup, ,cx d(z,y).

Jlerko BujeTh, 4TO AuaMeTp e-mapa He Goabiue 2¢ (mposepbre). C 1pyron
CTODOHBI, IS KaXkJIOW TOUKH = € M, m mobBIX TO4eK ¥, 2, ¢ d(y,2z) < 2,
BEPHO

ld(z,2) — — —d(y, 2) < 2, (1.1.1)

9TO CJefyeT u3 HepaBeHCTBa TpeyroabHuka. M3 (1.1.1) Berrekaer, 4ro aas
ao6on nocaeposareabrocTu Komu {o;}, mocaegoBaresbHOCTH BelecTBEH-
HbIX 4ucen d(z,q;) — roxe Komm: ecim {o;} comepxurcs B e-mape, TO
d(x, ;) cozepxuTcsa B oTpe3ke IIMHBL 2¢. [[OXOXKMU apryMeHT JOKa3bIBa-
eT, 4TO A JIoOBIX mocienoBaTensHocTen Komu {o;}, {5;}, nocrenoBarens-
HocTh {d(0y, §;)} — Toxe Komu. Boxee Toro, ecau {a;}, {3;} ne skusanent-
ubl, TO npegen {d(a;, §;) } nenyaesou. [IpoBepbTe Kax10€e U3 HTUX YTBEPK Ie-
Huw!
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[Iycts pano merpuyeckoe mpocTpancTBo M. Ob6osnadum 3a M MHOXKe-
CTBO KJIACCOB DKBUBAJEHTHOCTEN nociaesoBareabrHocTern Komu B M. Onpe-
neauMm Ha M MeTpuky (HopMmyJon

d({ai}, {8i}) = limd(c, B;).
’HOKa}KHTe, 9T0 3TO MeTqueCKoe HpOCTpaHCTBO.

Onpegenenne 1.9. MHOXeCTBO KJIaCCOB DKBUBAJEHTHOCTH IOCJIE0BATEb-
mocren Komu B M ¢ MeTPHUKOU, ONpENEJeHHON BBINIE, HA3LIBAETCA IIOIOJI-
HeHueM M.

OTa KOHCTPYKIIHUA XOPOIIO M3BECTHA OGOJBIINHCTBY CTYIEHTOB, 160 Ta-
KM 00pa30oM B KypcCe aHAJIU3a OIpeesseTcs MHOXeCTBO R BelecTBEHHBIX
qucesa (KaK MHOX€CTBO KJAaCCOB 9 KBUBAJEHTHOCTHU HOCJIeAOBaTeJIBHOCTeﬁ KO-
mu u3 Q). [Tononsenne MeTpUIeCKOro NPOCTPAHCTBA BIEPBbIE MOABUIOCH Y
Xaycnopda, B Monorpaduu “Grundziige einer Theorie der geordneten Men-
gen, ” (1914).

[TommotHEHME ABAAETCA TMOJHBIM METPUIYECKUM TPOCTPAHCTBOM. ITOOHI B
3TOM yOemIuThCA, BO3bMEM IOCIeT0BATEIbHOCTh

{a:(0)} {1} {e(2)}, -

nociegosarensuocTein Komm B M. [na mokasaTeabcTBa mOJIHOTHL M, HaM
HYXXHO TIPEIBABUTH NocaenoBaTeabuocTs Komu {3;} snementos M rTaxyio,
aro {a;(0)}, {a(1)}, {i(2)}, ... cxomgurea x {B;}. Ilepsoe, uro mpuxo-
AT B TOJOBY — B3ATh IMATOHAJIBHYIO TMOCAEAOBATENBHOCTH [3; := «;(i).
ITOT apryMeHT He paboTaeTr, MOTOMY YTO HA i-M MeCTe B IOCJIeN0BATEb-
woctu Komu Moxer crosaTs uro yroauo. Hamo samenuts {c;(N)} Ha moa-
MOCJeJOBATEIBHOCTD, KOTOPAasA CXOAUTCA OY€HBL OBICTPO, HAIIPUMED, TAKYIO,
910 ag(N), ap1(N), apio(N), ... cogepxuTca B mape paguyca 2~ F. Torga
ag(k), agr1(k + 1), agi2(k + 2), ... conepxurcsa B mape pajguyca

27k+1+27k+27k71+.“ <27k+2

TO eCTh ABIAETCA HocIenoBaTeabHOCThI0 Komu. [Tpu sroMm, {o;(N)} orcront
ot {e;(i)} ne 60oabme, wem na 2~V . Cregosarensno, {a;(i)} — sro npeaen

{a:(0)}, {ai(1)}, {u(2)}, -

Mgl JTOKa3aJu CYINeCTBOBaHUE IIOIIOJMTHECHUSA.
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ITpumep 1.10: ITpocrpancrso ¢ merpukon d(z,y) = 1 aas ao0bIX T # Y
IOJHO (IOKaXuTe).

ITpumep 1.11: IIpocTpancTso Q ¢ OOBLIYHON METPUKOU HEIIOJIHO, U €r0 IO-
noanerune — 510 R. K coxaennio, 6yKBaJIbHO DTy KOHCTPYKIIMIO [IJISA ONpee-
Jgernsa R uCmoab30BaTh HeJdb3s, IOTOMY YTO METPUKA HA METPUIECKOM IIPO-
crpaHcTBe npuHuMaeT 3Hadenusa B R. [losToMy mpuxoauTcsa cHadaga ompe-
neaaTh R Kak MHOXKECTBO KJIACCOB DKBHUBAJEHTHOCTH II0CJE0BATEILHOCTEN
Komu B QQ, a 3aTemM onpenenaTs MOMOJIHEHTE METPHIECKOTO IIPOCTPAHCTBO,
MOBTOPSAA DTY XK€ CaMy0 KOHCTPYKIIMIO eIle pas.

ITpumep 1.12: IIpocTpancTBo R™ ¢ 06BIYHON METPUKON TOJHO ( JOKAKUTE).

1.2. HopMmupoBaHue Ha rpyniax m KoJabllax

MeTpuky MOXKHO BBOJAUTH HA PA3JUYHBIX aJrebpaniecknx 06beKTax — r'pyI-
max, KOJbIaX, MOJAX U TakK gaftee. [leraeTcsa 5To creayomuM 06pa3oMm.

Omnpegenenune 1.13. Ilycrs G — abeneBa rpymnma, a d — merpuka Ha (.
Mgl 6yseM MCIOAB30BATHL 0O03HAYEHUE T,y — T + Y IJA TPYIIIOBOU OIle-
pauuu B abereBrix rpymnmnax. Losopsar, 4ro (G, +,d) MeTpuyeckas rpyumna,
€CJIM OTepalud r — — & B3ATHUA 00PATHOT'O DJIEMEHTA €CTb U30MEeTpUid, U
omepanusa r — & + ¢ €CThb U30MeTpusa Ajag Jioboro g € G. B sToMm caydae
TaKxkKe FOBOPAT YTO METPHKA COrJIACOBAHA C I'PYIIOBOM CTPYKTYPOH,
WIN 9TO MeTPUKa WHBAPUAHTHA.

Onpegerenne 1.14. dynkmua v : G — R=Y maswBaerca mopMon Ha
rpymnmne ecin

(i) v(g) =v(=g), »(0)=0.
(i) wv(g) > 0 gas mo6oro g # 0.
(i) v(g+9¢) <v(g9)+v(¢), nua mobux g,g9 € G.

Jlerko Bugers, 4To aas a060u HOpMBL ¥ (yukuusa d,(z,y) = v(r — y)
3agaeT MeTpuKy Ha (7, COrIACOBAHHYIO ¢ IPYNINOBOX cTPYKTypor. O6paTHO,
a00as Takas MeTpuka 3agaer Hopmy v(z) := d(z,0) (mpoBepbTe).
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MuoxecTBO mocaenoBaTenbHocTen Komm B MeTpUYecKou I'pymme ¢ ore-
palyen OwIEHHOT0 CIOXKEeHrA 00pa3yeT IpyIy, a nocaegosareabnoctu Ko-
M, DKBUBAJEHTHBIE HYJI0 — MOJATPYNIY 3TOU T'PYIIBbL. JDTO JErkKO BUAETh
u3 caegyiomero coobpaxenus. [lycrs A, B C G — noaMHOXeCTBa B IPYIIIIE.
MuoxecTBo Beex cymm Buga {a +b | a € A,b € B} ob6oznauaerca A + B.
Jlerko BugeTH, 9TO CyMMa ABYX IIAPOB PALUYCA €, € COMEPKUTCA B IIAPE Pa-
nuyca € + €. CregoBarenso, 1is J00bX nocaenoBarensuncren Komn {a;}
{b;}, Bce unennr cymmnr {a; + b;}, KpoMe KOHEYHOrO HYMCIA, CONEPKATCA B
mape CKOJb YrOHO MAJOro Halepe[ 3alaHHOTO PAJUYCa.

daxToprpynma rpynmsl nocienosaTeibHocTen Komu mo mogrpymnme 1mo-
caegoBaTeabHOCTeN Kommm, DKBUBAJIEHTHBIX HYJIH0 — 5T0 nonoanenue G. Ta-
KUM 00pa3oM, MOTOJHEHNEe MEeTPUICCKOU I'PYINBl €CTh CHOBA METPUYECKAS
CpYyNNa. JTa KOHCTPYKIUA XOPOIIO M3BECTHA A TPYINbI PAIMOHAIBLHBIX
YUCE M0 CJOXKEHUI0; TAKUM 00pa3oM CTPOUTCA alJWTUBHAS CTPYKTypa HA
MHOXECTBE BEIICCTBEHHBIX YUCEJI.

Omnpegenenne 1.15. Ilycts A — KOJBIIO, C ACCONMATABHBIM, KOMMYTATHB-
HBIM yMHOXKeHmeM, a v : A — RZY ¢pynkuua ma A. v HazpIBaeTCa HOPMOM
Ha KOJIbIE, €CJAU BBIIIOJHEHbI CA€AYyIOUne yCJIOBUSA

(i) Paccmorpum A Kak rpymmy, ¢ TPYIIOBBIM 3aKOHOM, 3, TAHHBIM CJIOXKe-
mueMm. Torga v — sto HOpMma. Muade rosops, v(g) > 0 mia Kaxaoro

9#0,v(0)=0,v(9) =v(-g), mv(g+g) <v(g) +v(g)
(ii) Hopwma myasrumiukarusaa: v(zy) = v(z)v(y).

[Ipumepom HOPMBI Ha KOJblE fABIAETCA 0TOOpaxenue t — |t|, onpene-
aennoe Ha (Q w ma R. /Ipyrum mpumepom sSBJSETCA AUCKPETHAs HOPMA:
v(t) =0, eciu t = 0, u 1 B mporusBHoM caydae. OHA MyJbTUILIMKATUBHA
Ha JI060M KOJblle TakoM, 4To u3 xy = 0 caegyer x = 0 wam y = 0 (Takue
KOJIbIIA HA3BIBAIOTCA KOAbIAMU 0€3 JeIuTeIen HYJI).

Koab1o ¢ HOpMOU HajeJeHO MHBAPUAHTHON METPHUKOMU, MOCTPOEHHOMU IO
dopmyae d,(z,y) = v(z — y). MuoxkecTBO mociegoBarensHocrern Komu B
TAKOM KOJBIIE, C ONEPANUAMY IIOWIEHHOTO CJAOKEHUS U YMHOXKEHUs, 06pasy-
€T KOJbIO, a IIOCJAeI0BAaTEJIbHOCTH, SKBUBAJEHTHBIC HYJIO — HA€aJ B 3TOM
Kouble.! dakTop 10 3TOMY HjJeary ecTh monoaHeHue R mo merpuxe d,. Mb

!HamomunyM, 910 ugean I B KoabIe A — 3To IOATPYIINA IO CIOKEHMIO B A, Takas, uTo
st moosx a € A, 1 € I npousBenenue at sexut B [. PakToprpynmna mo ugealry HaIeJeHa
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HOJYYUIN, 9TO MOTOJTHEHNE KOJIbIIA IO METPUKE, 33 JaHHOU HOPMOU — CHOBA
KOJIBIIO.

Ananorudnyio mpoueaypy MOXHO mpoBecTu ¢ mnosem. [lowrennoro mpeme-
HUA 1OCJaeJOBATEIBHOCTH KOIHI/I Ha IMOCJaea10BaTeIbHOCTD KOHII/I HE IIOJy4YUuT-
s, MOTOMY YTO B HEHYJEBOU MOCIeI0BaTenbHOCTH Ko MoryT conepxars-
CsA DJEMEHTHI, paBHBIE HYJ00. HOo Kaxayio mociaeqoBaTelbHOCTH Kormm, He
DKBUBAJEHTHYIO HYJIO, MOXHO 3aMEHUTDH HA IIOAMOCAEI0BATEALHOCTD, HE CO-
IepKAITYIO HYJIeH, 8 TaKWe I0JI0CAe0BATEILHOCTH MOXKHO JIeJNTDH HOYJIeH-
Ho. To, ¥T0 9acTHOE CHOBA OyIeT MOCIeI0BaTeIbHOCTBIO Kormm, mpoBepseTcs
3a 3-4 CTPOKY BLIYHUCJICHUN.

W3 sToro crepyer, 9TO MOMOJHEHHE MOJSA C HOPMOU — 3TO moje. VmernHo
TaKUM 00pa3oM, UCXOJAI U3 MHOXKECTBa mmocaenoBareabHocTen Komwm B Q)
crpoutcs mnoje R.

1.3. Ileable p-aagmdecKue YUUCIAA: HeapXuUMeI0-
Ba reomeTpus

Haguuuas ¢ mHTEpeCHBIX HOPMUPOBAHUYT HA KOJBIAX, MOXHO TIOIY9aTh OYeHb
noJe3abe anarebpandeckue 06beKTH. 3apUKCUPYyeM IIPOCTOE YUCIO P.

Omnpeaenenune 1.16. Ilycts x € 7Z npeacraBuMo B Buge r = p“xy, I'ie T
He neantca Ha p, a o € Z=°. Torga p-agudeckas HopMa V(1) pasHa p~ %
[Toxoxum 1,(0) = 0. IIpoepbre, uTo 510 HOpMA. [lomonnenwe Z OTHOCH-
TeIbHO TAKOW HOPMBI HA3BIBAETCA KOJBIIOM IEJABIX P-aUYECKUX HUMCEJ,
0003HA9ALTCA ZLp.

Ananoru4ynas KOHCTPYKIus, npuMeHerHas K Q, nact nonoanenue Q,, ko-
TOPO€ HA3LIBAETCA MOJEM D-a JUYEeCKUX ducen. Jro6oe pannoHaIbHOe T1-
co a € Q MOXKHO IPEJCTABATE B BUIE a = p*™, T 1€ N, M B3AUMHO IIPOCTHI C
P, & @ - TEJ0e YUCI0, OJHO3HATHO 3aJaHHOE PA3J0XKeHNeM IUCIAUTeNA W 3Ha-
MeHaTeqs a Ha npocreie MHOXuTenu. Oupeneaum v(a) := p~®. [lokaxure,
9TO 5TO HOpMHUpOBaHue Ha moae Q.

p-anuyeckas HOpMa 33,1aeT MeTPUKY, OOBIYHBEIM criocobom: d(x, y) = v(z—
y). OTa MeTpHuKa JOBOJBHO 3aMeYaTelbHA TeOMeTpUdecKu, u6o obranaer

€CTECTBEHHOU CTPYKTYypou Kojabia. OOpaTHOE TOXe BEPHO: I JIOOr0 CIOPHEKTUBHOIO

¢
romomopdusma koaen A — Ay, AIPO ¢ ABIACTCA UACAIOM.
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CBOMCTBOM HEAPXMUMETOBOCTH:
d(z,y) < max(d(z, z), d(y, 2))-

W3 sToro ycraoBus cregyeT akCHMOMa TPEYrOJbHUKA, HO OHO cuiabHee. [las
HOPMBI, TO XK€ CaMO€ 3alMCLIBA€TCA B BUIE

v(z +y) < max(v(z),v(y)).

[IpoBepbTe, 9TO 3TU YCJIOBUA PABHOCHIBLHEL IIpOBEpPHTE DTO HEPABEHCTBO
IS P-aIUI€CKOU HOPMBL.

Heapxumen0BOCTH METPHYECKOrO NMPOCTPAHCTBA PABHOCUIbHA TAKOMY
ycaoBuio. [lycTs 3a1an TpeyroibHuK T, Y, 2, C JJIUHAMEA CTOPOH a, b, c. Torga
JIBE U3 CTOPOH PABHBI, & TPEThA MeHbIIe. /lelCTBUTENBHO, MyCTh @ CaMasd
JJIMHHAA cTOpOHA. U3 HeapxumenoBocTu creayer, 4ro a < maz(b, ¢), mosro-
My b WIM ¢ MMEeT TaKyio XKe JIUHY, & TPeThsA CTOPOHA (Camas MaJeHbKas)
TaKas Xke, W MEeHbIIe.

l'eomerTpuvecku, 5TO CBOMCTBO MOXHO TEPErOBOPUTH TaK: JIOOOU Tpe-
YTOJIBHUK B HEAPXUMENOBOM MPOCTPAHCTBE PABHOOEPEHHBIN, W €0 OCHOBA-
HIEe MEHBIIe JBYX APYTHUX CTOPOH.

Ecau B.(a) — emap B HeapXuMeJIOBOM NMPOCTPAHCTBE, C NEHTPOM B d,
a x,y — ase ero Touku, 70 d(z,y) < max(d(z,a),d(y,a)) < e. lloaTomy e-
map ¢ HeHTpoM B Jrobou Touke B (a) coBmanaer ¢ B.(a). B neapxumenosom
NPOCTPAHCTBE, JI00asA TOYKA IAPa ABIAETCA €r0 HEHTPOM.

Heapxumenosa reomMeTpus HOBOIBHO MOJE3HA B TEOPUU HMCE], aarebpa-
M9IEeCKOM MeOMETPHUH U APyruX Haykax. Hampumep, B pusmke BEICOKMX DHEp-
U, HEKOTOPBIE BEPCUH TEOPUH CTPYH Pa3BUBAIOT, MCXOAA W3 TOrO, YTO
(du3MIeCcKOe TPOCTPAHCTBO B OYeHb MAJILIX (KBAHTOBBIX) MacIITabaxX UMeeT
FeOMEeTPHI0, TPUOIMKAIOIIYIOCA K HeapXUMeI0BON.

1.4. ApudmeTuka p-aAMIeCKUX YUCEJ

Jlerko BugeTsh, 4TO B JIO00U IOJHOU T'PYIINE C WHBAPUAHTHOM METPHUKOMH,
3a/JaHHOM HOPMOM V, PAJ BAJAA Y ¢; CXOAUTCA, €CIN CXOIUTCA COOTBETCTBY-
foumi psajg u3 HopMm y  v(g;) (mposepwre). [ockoabky v(p'z) < p~*, aas mxo-
o e’ ;
6OM TOC/IeJ0BATEIBHOCTH LEMBIX YUCEN 2, PAL Y .o 2;P" CXOZUTCA K LEJIOMY
p-aqudecKoMy 9ucay. [JencTBUTENbHO,
o0 o0 p
i i

Y v(zp) <) pt=

— p—1

1=

1=0
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(reoMeTpuyecKas IPOrpeccus).
B gacTHOCTH, CXOAUTCA PAX

L+p+p°+p*+ ...

[Ipobuoe uuco ﬁ ABJAETCS TeIbIM p-anuaeckuM! [lencTBUTEIBHO, CyMMa

BTOro psAga, Oyaydw yMHOXeHa Ha 1 — p, naeT 1 (mpoBepbTe 5TO).
Ecau 1Ba melbIX 9ucIa a,b IPUHALIEKAT e-Mmapy, ¢ 2¢ < p~ ¢, pa3HOCTD

a — b nerurca Ha p’ (MpoBepbTe). 3alUCcaB dAEMEHTH TOCE[0BATEILHOCTH

Koum {«;} menbix 4ucen B p-udHOM CHCTEME CIMCACHUA, MBI IOLYYUM HEYTO

BpOIe
0000000000000000000000000000000000020
0000000000093275091374509172340957210
0000000000000026381637617631863181610
0000000000007927931793719279129881610
0000000000000000009812038102829881610
0000082739812739127397038102829881610
0003719237912723927397038102829881610
7213719237912723927397038102829881610

W3 sTou Tabaunbl HATJIAIHO BUIHO, YTO COOTBETCTBYIOMIAA TOCIETOBATE b
HOCTH UMD CTAOMINBUPYETCA: HA I-M MeCcTe, HAUMHAsA ¢ KAKOI'0-TO MOMEH-
Ta, CTOUT OgHa u Ta ke nudpa. [Ipegesom ee 6yxer, oueBUIHO, CyMMa BUIA
Z;io zip', rae 0 < z < p—1 — i-a mudpa ¢ KOHIA, B Pp-MTHOM IPeJCTABICHAN
ay, Aad T0CTaTOIHO 60abmoro N.

Kax m BemecTBeHHBIE YmMCIA, P-aquYeCKUe YUCTIA MOXKHO CKJIAIbIBATH U
YMHOXATh B CTOJOWK, HE 3a0BbIBas MEPEHOCUTH NEPENOJHEHNE B CJIeIYIONUun
peructp. [IpogymanTe 5Ty mporeaypy, CaMOCTOATENBHO TOCIATANTE MPO-
U3BENEHUE U CYMMY KaKUX-HUOYIb P-aTUYECKUX TUCET.

[l1a xaxa0ro n, He MENAIerocA Ha p, ypaBHeHUe nr = 1 mod p umeeT
nesnoe pemenue. [lycts v := 1 — nx. OueBugno, v(v) < %, U TO3TOMY CyMMa,
Buga 1 +v+ov2+vd+ .. cxogures. Hockonbky (1+v+v?+v3+...)(1—v) =1,
mveeMm 1+v+v2+03 4. = ﬁ, TIODTOMY % =z +vz+v2r+v3r+.... Takum
06pa3oM, B KOJBIIE IEeAbIX P-aMU9eCKUX YUCEN ONPENeTeHO MeIeHre Ha JI000e
N, B3AUMHO TIPOCTOE C P.

W3 sToro BuaHO, 4TO pamnumoHaabHOoe ducao a € Q aBagerca merbiM p-
aJu9eCKuM TOTJa M TOJbKO TOTJa, KOrja a = “*, W 7 B3aMMHO IIPOCTO
¢ p. lpyrumu croBamu, panumoHaabHoe ducio a € Q sBasercs meabim p-
<

aIuYeCKUM TOTJA U TOJBKO TOrjaa, Koraa v(a) 1. Heasle p-amudeckue
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qmcIa 3To map pajguyca 1 B Qp, ¢ IeHTpOM B JTI060M IeJOM UHC/e, HAIPH-
Mep, B HyJe (LeHTPOM LIapa B HEAPXUMEIOBOM METPUYECKOM HPOCTPAHCTBE
ABJIAETCA M00AsA €r0 TOUYKA).

B koabie p-agmdeckux Huces MOXHO COBEPIIAThH U 0O0J€e CIOXKHBIE AJ-
rebpandeckue OIepaluy, HAIPUMED, BBEYMCIATL KBaJPATHBEIM KOpPeHbL. M3
pasaoxenus Tauaopa cregyer, ITo0 CyMMa pAIa

T~ (1= 20)(a)24NEL o
yaoBaerBopaer S? = N2 + z, ecam sTor paj cxogurca. Iz S2 = N2+ z n
eIUHCTBEHHOCTY DA3JIOXKeHUA B pAx Toumopa caeayer psjg KOMOMHATODHBIX
TOXAeCTB (110 OMHOMY [JIS KAXK IO CTEIEHU X ), KOTOPhIe MOXHO YCMOTPETh
HEMmoCpeICTBeHHO. BOCIOMb30BaBIMINCE STUMU KOMOMHATOPHBIME TOXK 1€CTBA-
MM, TOXYYIUM, 9T0 u3 abcomoTHOU cxogumoctu (1.4.1) B KakoM-HIOY Ib HOD-
MUPOBAHHOM TI0JIe (HAIIPHMED, B P-aINIECKOM) CIEIYeT, YTO ero CyMMa TOXKe
yaoBaeTBopaer S? = N% 4 z.

Ecan p HedeTHo, u B3amMHO npoCTO ¢ N, fyst — IEI0€ P-aJudecKoe
qucao. HacTHoe % 1eJ0e, TTOTOMY YTO DTO OMHOMUAMBHBIA KOX(D(PUIUEHT.
[Torydaem, 9T0 HOpMa, i-T'0 WJIeHA DTOUM CYMMBI OIEHUBAETCA depes

ﬂfi

1-2:

v(&) <v ( ) < (1—2i)p" (1.4.2)

(B,ILGCL MBI UCIIOJAB3YEeM HEPaBEHCTBO

(2)

BepHOe s JI060ro neaoro k; nokaxure ero). Ucnoassys pasencrso (1.4.2),
1 ab6COMOTHYIO CXOAUMOCTD pAga » (2i — 1)p~* (1okaxuTe), MBI HOTydaeM,
4ro pag (1.4.1) cxoaurca. [losToMy B KOAbIle p-afuveCcKUX HUCEJ, IJA He-
JeTHOIO P, MOXKHO BEIMMCIATHL KBaIPATHBEIA KOPeHb M3 4mcia Buga N2 + x,
rje T 1eIuTcsA Ha p, a N B3aMMHO IPOCTO C P.

3agaga 1.1. Kaxue kBaJpaTHBIE YPABHEHNA MOXKHO PEIINTb B Z,? A Kakue

— B Q7

OTO paccyX IeHre MOXHO 0000IIUTE A1 IPOU3BOJIBHOTO AAredpaniecKo-
ro ypasHeHus. 3HamenuTas JemMa [ensens (Hensel’s lemma) yTeepxnaer,
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9T0 MI000€ TOAMHOMUATbHOE ypaBHenue Bua P(x) = 0 ¢ ueasivu koddduiy-
eHTaM# uMeeT pemenne B Z,, ecan P(a) =0 mod p m1a KaKoro-To mesaoro
qucaa a, 1 P'(a) # 0 mod p. 3xecs P’ 0603Ha4aeT MPOU3BOIHYIO MHOTO-
wieHa P. Jlemma [eH3ens mokasbiBaeTCsi peKypPCUBHO, pEIIeHUEM CHUCTEMBI
YPABHEHUN BUIA

P(a;) =0 mod piﬂ, a; ———a;—1 =0 mod pi.

3agaua 1.2. [Joxaxwure gemmy [enzeis.

Kurt Hensel
(1861 — 1941)

p-aamdeckue ducaa u3obpea B 1897 roxgy Kypr ['ensens, KoTOpBIU pyKo-
BoACTBOBaJCA uaeamu Kymmepa. ['enzennb, yaenuk Kponekepa, ObLT BHYKOM
cecTpsl KoMo3uTopa Menaenbcona. OH HaAeANCA, TOCPEACTBOM P-aTUIECKUX
YMCeJ, PeIIaTh BOIPOCH TEOPUU HHCE], U HeMAaJO pemnut uX. Brmpoduem, me-
TPUKA ¥ CXOJUMOCTD p-aIWdeCKUX Uuce] ObLIa COBEPIIEHHO HemoHATHA [eH-
3€JI0 U er0 COBPEMEHHUKAM.

['ensenb goxazasa, 9To J11060€ BEIIECTBEHHOE YUCJIO MOXKHO HMPEICTABUTH
KaK CyMMYy PfJa, KOTOPBIU OyIeT CXOAUTHCA B Zy; U3ydad p-aJuIecKyio CyM-
MYy DTOTO PsAjfa, OH JOKa3aJ HECKOJIbKO OIIMOOYHBIX T€OPEeM O BelleCTBEH-
HbIX yucaax. Hampumep, ['ensenb mpeacTraBui eP Kak CyMMY CXOIAIIETOCS
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P-aIUveCcKOr0 PANA, ¥ BEIBEJA OTCIOTa HEMPABUILHOE JOKA3ATEILCTBO TPAHC-
[IEH IeHTHOCTU YUCIA €.

p-aIuvecKre Yucaa ObLIA KOHIENTYAJbHO He TMOHATH! BIIOTH 0 1910-x
ronos, korjga Ppeme u Pucc (Riesz) uzobpean meTpudeckue nIpoCcTPAHCTBA,
0060CHOBAB HESCHBIE paccyXaeHus [ensens.

B 1912-m roxy, Berrepckuit MareMaTuk Moxed Kropmax (J6zsef Kiir-
schék, 1864 — 1933) u3o6pes Bamoanuu (HOPMBI) HA KOJIbIE, 0600IIUB p-
agudeckue HOpMBL. B 1917-m roxy, Anekcanap Mapkosua OcTpoBckui
(1893-1986), yuenux I'enzens, man moaHyo KiacCUpUKAIMIO HOPM HA IOJe
Q. Oxasanoch, 9T0 HOpMEBI Ha ToJe Q MCUEPNBIBAIOTCA p-aAUIeCKUME (C
TOYHOCTBIO [0 BO3BEJEHWs B CTEIEHb) M OOBIYHOU (€BKJIMIOBOU) HOPMOM.
Ha6pocok noxazarenbcTBa TeopeMbl OCTPOBCKOrO MPUBEIEH B 3a1a9aX.

1.5. bubauorpadus, 3amMedaHnussa

p-aIuvecKue YUCIa — IeHTPAJbHOE MOHATHE OOJBIINHCTBA KyPCOB TEOPUU
yucen. Teopus MeTpUvecKUX MPOCTPAHCTB U MOTOJHEHUE BBOAATCA B HaUaIe
MHOTHUX XOPOIINX KYPCOB aHaJIW3a, Hampumep, 3opuda, Jlopana [[Isapua, n
KupunnoBa-I'Bumuanu; Takxe UX u3yqaoT B MATIIKOJILHOM Kypce aHAIM3a
u reoMeTpuu. MaTpuyHble TPYNIEL HA P-aIUYe€CKUMU TOJAMYU YPEe3BLIYAN-
HO BaXKHBI B Teopuu mpeacraBiaeHun. B. C. BaaauMupoB u ero coaBTOPHI
HAMKMCAJA MHOT'O TPY/AIO0B O IPUMEHEHUN P-aIAIeCKOT0 aHAJIN3A B MATEMaTH-
9eCKOU (PU3UKE W TEOPUHU CTPYH.
BoT HekoTOpBIE KHUXKKM, KOTOPHIE MOT'YT TPUTOIUTHCA.

e Kob6aum H., p-aduueckue wucaa, p-aduuweckut anaiu3 u dzema-@pymk-
yuu, - M.: Mup, 1982.

e Cepp, 2K.-I1., Kypc Apupmemuru, — M.: Mup, 1972,
http://ega-math.narod.ru/Books/Arithm.htm

o Kupwmmnos A.A., I'summmanu A./l. Teopembi u 3adauu GynKyuonasbH020
anasu3a, — M.: Hayka, 1979

® OJEeKTPOHHAA OUOINOTEKA YICOHUKOB MO P-3TUIECKUM HUCIAM:
http://www.fen.bilkent.edu.tr/ franz/LN/LN-padic.html
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Jlekiiusa 2: HopMupoBaHUsA B BEK-
TOPHBIX IMIPOCTPAHCTBAX

2.1. IIpuMepbl HOPMUPOBAHHBLIX ITPOCTPAHCTB

B sTom pasgerne, Bce BeKTOPHBIE IPOCTPAHCTBA MPEITIOIATAIOTCSA 33 JTAHHBIME
Hag R.

Omnpeaenenune 2.1. Ilycte V — BekTOpHOE mpocTpaHcTBO Hamd R, a v :
V — R2Y pyHKIMA CO 3HAUEHUAMN B HEOTPHUIATEILHEIX YHCIAX. V Ha3bIBa-
eTcAa HOPMOM Ha V/, eCam mMeeT MeCTO CAeyIoIee

Hesrvipox gennoctsb: v(v) > 0, ecin v # 0,
HepasencTBo Tpeyroabuuka: v(v+v') < v(v) + v(v').
NuBapuanTHOCTH OTHOCHTEALHO romorernu: v(Av) = |\|v(v),

s ao0wx v, v € V', u aoboro A € R. B Takon cutyanuu V HasbBaeTcs
HOPMUVPOBAHHBLIM IPOCTPAHCTBOM.

SaMeTHM, 9TO0 U3 MHBAPDUAHTHOCTU OTHOCUTEIBHO I'OMOTETUU CJaCAYeT,
aro v(0) =0, u v(—z) = v(z). losTomy v aBasercs HOpMOU Ha rpymme V.

Ilpumep 2.2:
e V =R". [lasg kaxa0ro BeKTOpa v = (X1, L2, ..., Tp,) OMPEALIUM
|v|pe 1= max |z;].
[lokaxure, 9TO 3TO HOPMA.
e V =R". [las Kaxa0ro BeKTOpa v = (X1, L2, ..., Tp,) OMPEALTUM

olp = |z

[lokaxxure, 9TO 5TO HOPMA.
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e V =R". [lasg Kaxk10r0 BEKTOPa ¥ = (L1, L2, .., Tp,) OMPEAETUM

Vg2 := \/Z:v?.

e Ha 0QHOMEPHOM NPOCTPAHCTBE HOPMA €IMHCTBEHHA C TOYHOCTBHIO [0
YMHOXEHUS Ha YUCI0: T — c|x].

Hopwma | - |2 Ha3bIBaeTCA OOBIYHON, UIM €BKJIMIOBOM HOPMOM HA BEK-
TOPHOM HpOCTpaHcTBe. HepaBeHCTBO TpEeyroabHUKA IJs €BKJIWIOBOW HOPMBI
Ha3bBaeTcs HepaBeHCTBOM Komm-ByHakoBckoro. B mepycckossbrauon
JAuTEpaType OHO XKe HasbiBaeTca HepaBeHCTBO Komm-IIBapna (Cauchy-
Schwarz inequality). 9106 ero moka3aTh, BO3bMEM [IBa HEHYJEBBIX, HEKOJLIN-
HEAPHBIX BEKTOPA &,y B BEKTOPHOM IIPOCTPAHCTBE C MOJOXUTEIHHO OIpe/Ie-
JEHHBIM CKAJISAPHBIM IPOU3BEJEHNEM ¢; HEDABEHCTBO TPEYTOJIbHUKA I |- |72
OyIeT cIeI0BaTh U3 HEPABEHCTBA

V(z,2)+ gy, y) > Volz +y,z+y).

BosBens o6e qacTu B KBaapaT U PACKPBIB CKOOKU, MOJIYYIUM, ITO DTO HEpa-
BEHCTBO PABHOCUJIHLHO TAKOMY:

V(x,z)g(y, y) > g(z,y). (2.1.1)

C apyrou cropousl, u3 g(x — Ay, — Ay) > 0 caeayer, 4TO KBAAPATUIHBIN
IIOJIMHOM

P(X) = g(,2) — — — 2Ag(z, y) + N°g(y, y),
He UMeeT KopHell. 3HauuT, ero nuckpumunant D = g(z,y)?———g(z,2)g(y, y)
orpunareneH. JTo gokaseBaer (2.1.1).

B kadyecTBe aTbTEPHATUBHOTO METOA 3AMETUM, YTO HA TBYMEPHOM IIPO-
CTPAHCTBE, TMOPOXKIEHHOM Z,Y, MOXHO BBECTH KOODAMHATHI TAKUM 00Opa-
30M, 4TO KBajaparudHas ¢opma g Oyaer cravgapraon ¢((z1,z2), (y1,92)) =
T1Y1 + T2Yo. Torga HEPaBEHCTBO TPEYIOJBHUKA CIEAYET U3 TOrO, 9TO (Kak
M3BECTHO U3 MKOJIbHOU ILIAHUMETDUHN )

9(z,y) = |z|ly|cosa < |z||y| = v/ g(z, 2)9(y,y)

e (@ eCTh yTOJl MEXIy BEKTOPaMU T U .
Hopwma Ha mpocTpaHCTBe 3a1aeT METPUKY TO (DOPMY.JIe

d,(z,y) =v(z —y).

Ta xe camas ¢popMyJIa UCIOJB3YETCA IJIA KOJEIl, IMOJeH, TPYII U T. 1.
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I...:‘H-'_ e
.Li_ : ‘-":.‘r';"’:rl"'

BukTop flkoBresuu Byusakosckun

(1804-1889)

Onpegenerane 2.3. HanoMuuM, 9TO IOAMHOXKECTBO Z BEKTOPHOT'O IPO-
CTpaHCTBa V HA3BIBACTCA BBIMYKJBIM, €CIN LI JIIOOBIX TOYEK I,y € Z,
Z COIEPXKUT OTPE30K [z, y| meamkom.

YrTBepxkaenune 2.4: [lycts v — HOpMa Ha BEKTOPHOM ITpOoCTpaHcTBe. Toraa
eIVMHWYHBIN IIap C IEHTPOM B HY.JIE

Bi(0):={z €V v(z) <1}
BBITTYKJIBIN.
[MoxazaTenscTBo: HamomuuM, 94TO OTpE30K [Z,y] — DTO MHOXKECTBO

rouek Buga Ar + (1 — ANy, rge 0 < XA < 1 - BemecTBeHHOE YUCA0. MOXKHO
CYUTATD DTO ONpeeIeHneM OTpe3ka. BemykiaocTs mapa Bi(0) 3nagnT, 910

vidx+ (1 —ANy) <1

s m00bIX X, y Takux, uro v(z) < 1,v(y) < 1,u X € [0,1]. B cuny nepasen-
CTBa TPEYTrOJbLHUKA U MYJIbTUILIMKATUBHOCTH HOPMEL, IMeeM

v(Az + (1= XAy) <v(Az) +v((1 = ANy) < Av(z)+ (1 - Nr(y) <1
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(mocreqHee HEPABEHCTBO caeayer u3 Toro, 4ro v(z) < 1,v(y) < 1). =

eIMHUIHEIN map B R?

B L?-HOpMeE (€BKIMI0BOM)

Eauavynabin map B HOpMax | - |p1, | - |pe, | - |12, 1erko mapucosars (nas
R?), u HATAATHO YOEAUTHCA B €r0 BBHITYKJIOCTH.

EBkanioBa HOpMa BBIJENEHA U3 BCEX MPOYUX TEM, 9TO Y HEe IPyNna u30-
MeTpull camas Goabinas. ITo6s g0Ka3aTh 5T0 (M gaxe cOPMyIUPOBATH),
HEe0OX0IMMO Pa306paThCs C TeM, 4TO Takoe ~"pasmep” (pasMepHOCTH) I'PyI-
nel. Ho naxe Ha KapTWHKE BBINIE BUAHO, YTO Y €IUHUYHON CHEPHL B | - |12
HET BBIIEJEHHBIX YaCTeH, W TPYINa ABUXKEHUN (M30METPUN) TeUCTBYET HA
Hell TPAH3UTUBHO (1epeBo/s a100yI0 TOYKY B JII00YI0), & B €JUHUYHON cdepe
st | - |1 7 |- |~ 0COOBIME TOYKAMU ABIAIOTCA YIVIBI KBAIPATOB.

Hopwmer L', L?, L™ — 4acTb HeIpephIBHOU CHCTeMB HOpM Ha R”, Ko-
TOpBIE ONMPEAEIAITCA caegytomum ob6paszom. [lycts v = (71, ...7,) — ToUKa
R", a p BemecTrennoe ducao, p > 1. Oupeneaum LP-mopmy dopmyaon

‘U’Lp = \p/ Z ’l‘Z’p
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HepaBencTro TpeyroibHUKa IJs DTOW HOPMBI HA3BIBAETCS HEPABEHCTBOM
MuHKOBCKOI'O; €r0 J0Ka3aTeIbCTBO JOBOJBHO TPYI0EMKO.

[laist TPOCTPAHCTBA HENPEPHIBHBIX (DYHKIUM HA OTpe3ke (Wium Apyrom
KOMIIAKTHOM MHOXecTBe M), MOxHO onpegeautTb LP-nHOpMmbI, aus p > 1,

opmyaon
Floe = / P
M

| flpe = sup f
M

Cynpemywm | f| koHeden, u uarerpaist | f|P ompeeneHsl, IOTOMY YTO Hempe-
phiBHAsA (DYHKIUA JOCTUTAET MAKCHMyMa Ha OTPe3Ke (u JI0O60M KOMIAKTE),
a 3HAYUT orpanmyena. HepasencTBo Tpeyroabuuka aia LY, L? u L°°-HOpMEI
B DTOU CUTYaluu TOKA3BIBAETCSA DJIEMEHTAPHO (JIOKAXKUTE).

2.2. HempepbIBHBIE OTOOGPaXKEHUA

Omnpeaenenune 2.5. [logmuoxecTBo Z C M MeTPUYIECKOTO MPOCTPAHCTBA
HA3BIBAETCA OTKPBITHIM, €CJIU €CJAU BEPHBI CAeIVIONe PABHOCUIbHBIE YCIO-
BUA (JOKAXKUTE PABHOCUILHOCTE).

(i) omo sBAAETCS OOBEUHEHNEM €-IIAPOB

(ii) BMecTe ¢ KaxJOW TOYKOW z € Z, 7 CONEPKWUT IEIUKOM HEKOTODPHIA
€-IIap C IEHTPOM B DTOU TOYKE.

Omnpegenenne 2.6. I[lycts {z;} — mocaegoBaTeIbHOCTH TOYEK B METDHU-
geckoM npocrpascTse (M, d). Mbl roBopum, 4T0 2; CXOZUTCA K 2, €CIN
lim d(z,2) =0

72— O

Omnpeaenenne 2.7. [lycrs (M;,d;) u (Ms,dy) — Merpudeckue npocTpa-
crBa, a f: M; — M, — HekoTopoe oTo6paxenne. OHO Ha3LIBACTCA HE-
NPEPBLIBHBIM, €CJIVM BEPHBI CJIeIyIOIINe PABHOCUIbHEE YCJIOBUA (JIOKaXKUTE
PaBHOCIIBHOCT ).

(i) Orobpaxenue f coxpaHseT MpegeJbl: €CIU I0CIeI0BATEILHOCTE {2;}
cxoaures K z, 7o {f(2;)} cxomures x f(z).
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(ii) [as xaxgou z € M u kaxgoro € > 0 maugerca ¢ > 0 Takou, 4TO u3
di(z,2) < 0 crenyer do( f(x), f(2)) < e.

(iii) ITpoob6pas mGOro OTKPHITOrO MHOXKECTBA, OTKPBIT.

Kommosunus HenpeprIBHBIX 0TOOPAKEHUN OYEBUIHO HEIPEPHIBHA.

3ameqganmne 2.8. HempeproiBHOe 0TOOpaKeHne COBEPIIEHHO He 00A3aHO IIe-
peBoauTH mocaenoBaTenbHoCTH Komu B mocaenoBaTeabrnoctu Komm. Pac-

CMOTpHUM, Hampumep, oToOpaxenne Q 2, {0,1}, mepeBoasmee Bce dncaa
> /2 B 1, a BCe ncaa Menbme /2 B 0. OTKPHITEX TOIMHOXECTB B MHO-
xectBe {0,1} 4 mryku: {0}, {1}, mycroe muoxecTBO 1 Bee {0,1}; xerko
BHJETH, YTO IPO0Opa3 KaxkJOr0 U3 HUX OTKPHIT.

ITpumep 2.9: Ilycts 2z — TOUKa MeTpudueckoro nmpoctpancTtBa M. Torga

d
r — d(z,x) ABIAETCA HENPEPLIBHLIM 0TOOpaxenuem u3 M B R ¢ eBkan1o-
BOU MeTPUKOU. [[eNcTBUTEIHHO, U3 HEPABEHCTBA TPEYTOJbLHUKA CPa3y Cle-
ayer, 910 d,(x) — — — d,(y) < d(z,y).

Omnpegenenne 2.10. OTobpaxenne METPUIECKUX MTPOCTPAHCTB HA3HIBALT-
¢ TOMeOMOP(}pU3IMOM, eCIU OHO HeIPePLIBHO, OMEKTUBHO, U 0OPATHOE eMy
TOXe HelPePHIBHO.

[lBe HOPMBI v U V' Ha BEKTOPHOM IPOCTPAHCTBE V HA3LIBAIOTCA DKBH-
BAJICHTHBIMM, €CJIHM TOXICCTBEHHOE 0TOOpaXKeHue 3a4aeT TOMeOMOPQU3M
(V) — (V,),

HenpepsisaocTs TOXAecTBeHHOr0 orobpaxkenus (V,v) — (V1) 3ua-
IUT, 9TO HEKOTOPHIM OTKPLITHIN MIAP B HOpMeE /' COAEPXKAT OTKPHITHIN IIAp
B HOpMe v. Eciau mepBuId map mMeeT pajuyc r, BTOPOM IIap — pPajguyc s,
o map paauyca 1 B (V,v') conepxur map paguyca s/r B Hopme v. Unade
rosops, u3 V' (z) < 1 caegyer v(z) < s/r. DTO PaBHOCHIBHO TAKOMY He-
PABEHCTBY: ;’,((”;) < 2. U3 menpeprsroctu (V,v') — (V,v) caexyer mpoTu-
BOIOJOXHOE HEPABEHCTBO, C APYTUM KO3(pdUIeHTOoM. MBI HOLyIIIn TAKOe
YTBEpK ICHHe.

Yreepxaenue 2.11: [TycTs v 1 v/ — HOPMBI HA BEKTOPHOM IIPOCTPAHCTBE
V. OTu HOPMBI DKBUBAJEHTHBLI TOI'A M TOJHLKO TOTJA, KOTJA CYIIECTBYIOT
HenyaeBble qucaa Cy, Cy, Takue, 4T0 A1 J1060r0 r € V BBHITIOJHEHBI HEpa-
BEHCTBA

Civ(z) < V'(x) < Cov(x). (2.2.1)
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[lokaxeM CIeIYIOMYIO TOIE3HYI0 TeOPEMY.

Teopema 2.12: Ha koHeYHOMEDHOM ITPOCTPAHCTBE BCE HOPMBI DKBUBAJCHT-
HBL.

3aMeTuM, 9To 3KBUBaIeHTHOCTE HopM L, L?, L>° ma R? Bnoane oueBuana,
U3 YepTexa, Ha KOTOPOM HAPUCOBAH €IMHUYHBLIN IIap (CM. BBIIIE).

[Iycts v — npousBoibHag HopMa Ha V = R™ |- |1 — L'-nopMma, a
Z1,...,T, — CTaHAapTHBIM Oasuc B V. Bocmoab3oBaBmInch HEPABEHCTBOM
TPEyTrOJbHUKA, IOIyYaeM

v(z) <D [ Nilv(@:) < maxv(z;) Y |Ai| = Clzl

rae z = y . A%, a C = max;v(z;). DTO JaeT OJHO W3 ABYX HEPABEHCTB
(2.2.1), HYXHBIX IS DKBUBAJIEHTHOCTH HOPM. MBI MOXYYWJIM, 9TO TOXJIe-
crBennoe orobpaxenue (V|- |p1) M, (V, V) HempephIBHO.

Y1068l mOKa3aTh, YTO 0OpaTHOE 0TOOPaXeHWe TOXKE HENPEPBIBHO, BOC-
MOJb3yeMCs KOMIAKTHOCThIO. [logpo6Hee mpo KOMIAKTHOCTH i PACCKAXKY
OJTHOW M3 CAEAYIOIINX JEKIIWH.

HamomuuM, 9TO (CEKBEHIMATBLHO) KOMIAKTHBIM I[OIMHOXECTBOM B Me-
TPUYECKOM IIPOCTPAHCTBE HA3BIBAETCA MHOXKECTBO, B KOTOPDOM U3 KaXIOU
MO CJIENOBATEIHLHOCTY MOXKHO BEIOPATE CXOIAIILYIOCA MO AMOCIE0BATEIbHOCTD.
3aMKHYTHIM II0AMHOXKECTBOM HA3BIBACTCA TaKOe II0MHOXKECTBO, JOIOJHE-
HHE J0 KOTOPOr0 OTKPHITO. M3 Kypca ananmsa m3BecTHO, 9T0 B R" co cTaH-
JTapTHOH MeTPHKON KaXKJ0e 3aMKHYTOe, OTpAHIIeHHOE | I10 IMHOXKECTBO KOM-
nakTHO. Takke M3BECTHO, YTO HENPEPHIBHAA (DYHKIUA Ha KOMIIAKTE TPUHMU-
MaeT MaKCUMyM ¥ MUHUMYM. MBI TepeoKaXKeM dTH YTBePXKIeHUA B OJHOU
U3 CJIEIYIOMUX JEKIIWH.

Dyuknus v : V — R HenpepbiBHA OTHOCUTEIHHO METPUKU, 33 TaHHOU

v (ITpumep 2.9). B cuny menpepsisroctu (V)| - |r1) M, (V,v) sra dyHk-

nus HempepbiBHa Ha V ¢ Ll-meTpukoi. [losToMy 0Ha IOCTHTaeT MIHEMYMA
(' Ha eIMHUYHOU chepe OTHOCUTEIbHO 3T0oH MeTpuku.? [IocKOIbKy v HoJI0-
JKWTENbHA HA HEHYJEBHIX BeKTOpaX, (] TOXe MOJOXUTENbHO. MBI oayduau

'Orpann4enHoe 3HaYUT ”COAEpkKaIeecs B KAKOM-TO mape” .
2HeTpyaHO BUJETH, YTO eIUHIIHAA cdepa B L-MeTpuKe ABIgETCA IDAHNIIEH TIPABAIE-
HOI'O I'UIEP-OKTA3APA C BEPIIMHAMY B LEHTPAX IPAHEN €IMHUIHOIO KyO0a.
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uepasercTBo v(v) > Ci|v|:. Hepasencrso v(v) > Clv|p: moxydeHo 4yThb
BhIIIe. MBI J0Ka3a/u DKBUBAJEHTHOCTH HOPM Ha V. m

2.3. BoinykJjble MHOX€CTBa 1 HOpMa

[Tycte V' — koHedHOMEDHOE BEKTOPHOE MPOCTPAHCTBO, V HOPMa Ha HEM, a
B — eaunwyubi mwap. Kak Mbr Bugean, B orpaHudeHHoe (COIEPKUTCA B
eBKJINI0BOM IIape GOJBIIOr0 PAJUyca), OTKPHITOE, BHIMYKIOE MHOXECTBO.
Oxa3spIiBaeTCsa, KaX/J0€ TaKOe MHOXECTBO 33/1aeT HEKOTOPYIO HOPMY.

Teopema 2.13: Ilycte V — KoHeYHOMEPHOE BEKTOPHOE IPOCTPAHCTBO, a
B — HemycTOe OTKpPBITOE, BBIIYKJIOE, OIDAHUYEHHOE IIOIMHOXKECTBO B V.
[Tpeamonoxum, ¥To B 11eHTpaibHO-CUMMETPUYHO, TO €CTh IJIA KAXKI0TO U €
B touka —v Toxe nexut B B. Torga B sBasgeTcs eIUHUYHBIM MIAPOM [JIs
KAKOU-TO HOPMHI.

JokaszaTenbcTBo: [[1a a0661x MHOXecTB A, B C V, onpeneaum A +
B C V xak MHOXeCTBO BCeX BeKTOpOB Buga a+b, a € A,b € B. [lna A € R,
ompeneauM AA Kak MHOXECTBO BCEX BEKTOPOB BUIA Aa, a € A.

Beinykiaocts B paBrocmibHa yeaosuio AB+ (1 —A)B C B, rae A € [0, 1]
npousBoasHoe yucao or 0 go 1 (gokaxwure 510). [losToMy ansi BBITYKIOTO
B mbt nmeem B + B C (o + (3)B.

Onpegenum ¢pyuknuio vg : V — R dpopmyaon

vp(xz):=inf {p >0 | = € pB}
p

[Tockoabky B oTKpBIT U coaepxKuT (), 3T0 MHOXECTBO HEILYCTO, a MOCKOJIbKY
orpanmdeH — is HeHyaesoro z, vg(x) # 0. Ycaosue vp(Az) = |Avp(z)
cIeyeT IpAMO W3 ompegeneHmsa. HakoHel, HEpaBEHCTBO TPEyrOJbHUKA BEI-
tekaer u3 B+ B C (a+ )B. [lencrBuTeasHo, MycTh &, Y TAKWE BEKTOPA,
aro z € (a+e)Buy € (B+¢€)B. Torna z+y € (a+ 3+ 2¢) B. losromy aus
mo6oro € > 0, m3 vp(r) = a, vp(y) = a crenyer v(z +y) < a+ B+ 26 Ito
JOKa3bIBA€T HEPABEHCTBO TPEYTrOJbHUKA. MBI IIOCTPOWIN HOPMY Vg TIO BBI-
MYKJIOMY, OFPDAHUYEHHOMY, OTKPBITOMY, [EHTPAIbHO-CAMMETPUIHOMY MHO-
x)ecTBy B. Jlerko BugeTs, YTO €IUHUYHBIN AP B Vg 3TO U €CTh B. m
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2.4. UcTopusa, 3amevaHusa

OcHOBBI TeOpUM HOPMUPOBAHHBIX BEKTOPHBLIX IIPOCTPAHCTB M3JAraloTcsa B
JI060M MPUAXIHOM yieOHrKe aHaaun3a. OcobeHHO XOPOIII s STOU IeJad IBYX-
romubin ” Anamus” Jlopana IllBapua u yye6uux 3opuda.

HepasencTBo Komu-ByHAKOBCKOTO B KOHEYHOMEDHBIX BEKTOPHBIX IIPO-
crparcTBax jgokasal Oriocrer Komm (Augustin Cauchy) B 1821-m roxy.
B mpocrpancTBax (pyHKIUE 5TO HepaBeHCTBO Aokazan Buktop fxoBaeBmu
Bynsakosckuu, B 1859-M; B 1888-M pesyabrar ByHAKOBCKOTO Tepemokasad
Fepman MIBapr (Hermann Amandus Schwarz), yuenux Beneprurpacca, oqun
U3 OCHOBaTeIed KOMILIEKCHOT'O aHAJIM3a, B Y€CTh KOTOPOrO HAa3BaHA JEMMA
[[IBapia m3 KOMILTEKCHOTO aHaM3a, npouwsdBoanas [lIBapua, u MHOTO npyrux
BelIleH.

Stefan Banach
(1892 — 1945)

[TonaTue MeTpUYECKOro IPOCTpPaHCTBA m306pea dpeme, B ero guccep-
rauuu 1906-ro roga. B 1909-m roxy, ®@puawemr Pucc (Frigyes Riesz) o6-
HAPYXKWI, 9TO MOHATHE METPUKM I M3YIeHUS TONOJOTMU IPOCTPAHCTBA
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He00A3aTENbHO, U MPEIJIOKUI ONpeneIeHre TOTOJIOT MK, OCHOBAHHON HA TO-
HATUM 3aMbIKaHuA. Kro cucrema akcmoM ObLIA HEMOX0XKA HA COBPEMEHHYIO,
HO B 1914-m roxy Xaycmopd omybamkoBaa mouorpaduio “Grundziige einer
Theorie der geordneten Mengen,” rje pa3Bui akCHOMaTUYECKYIO TEOPUIO TO-
[IOJOIMYECKHUX IPOCTPAHCTB, MPAKTUIECKH TOXIECTBEHHYI COBPEMEHHOM.

JI1060IbITHO, YTO MHOTHEe uaeun MOHOTrpadum Xaycaopda MOXKHO OOHa-
PYXUTH B €r0 JUTEPATYPHBIX U Puaocodpckux paboTax, onybJuKOBAHHBIX B
konne XIX Beka nox ncesgonumoM [Tox Mourpe (Paul Mongré).

Tepvun ” KOMIIAKTHOE TPOCTPAHCTBO TakXke MpuHaArexuT Pperre. Me-
Tpuka [P onpenenena Puccom, B 1910-m romy.

[TorsaTue HOPMUPOBAHHOT'O TPOCTPAHCTBA, ONMPEIEIUT U NETATHLHO UCCIe-
moBaa bamax B mavaae 1920-x roaos.
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Jleknua 3: KoMmnakTel B MmeTpH-
YeCKHMX IIPOCTPaAHCTBAX

3.1. Teopema I'enne-Bopenas

[Iycte M — meTputeckoe mpocTpaHcTBO. HamoMHuM, YTO OTKPBITOE IIOJ-
MHOXecTBO M —5T0 00benuHeHne 0600 YUCIa OTKPBITHIX IapoB. flcHo,
4TO 00BeIUHEHNE MI060r0 YUCTA OTKPBHITHIX ITOIMHOXECTB OTKPHITO.

Omnpegenenne 3.1. HaGop oTkperreix nogmuoxects {U,} B M HasbiBaeT-
ca nokpertuem M, ectu M = |, U,. Ilognokperruem noxperrus {Us}
HA3BIBAETCA Takoe MoAMHOXecTBO {U,}, KOTOpOe TOXe SABIAETCS TOKPHITH-
eM.

Ompegenenne 3.2. IIpocTpancTrso M Ha3BBAETCA KOMIAKTHBIM, €CIN 13
JM1060r0 MOKPLITUA M MOXHO BEIOPATh KOHEYHOE IIOIOKDPHITHE.

Omnpegenenne 3.3. [IpocTrpancTBo M Ha3BIBAETCA CEKBEHITUAIBLHO KOM-
MaKTHBIM, €CJU JI06asa NOCIeJ0BATEIbHOCTD TOYeK {z;} B M umeer cxops-
IIYIOCSA TI0JI0CJAEJ0BATEILHOCTD.

Teopema 3.4: (Teopema T'eitne-Bopeasn)
MeTpudyeckoe IpOCTPAHCTBO KOMIAKTHO TOTAA U TOALKO TOT'AA, KOTJa OHO
CEKBEHIMAILHO KOMIIAKTHO.

loka3zaTeanLCcTBO
BbIBeCTI/I n3 O6BI‘IHOI>JI KOMITaKTHOCTHY CEKBEHINAJbHYIO HUYET'O HE CTOUT. Ha-
IOMHNM, 9YTO OKPECTHOCTBLIO TOUKN & € M HasbBaeTCA JM000€ OTKPLITOEe
MHOXKECTBO, cojepxkamee . Touka T ABIACTCA IpefeJbHON TOYKOH IIOCIe-
JIOBATEIbHOCTH {Z;} TOTa M TOIBKO TOT/a, KOTAA B JI060U OKPECTHOCTH X
copepxurcs saement {x;}. [lycrs {z;} — mocregoBarenrsHOCTD, HE MMerOIIAL
npenejJbHbIX TOYEK.

Mast kaxgoro x ¢ {z;}, HEKOTOpPas OKPECTHOCTD T He COJTEPKUT DJIEMEH-
ToB {z;}. O6begunenue U Bcex TAKUX OKPECTHOCTEH OTKPHITO, U COBIA €T
¢ monomuenwem M\{z;}. Basas y kaxmgoro z; okpecruocts U;, koTopas He
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COMEPXKUT APYTHUX DJIEMEHTOB {x;}, moayunm nmokpuitue {U, U;}, koTopoe He
COJIEPXUT KOHEIHOT'O 110 TIOKPLITHA.
JloKa3aTeIbCTBO UMILIAKAIIAN

(cexkBekIMAIbHAS KOMIAKTHOCTE) = (OOBIYHAS KOMIAKTHOCTH )

60Jee TPYIOEMKO.

Jlemma 3.5: [lycte M — cekBeHIIMATBLHO KOMIIAKTHOE METPUIECKOe TPO-
crpauctBo, a f : M — R menpepwiBHas ¢pyuknus. Torga cynpemMym u uH-
pumym f wa M komeden. Bomee Toro, ecth TOYKHU T, Yy Takue, ITO

f(@)=sup f(2), [f(y) = inf f(2).
[MoxazarenscTo: [Iycts {z;} nocienoBareibHOCTh TOUYEK TAKUX, YTO
lim f(z;) = sup f(2).
2eM

113 cekBeHUMAIBHON KOMIIAKTHOCTH CJIEAYET, 9TO {T;} CONEPKUAT CXOSAIILY-
1ocs nognocegosarenbuoctsh {z;}. Obo3nadum ee mpenen 3a x. ITockoub-
Ky [ HempepwIBHO, f COXpaHsAET Mpenesbl MOCAeJOBATEILHOCTEN, U TOITOMY
: Yy —

lim f(z;) = f(z). Msr goxazamm, uro f(z) = sup,c, f(2). [JokasarenscTso
11t HHPUIMYMa aHAJOTUIHO. W

B MmeTpudeckon reoMeTpun BeChbMa MOJE3HO CAeAYIOIIee MOHATHE.

Onpegenenne 3.6. [Iycts (M, d;) u (M, ds) — MeTpuveckue IpoCTPaH-
ctBa, a C' > 0 — BemecTBenHoe uucato. Orobpaxenue f : M; — M, Ha-
seiBaercs C-munmmneBbiM (C-Lipshitz map) ecan musa mo6weix z,y € M,
HMeeT MECTO HePaBEHCTBO

dyuknua f : M — R Ha MeTpuYeckoM NIpOCTpaHCTBe HazwvBaeTca (-
JUOIIWANEBON, eciu oHa C-aunmmiesa Kak oroopaxenue u3 M B R ¢ 06br4-
Hou MeTpukou. OTob6paxkeHusa, KOTOpPLle ABIAIOTCA JUMMIANEBLIMA 11 Ka-
KOU-TO KOHCTAHTHI (', HA3BIBAIOCTSA JIUIIIUIEBHIMY, NIV HENIPEPLIBHBIMU
mo JIunmmny (Lipschitz continuous).

! 3akmouenne Bua “u3 yTRepK JeHUA A clefyeT yTRepx feHue B” Ha3LIBAETCA MMILIH-
Kalluen.
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JlunmuieBsl 0TOOpaXKeHWsT HA3BIBAIOTCA JUIIIUIEBHIMA B 9€CTh HEMEIl-
Koro mareMaTtuka Pymoabda Jlummuna, ydenuka /lupuxae. Jlerko BumeTs,
9TO OHU HENMPEPBIBHEL ([OKAXKUTE).

Rudolf Otto Sigismund Lipschitz
(1832 — 1903)

Paccrosuue d,(x) := d(z,z) o dukcupoBanHOU TOUKH 2z € M sABIAeTCA
OJHUM u3 mpuMepoB Junumieson gyukuuu. [eicrBureasno, |d,(x) — — —
d,(y)| < d(z,y), 9T0 caegyer u3 HEPABEHCTBA TPEYTOIbHUKA (JIOKAXKHUTE
5TO).
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[pyrum npumepom C-nunmmuieBon (GyHKIUA ABIAETCA TuddepeHnupy-
emas pyuknusa f: R— R, ¢ |f/| < C (zoxaxure).

Hanomunm, aro B,(2) 0603Ha49aeT OTKPBITHIN AP PALUYCA P C HEHTPOM
B I.

Jlemma 3.7: Ilycres M — merpudeckoe npoctpancTso, a U = {U,} ero
noKpuITHe. PaccMoTpuM byHKINIO

pu(z) ==sup {pe R | B,(r) coxepxurcsa
p
B OHOM U3 DJIEMEHTOB MOKPHITUA U }.

Torga py 1-munmuiesa.

HMoxazareascTso: [IycTs y € M — Touka, OTCTOAmAA OT X HA €, a py(T) >
po- B aTOM caydae, oTKpHTHIE map B, () meIMKOM COEPKUTCA B OJHOM
U3 DIeMeHTOB NOKpHITuA U. I3 HepaBeHCTBa TPEYTOJbHUKA CIEIyeT, UTO
Bo—e(y) C By, (z) (moxaxure). ITosTomy

pu(y) = pu(z) — — —d(z,y)

BeinuceiBas aHAIOMMYHOE HEPABEHCTBO A MAPH (Y, X), MOLy9aeM

d(z,y) > |pu(y) — — — pu()|-

Caenyioriee MOHATHE TAKXKe YPE3BEYANHO IIOJIE3HO.

Onpegpenenune 3.8. e-CeThIO B METPUYECKOM NpocTpancTBe M Ha3bIBaeT-
cA Takoe moaMHOXecTBO V' C M, uTo M nexuT B 060 beTMHEHUN BCEX €-ITAPOB
¢ IeHTpaMu B V. €-CeTh HA3BIBACTCA KOHEYIHOM, eCIM |V KOHEdHO.

Jlerko ybeguThCA, 9TO B CEKBEHIMAJALHOM KOMIIAKTE €CTh KOHEYHAsd €-
ceTh, Mg Kaxaoro € > 0. /[edlCTBUTENBHO, €CIM TAKOW CEeTH HET, HAWAEeTCA
GeCKOHEYHAA TOCIeOBATENBHOCTD TOYEK {T;} TaKuX, 4TO HUKAKOW T; He Je-
XUT B 00BEIUHEHNN €-TMaPOB € EeHTPaMM BO BCeX mpenblaymmx. Ho Takas
MOCJIEN0BATEIHHOCTh HE MOXET COAEPXKAThH CXOIAMENCS 110 IMOCHET0BATE b
HOCTH, TOTOMY 4TO d(Z;,%;) > € JIsA BCEX i # j.
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Bepuemcs x mokazarenncTBy Teopemsl ['enne-Bopeds.

[Iycte M — cexBeHIMATBLHO KOMIIAKTHOE METPUYECKOEe MPOCTPAHCTBO,
a U = {U,} nexkoropoe nokpwitue. [luas pokasareabcrsa [enne-Bopeus,
HYXXHO MOKa3aTh, 9TO ¥ / €CTh KOHEIHOE TOATMOKPHITHE KOHETHO.

Paccmorpum dyuknuio py : M — R, onpenenennyio Boime. [Tockoan-
Ky HeIpepHIBHAA (PYHKIMA Ha CEKBEHIMAJHLHOM KOMIAKTE MPUHUMAET MU-
HUMYM, & 0y BO BCEX TOYKAX MOJOXUTEIbHA, UMEEM 0y > Pmin > 0. ITO
3HAYUT, YTO IJIA KAXKAOU TOUYKA T € M, pmip-TIap C IEHTPOM B T CONEPKUT-
CA B OJHOM M3 DJEMEHTOB MOKPHITHUA .

BosbmeM B M KOHEUHYIO pPmin-CeTh V u mycTs {B;} — mapsl ¢ menTpamu
B TOYKaX V, paguyca pPmin. 110 OMpEIEIeHNIO Priy, KAXKIBIA U3 DTUX IIAPOB
COIEPXKUTCA B HEKOTOpOM djeMenTe U; mokpeiTus (. Mbl momy4daem

M:UBZ CUUZ',

a sHauut, {U;} — xoneunoe noanoxkperrue U. M1 gokazauau reopemy ['erine-
Bopena. m

Ucropudecku, Teopemy [enne-Bopers ¢opmymupoBamnm Tak: “Kaxmgoe
3aMKHYTO€, OrpaHWYeHHOe MOAMHOXecTBO B R"™ kommakTHO”. O606mIeHTEe
ee Ha MeTpUYEeCcKNe MPOCTPAHCTBA MPUHAIJIEKUT, BEPOATHO, ATEKCaHIPOBY
U YDPBICOHY, ONPEICIUBIIAM KOMIAKTHEE MIPOCTPAHCTBA (OHU HA3BIBAJIM MX
“OMKOMIAKTHEE” ) B TEPMUHAX MOKPBITUU U [0 AMOKPHITUH.

Camoe paHHee NOKa3aTeIbLCTBO TeopeMmbl ['emnHe-Bopens mpuHaamexuT
Mupuxae (1862), mia mogMuOoXkecTB npavon R. Ydenuk [upuxie empux
dayapa Denne (Heinrich Eduard Heine, 1821-1881) omny6aukoBaa jgokaza-
TeIbCTBO (s OAMHOXKECTB IpsAaMon) B 1872-m rogy. B 1895-m rogy Omvuas
Bopeas goxaszamn, 4ro ao6o0e cuemuoe MOKPHITHE 3aMKHYTOT0, OTPDAHUYEH-
HOT'0 IOAMHOXecTBa R™ nMeeT KOHeIHOE IO ATOKPEITHE. [[J HeCUYeTHBIX TIO-
KPBITHUH, JTOKA3aTEeAbCTBO OBLIO MOy YeHO TATHIO rogamu no3xe [endaucom
(Arthur Moritz Schonflies, 1900) u Jle6erom (1898, ony6aukosaro B 1904).
Bo ¢paukosseranon aureparype Teopemy enne-Bopens nasbBaior “Teope-
ma Bopeas-Jle6era” (Théoreme de Borel-Lebesgue).
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Emile Borel
(1871 — 1956)

3.2. UcTopuieckoe OTCTYILJIEHUE:
pa6oTnsl Xaycaopda

MeTpuyeckue npocTpaHcTBa O6bm n300peTeHbl Ppemme B 1906-M roay mis
M3YUeHUS TOMOJOTMIEeCKUX CBOUCTB MPOCTPAHCTB (DYHKIUN, HO HA DBPUCTH-
YeCKOM yPOBHE IOHATUA TOIOJOTMIECKOT'0 IPOCTPAHCTBA U HENIPEPLIBHOCTHU
BcTpevaauch eme y Pumana. Puman u ®@pemre noHumanm, 4To K IpOCTPaH-
cTBaM (DYHKIUU MOXKHO NMPUMEHATH T€ XK€ TeOMETPUIECKNE TTPUEMbI, 9TO U
K reoMeTpuyeckuM obbekTam. Ppele HALEANCA, 9TO TEOPUA METPUUECKUX
MIPOCTPAHCTB CTAaHET YAOOHBIM (DYHIAMEHTOM M1 0ObeTMHEHUA I'eOMEeTPUN
u Teopun pyukuuu. B padorax Banaxa mo ¢pyHKIIOHAJIBLHOMY aHAJMU3Y DTaA
HaIEX 1a BIIOJTHE OMPABIaJacCh, HO B T€OMETPUHU MOHATHE METPUIECKOTO TTPO-
CTPAHCTBA OBLTIO He CAUIIKOM yHOTpebuTeabHO BIIOTH 10 1980-x.

B konme XIX Beka, TONOJOrMYECKYIO MPUPOIY IOJIMHOXKECTB IMPAMOU
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m3y4an Kanrop. Emy npunapiexaT noHATHAS 3aMKHYTOTO ¥ OTKPBITOT'O MHO-
XKeCTBA, U pAJ MOJE3HBIX KIACCU(PUKALTUOHHBIX TEOpeM.

Felix Hausdorff
(1868 — 1942)

B 1914-m roxy Peaukc Xaycaopd omybamkoBan kaury “Grundziige der
Mengenlehre” (OcuoBsl Teopun MHOXecTB). PazBuBas goctuxenus Ppermre
n Pucca, Xaycropd ompeneana moHATHe TONOJOIXYECKOrO NPOCTPAHCTBA,
Ha60POM IPe3BBIYaMHO NIPOCTHIX ¥ yIOOHBIX aKCHOM, IIOJIePIHYTHIX B AKCH-
omaTuke I'mib6epra, IpuIyMaHHOM TeM 1A eBKINJ0BOU I'eOMeTPUY B3aMeH
HeJ0CTATOYHO CTPOrOM akcmoMaTuky EBkinia.

Hanomunm, aTo 2™ 0603Ha4aeT MHOXKECTBO BCEX HOIMHOXKECTB B M.
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Onpegeaenne 3.9. Ilycte M — muOX)ecTBO, 8 U C 2M mabop moamHO-
XKECTB, HA3bIBAEMBIX OTKPBITBLIMA. MBI roBopuM, 4T0 {/ 3aaeT TOIOJIO-
ruio Ha M, eciu

(i) JIxo6oe 06BeUHEHNE OTKPBITHIX IOAMHOXECTB OTKPHITO

(ii) Koneunoe nepecedenne OTKPHITHIX [0AMHOXKECTB OTKPBITO

(iii) M u mycToe MHOXeCTBO () OTKDPHITHL

B rakon curyanuu M Ha3BIBAETCA TOMIOJIOrMYECKHUM IPOCTPAHCTBOM.

Oxka3aioch, 9T0 5TOM MPOCTOU (POPMAIBLHOU CTPYKTYPHI BIOJIHE TOCTa-
TOYHO /IS ONPEIeJeHUsA KJIIUYEBBIX MOHATUM TOMOJOIMH MHOXECTB: HEIpe-
PBIBHOTO OTOOpaXKeHUsA, Mpefena, 3aMbIKaHUA, TOYeK KOHIIEHTPAIUN M TaK
naqee. [logpo6uee 06 3TOM s paCCKaXy B CIeIYIOMINX JEKIUAX.

B nepsou noaosune XX Beka MaTeMaTHKH BeCbMa MHTEPECOBAIUCEH (HOp-
MaJbHBIME CJEJACTBUAMK MPOCTBIX AKCHOMATUYIECKUX CUCTEM, U HU3yUeHUe
TOIIOJOT UMY HA MHOT'O JIeT CBEIOCHh K U3yUeHUI0 00muX (KaK MpaBuiIo, BECbMA
HK30TUYECKUX) TOMOJOTMYECKUX MPOCTPAHCTB. DTY NeATEIbHOCTH Ha3bIBa-
10T “obmas Tomogorusa” (point-set topology). B arxiv.org “obmen Tomouo-
run’ TMoCBAMIeHa oTAelbHas KaTeropusa math.GN; TaM MOXHO MOCMOTPETH
BCE CTAaThH 3a K&KOfI—HHﬁyAb 0, HAIIPDUMED http://arxiv.org/list/math.GN/07 .

Wx HeMHOro: MaJ0 KTO 3aHUMAETCA Cerndac OOIIer TOIOJOTHEeH.

MeTpuka Ha TPOCTPAHCTBE 3a4aeT TOMOJOIUIO HA HeM (OTKPBITHIE MHO-
XKeCTBA MOXKHO ONPENeInTh KaK 00beJUHEHUs OTKPHITHIX mapos). Tomouo-
TUYeCKOe TPOCTPAHCTBO, KOTOPOE MOMYIaeTCsA TaKUM 00pa3oM, HA3bIBAETCA
MeTpu3yeMbIM. [[ajneko He Bce TeOpeMbl, KOTOPBIE BEPHBI B METPU3YEMBIX
MPOCTPAHCTBAX, BEPHBI B OOIIEN CUTYAIINHN.

B uacrrOocTH, HeBepHa Teopemma [enne-Bopens (paBHOCHIBHOCTBH Ce-
KBEHIIMAILHON KOMIIAKTHOCTY U 00br4HOM ). Takike HeBepHA PABHOCUIBLHOCTH
HEIIPEPLIBHOCTH M CEKBEHINAJILHON HENMPEPBLIBHOCTH: JaXKe eCIN OTOOpaxKe-
HUE COXPAHAET IPeebl OCIeI0BATEILHOCTEN (9TO HA3KIBAETCA “CEKBEHIIN-
albHAsA HEIPEPHIBHOCTSL” ), IPOOOPa3 OTKPHITOr0 MHOXECTBA HE 00I3aTelb-
HO OTKPHIT. VI3 06bI9HON HempepbBHOCTH (IPO06paA3 OTKPBITHIX MHOXECTB
OTKDBIT) MOXHO BBIBECTH CEKBEHIMAIBHYIO, HO HE HA0OGOPOT.

B Takou cuTyamuu TOBOJHHO YACTO TOBOPAT “OO0BIYHAS HENPEPBIBHOCTH
cuabree cekBeHIuaabHon.” “OIHO MpeANoJoXKeHrne CUIbHee Ipyroro”’ 3Ha-
AT “U3 MEepBOTO MPEATIOJOXKEHNA MOXHO BHIBECTH BTOpOE” .
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3.3. Paccrosanue Xaycaopda

[Tycte M — meTpudeckoe mpocTpaHcTBO. HamoMHuM, 4TO mOAMHOXECTBO
7 C M wuasbiBaeTCs 3aMKHYTBIM, €CIU €r0 TONOJHEHNe OTKPHITO, U Or'pa-
HUYEHHBIM, €CJIU OHO cogepxkurcsa B mape Be(x), mas kakoro-to C > 0.

Paccrosnre oT TOYKHM 10 MHOXECTBA ONPENENsIeTCs TaK:

d(z,Z) = inf d(z, z).
2€Z

OTO HenpepwiBHAsA, |-munmunesa Gyukuus ua M. [las 3amkuyroro Z C M,
d(z,Z) = 0 Torga u TOJIbKO TOrJa, KOrAa = € Z (1oKaxure).

[lnsi 1ByX 3aMKHYTBIX, OTPAHUYEHHBIX TIOIMHOXECTB /1, Z9 B MeTpude-
ckoM mpocTpaHcTBe M, ompegenuM paccrosame Xaycgopda dy(X,Y)

dopmyaon

dy(Zy1, Zy) := max <sup d(z, Z3), sup d(z, Z1)> :

TEZ1 [ASYA)

YrBepxk geuune 3.10: dy 3am1aeT MeTPUKY HA MHOXKECTBE BCEX 3aMKHYTHIX,
OTpaHWYEHHBIX TTOAMHOXKECTB M.

JoxazarenbcTBo: CynpemyM sup,c,, d(z, Z;) KOHeUeH, IOTOMY 9TO Z) U
Zy coiepXKarca B HEKOTOPOM mape Bg(z), a paccTosHue MeXIy TOIKAMU
B¢ (z) orpanmdeno 2C (nokaxure). Ecau aToT cynpeMyM paBeH HYJIIO, 5TO
3HAYNUT, YTO BCE TOYKU | JeXKAT B Ly U HA0O0POT; 3TO JOKA3LIBAET IIO-
JTOXHUTEIHHOCTh MeTpuku. CUMMETPUYHOCTE 049eBuAHA. OCTAI0Ch J0KA3aTh
HEPaBEHCTBO TPEyrOJbHUKA.

Mast nogmuoxkecrsa Z C M, u € > 0, onpenenrum Z(€) (e-OKpecTHOCTH
7Z) kak o0BeIMHEeHNe BCEX €-IapOB C MEHTPOM B z € Z. Oupegenenue pac-
croanna Xaycaopda MOXKHO MEPenucaTh TakK:

d(Zl,ZQ) := inf {6 €eR | Z1 C ZQ(G),ZQ C Zl(G)} .

“paccrosuue Xaycmopda oT Z; 10 Zs €CTb MHPUMYM BCEX € TAKUX, 9TO L]
JEXWUT B €-OKPECTHOCTHU Lo, & Ly — B €-OKPECTHOCTH L.
Jlerko BuaeThH, 9TO

Z(e)(€') C Z(e+¢€). (3.3.1)

Ecau dy(Z1,2) < € u dy(Zs, Z3) < €, T0 Z; 1eXUT B €-OKPECTHOCTH
Zy, a Zy B €-okpectHoctu Zs. Uz Zy C Z3(€'), HepaBeHCTBAa TPEyroabHUKA
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u (3.3.1) caenyer Zs(e) C Z3(€ + €). Ioayuaaem:
Zy C Zs(€) C Z3(€ +e).

ToT ke caMBIl ApT'YMEHT, TPUMEHEHHBIN K L3, Zo U Z1, TaeT
Zy C Zy(e) C Zs(€ +e)

Mosromy w3 dy(Z1, Z2) < € u dy(Zo, Z3) < € caenyer dy(Z1,7Z3) < € + €.
ITO ¥ eCTh HEPABEHCTBO TPeyroJdbHUKa 1d dg. MBI foKazaam, 9TO PaccTo-
aune Xaycaopda — MeTpUKa. m

3.4. e-ceTn

Becbma ynoOHBIN KpUTEPUU KOMIAKTHOCTH MOMXKHO MOJYYUTH, BOCIOIb30-
BaBIINUCH IIOHATUEM €-CETH.

HamomuamM, 9T0 €-C€THIO B METPUYIECKOM ITPOCTPaHCTBe M HA3BIBAETCA
Takoe moaAMHOXecTBO V C M, uyro M mexuT B 00beIWHEHUN BCEX €-IIapPOB
¢ HeHTpaMu B V. €-CeTh Ha3BIBACTCA KOHEIHOM, eclu V KOHEdHO.

3ameqanme 3.11. [lycte M — meTpuveckoe mpocTpaHcTBO, a € > (0 —
BemecTBeHHOE 4mcao. [lonmmuoxkecTBO V' C M Ha3BIBAeTCA €-CETBIO, €CJIU
BEPHO J11000€ U3 CJACAYIONUX PABHOCHIBHBIX YTBEPKAEHUN (IOKAXKUTE PAB-
HOCHUJIBHOCTB )

(i) V(e o M
(ii) du(M,V) < ¢

(iii)] V' — s10 €-ceTs.

YrBepxkaenue 3.12: Ilycte M — noanoe MeTpudeckoe NPOCTPAHCTBO.
Torma M xoMmakTHO TOT'/Ia M TOJBKO TOTJa, KOTAa Misa Kaxaoro € > 0B M
HAUJETCA KOHEIHAA €-CeTh.

JToxka3zaTeanLCTBO:

Haauvune konednon e-cetu B Kax oM kommnakTe M oueBuano. Boszsmem B ka-
4ecTBe MOKPHITUA M MHOXECTBO BCEX €-ITapPOB. Y HETO €CTh KOHEYHOE IO I-
nokpeitue {B.(z;)}. [lo onpegenenuto, MHOKECTBO {x;} 06pa3yeT KOHEUHYIO
€-CETh.
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[Iycrs, Hao6opor, B M Hamigerca koneunas 2~ N-cerw, nma mo6oro N.
BosbMmeM mpou3BOABHYIO TIOCAEI0BATEILHOCTE {X; }, U IyCcTh V| — KOHedYHas
20-ceTn. Torga GeckOHETHOE MHOXKECTBO DJIEMEHTOB {T;} JexkKaT B HEKOTO-
pom 20-mape. Buikunem u3 {x;} Bce, KoTOpbie TaMm He Jdexar. IlepeiaeM K
KOHEYHOU 27 '-ceTw, u BeIKMHeM U3 {T;} BCe BJIEMEHTHI, KOTOPbIE HE JeXaT
B HekoTOpoM 2~ !-mape, kpome mepsoro. IlocTynmuMm Tak e 414 BCeX i: HA
i-M TIare BHIKMHEM U3 {T;} BCe DIEMEHTHI, He Jexallue B HEKOTOpoM 2 -
mape, KpoMe MePBLIX 4. DTOT MPOIece CTabUIn3upyeTca: HauuHaa oT N-To
mIara, BCe DJeMEeHTHI IMOCIeJ0BATeILHOCTH BILIOTH 10 [N-TO BLIODAHBI U He
MeHAITCcA. [oaydennas TakuM 06pa3oM II0CAe0BATEIbHOCTD ABIAETCSA, IIO-
caenoBarelbHOCThI0 Komu (nokaxure), a 3HAYUT — CXOAUTCS. W

B noxazarenscTBe Teopembr Xomda-PunoBa B Jekiuu 4 HAM TOHAIO-
OUTCA CAEAYIOMNUNA TMPOCTOU PE3yJbTaT. JaMeTHM, 4TO JI000e KOMIIAKTHOEe
IIOAMHOXECTBO METPUYECKOI'0 MPOCTPAHCTBA 3aMKHYTO U OrPaHu4eHo ([10-
kaxure). A 3HaUUT, MeTpuka Xaycaopda onpeneieHa Ha KOMIAKTHBIX MO/I-
MHOXKECTBaX.

YrBepxgenune 3.13: Ilycrs {Z;} — mocaegoBaTelbHOCTH KOMIAKTHBIX
IO IMHOXECTB B TIOJHOM MeTpudeckoM mpocTpancTse M. [Ipeamonaoxum, 9To
{Z;} — mocrenosarensrocTs Komu B MeTpuke Xaycaopda, a Z ee mpemed.
Torma Z Toxe KOMIaKTHO.

oka3zaTeanCTBO:

[Tockoabky Z 3amkuyTOe moaMHOXecTBO M, ono moauo. /las moxasarenb-
CTBa KOMIIAKTHOCTHU Z , MBI TIOCTPOUM B Z KOHEYHYIO 3€-Ce€Th, 1 JI0OOT0 Ha-
nepej 3aJaHHOTO 3HAYEHUA €. BO3bMeM KOHEYHYIO €-CeTh X, ..., Ty B Z;, 1A
dy(Z;,Z) < €, m IyCTh 21, ..., 2, TOUYKU B Z Takue, 4T0 d(z;, z;) < € (Takue
TOYKH CYIEeCTBYIOT, ToToMy 4TO dy(Z;, Z) < €). O603HaunM 3a V MHOXe-
cTBO {Xy, ..., 2k }. Torma V(€) comepxutr xy, ..., Tg. [lo onpenenenuto e-cern,
u3 sToro caexyer, 4ro V(2€) cogepxur Z;. A koab ckopo dy(Z;, Z) < e,
Zi(€) D Z, u 3naunur, V(3¢) D Z Mbl noxyuuiu, 4ro V ecTb 3e-ceThb. m
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3.5. UcTopuieckoe OTCTYILJIEHUE:
paccrosaue I'pomoBa-Xaycaopda

B 1920-e roaer, 06uryto Tomomoruio Hemadso udy4daau B Mockse I1. C. Ypoicon
(paso morubmmu, k coxanenuio), [1. C. Anekcangpos u ux mkoua, B [loabime
Kasumup Kyparosckun (Kazimierz Kuratowski), Ansdpen Tapckun (Alfred
Tarski) u Bamzas Cepnunckun (Wactaw Sierpinski). Cpeau npodero, ux un-
TepecoBasa mpobjeMa METPU3AMU: HAUTH, KaKue TOMOJIOTMIeCKUe MPO-
CTPAHCTBA TMONYYAIOTCA U3 METPUYECKUX 3a0bIBaHUEM MeTpuku. /JoBOILHO
CKOPO 3THU UCCAeTOBAHUA UcUepnaau cebs, 1 MeTPUIECKUMU MPOCTPAHCTBA-
MU (BHE (DYHKIMOHATLHOTO AHAIN3A) MTPAKTUYECKY HE 3aHUMAIUCE.

B muddepennmainHOon reOMeTPUN MHOTO M3Yy4Yaad TeOMEeTPUI0 PUMAHO-
BBIX MHOI000pas3uil (MeTpUYeCKUX OPOCTPAHCTB, JOKAILHO TOMEOMOPMHBIX
R™, u ¢ MeTpuUKOU, KOTOpas B MEPBOM MPUOIUKEHUYN €BKJIUIOBA, U TIATKO
3aBUCUT OT TOYKH). Bosee oMy npocrpancrBaMu AudpepeHuaibHbe
reOMeTPHI TPAKTUYECKNA HE WHTEPECOBAJINCH.

3aMedaTeIbHBIM UCKII0YenneM Obutn paboTsr A. /. Anekcanaposa u ma-
TEeMAaTHUKOB €r'0 MIKOJBI CPen KOTOPLIX Haubomee 3uamenutT Muxawnn ['pomos.

['pomoB ompenenns MeTpUKY HA MHOXECTBE BCEX KOMIAKTHBIX METDUIE-
ckux npocTpancTB. [lycTh 7y, Zo — KOMIAKTHBIE METPUYECKUE TPOCTPAH-
CTBa, U30METPUYIECKHU BJOXKEHHBIE B TPEThe METPUIECKOE IIPOCTPAHCTBO M
(Takue BJIOXKEHWUS CYMIECTBYIOT IO TeopeMe YPhICOHA). PaccmoTpum uubu-
myM infdy(Z1, Zs) nas Bcex TakuX BAOKEHUHM. HEMHOXKO MOBO3UBIIKUCK,
MOXKHO J0Ka3aTh, YTO 5TO TEUCTBUTEIHLHO METPUKA.

B Takou cuTyamum MOXHO T'OBOPUTH O CXOJMUMOCTH U TIpeaeNe MeTpPH-
gyeckux npocrpancTs ("npener ['pomosa-Xaycaopda”). Dra uges okazarach
HEOXKWTAHHO TOJE3HOU B Tomnosoruu u auddepennuaibuon reomerpuun. [lo-
BOJIBHO (OJIBIITNE KJIACCH MPOCTPAHCTB OKA3aJINCh KOMIAKTHEIMUA B METDUKE,
3amanHou ['poMoBeIM-XaycropdpoM; U3 3TOTO yAAJOCH BEIBECTH MHOT'O BaX-
HBIX OFPDAHWYEHUN HA TOMOJOTMYECKNe MHBAPUAHTHI MHOTO0OPA3UN.

B 2000-e roabr reoMeTpus METPUIECKUX MPOCTPAHCTB IOJIYYUIA TOMOJ-
HUTEAbHBIN TOa4Y0K. ['puropun [lepenrbman, udy4das 5BOJIONUIO CI0KHOTO TUA(D-
(dhepeHnmaTbHO-reoMeTpudeckoro ypasuenus (”noroka Puauan”), cmor kaac-
cu(pUIUPOBATH BHIPOXKIEHUSA PeIIeHnu >TOro ypasHeHus. OH oOHADPYXKWI,
YTO B I'POMOBCKOM IIpefelne MPOCTPAHCTBO, Ha KOTOPOM OHO OIpPEIeJeHO,
CTAHOBUTCA W3 MHOTr000pa3ua HETJIAJKUM METPUYEeCKUM IIPOCTPAHCTBOM.
Oxka3zanock, 9TO HTO MpeaeIbHOe METPUYIECKOe MIPOCTPAHCTBO YCTPOEHO JI0-
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Muxana ['pomos
(p- 23 mexabGps 1943)

BOJBHO IPOCTO. BEIpe3aB u3 Hero ocobble TOYKM M JOKJIEUB UX ILIEHKOH,
[Tepearpman cHOBa MOLYYWJ IVIAJKOE MHOr0OOOpasue, W IPOTOLKUI HA HEM
HBOJIIONNIO MOTOKA Puv4m, nory4ms B mpegene MHOroo6pasme, Tae dTOT II0-
TOK cTabunen. Takue mpocTpaHcTBa (“C MOCTOSHHOM KPUBU3HOUW Pudtm”)
ObLIn TaBHO KiIaccudunupoBaHbL Taxmm obpasom Ilepeapman moxasarn ru-
nore3y [lyankape, u mory4umi kraccupuKanuio TPEXMEPHBIX MHOT000Pa3niu.
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Jlekiiua 4:
BuyTrpennsasa meTpuka

4.1. TIpocTpaHCTBO C BHYTPEHHEU METPUKOU

[Iycrs M merpudeckoe mpocrpadcTBo, a 7y @ [0, — M — Henmpepsbis-
HOe 0TOOpaXkeHue U3 oTpeska. Takoe 0TOOpaXKeHue HAa3hIBACTCA MMy TEM U3
7(0) B y(a), a v(0) m y(o) — HaYAIOM W KOHIIOM IyTH 7y, & TAKXKe €ro
KOHIIAMH.
Paccmorpum pas6uenue orpeska [0, B 00beIuHEHNE MEHBIINX OTPe-
30YKOB,
[0,a] = [0, 1] U [z1,20) U ... U[z)_1, .

[lns mpocToTH 0603HAYUM Z¢ := 0, x, := . IlycTh

—_

n—

Lfy(l'l,...l‘n_l) = d(l‘i,$i+1).

i

Il
)

Onpegenenne 4.1. [JaIUHOM NyTH Y HA3LIBACTCA CYIPEMyM

L(vy):= sup Ly(x1,..Zn_1),

Z1y--sTn—1

B3ATHIN MO BCeM DPa30MeHUsAM OTPE3Ka.

Koneuno, Takou cynmpemMmyM MoXKeT OBITh paBeH 6eCKOHeIHOCTH, HO A C-
aunmunesa myta v : [0, o] — M nauna 7y He npesocxoauT Co (1okaxuTe).
Taxxe scuo, uro L(vy) > d(x,y), rae z,y — KOHIBI yTH Y (BBIBEAUTE DTO
U3 HEPABEHCTBA TPEYI'OJbHUKA).

[TpeAnos0Xum, 9TO A8 JOBIX TOYEK T,y METPUIECKOr0 MPOCTPAHCTBA
M, maugercs nyTh Y KOHEYHOU JJIUHBI, COeIWHAOMMYA £ u Y. Jlerko Bugers,
4T0 B TakoM ciy4dae uadumym L(vy) (“aausa kpardaumero myTa OT Z A0
y”) Mo BCeM TakuM IyTAM 3anaer MeTpuky Ha M (mokaxwure).

Merpuka wa M HasbiBaeTca BHyTpeHHeM MeTpukom (“intrinsic met-
ric”), eciu aror uHuUMy™M pased d(z,y).

ITycts M — meTpuyeckoe MPOCTPAHCTBO, TAKOE, 9TO MEXIY JIOOBIMU
AByMsaA TOYKaMu M ecTb MyTh KOHEYHOH NIUHEL JIerko BUAETH, 9TO (yHK-
s, CTABAIIAA B COOTBETCTBHUE Mape TOYeK T,y B M MHPUMYM NIUHBI Iy TeH
U3 T B Y, ABIAETCA BHYTPEHHEN METPUKOU (IIPOBEPLTE TO).
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BuyTpenHas MeTpuka OTIMYAETCA CJAEIYIONIAM CBOUCTBOM.

YcaoBue Xonda-Punosa:
[Tycte M — mpocTpaHCTBO ¢ BHyTpeHHen MeTpukou. [las mo0BIX TOUYeK
x,y € M, u 106010 NoJI0XKUTEALHOro 7 < d(,y), nMeeM

d(y, Br(x)) = d(z,y) —r.
[lokaxeM 3TO paBEHCTBO.

3ameruM, 4TO HepaBeHcTBO d(y, B,(x)) > d(x,y) — r uMeeT MecTo B
IPOM3BOJHHOM METPHIECKOM MPOCTPAHCTBE, U CAEIyeT U3 HEPABEHCTBA TPe-
yroapauka (gokaxure). [Tosromy mias rokasarenscTBa yciosus Xonda-Punosa
HYXKHO J0Ka3aTh HepaBeHcTBO d(y, B.(z)) < d(z,y) — .

[Mycts v : [0,1] — M — nyTts u3 z B y, amunst d(z,y) + €. Takon myTh
CYIIECTBYET, IIOTOMY YTO METPHUKa BHYTpeHHsAA. 3 onpenenenus L(vy) AcHo,
9TO

d(z,2) +d(z,y) < d(z,y) +e. (4.1.1)

[ 1I060ro0 2 B o6pase vy (fokaxwure).

Paccmorpum ¢dyrkmuo d, @ [0,1] — R, d,(t) := d(z,(t)). [lockoxpky
d, menpepsBHa, u d,(0) = 0,d,(1) = d(z,y) + €, kKaxgad TOUYKa OTPE3KA
[0, d(x, y) + €] nmeer mpooGpas. Bosemem ¢y Takon, uro d,(ty) = r —e. Torga
z := 7y(tp) mexur B mape B,(z). B cuny (4.1.1), umeem

d(y,2) < d(z,y) + e — — —d(z, 2) = d(z,y) + € — d, (to) = d(z,y) — T + 2.

MosTomy d(y, B, (x)) < d(x,y) — r + 2¢, nas mo6oro € > 0. Mbr gokasaru
ycaoBue Xomda-PunoBa. m

3aMeTuM, 9To He JI060e MeTPUIeCKOe MPOCTPAHCTBO, VAOBICTBOPAIONICe
ycaouo Xomnda-PuroBa, 061a1aeT BHYyTpeHHE MeTPUKOU. JIerko BUJeTh,
YTO HUKAKMX HEIIOCTOAHHBEIX HEIPEePLIBHBLIX OTOOpPaKeHMI U3 OTPe3Ka B Pa-
IUOHAJbHEIC YMCIA HET, MEXJy TeM PallOHAJbLHBEIC YUCIa ¢ OOLIYHOHM Me-
TPUKOU yIOBAETBOPAIOT ycaoBuio Xomda-Punosa (1okaxure 510).
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4.2. JlokaabHO KOMIIAKTHbIE
MeTpUYecKre MpocTpaHCcTBa

HanmomumM, 9TO0 OTKPBITHBIMEU MHOXKECTBAMM B METPUIECKOM IIPOCTPAH-
CTBe Ha3BIBAIOTCA IPOU3BOJIbHBIE 00 BeJUHEHNS OTKPHITHIX IIAPOB, 3 3aMKHY-
TBIMU MHOXECTBAMMW — WX [OTOJHEHUS.

[Iycte M — meTpudeckoe mpOCTpPaHCTBO, T € M Touka, r > ( Beme-
CTBeHHOEe 4ncjao. MHOXKeCTBO

B,(z) ={yeM | d(z,y) <r}

Ha3BIBAETCA 3AMKHY THIM IAPOM PaguyCca ' C EHTPOM B T. ITO MHOXKe-
CTBO 3aMKHYTO. [leficTBUTeILHO, 1A Kaxk 10k Touku y ¢ B,(x), d(z,y) > 7,
1 OTKpHITHIA map B, (y) He mepecexaerca ¢ B, (x) ara mo6oro € < d(z,y) —r
(BbIBEIMTE DTO U3 HEPABEHCTBA TPEYTOJLHUKA).

HanmoMmuuM, 9TO 3aMBIKAHMEM MHOXECTBa 7 Ha3bIBAETCA MHOXKECTBO
IpeJelbHBIX TOYEK BCeX MOCAe0BATEIbHOCTEH, Jexamux B Z. JIerko Bu-
NeTh, 9TO 3AMBIKAHUE MHOXKECTBA 3aMKHYTO (IOKAXKUTE).

Boo6e roBops, 3aMbIKaH#e OTKPHITOrO mapa B, (1) He paBHO 3aMKHYTO-
My mapy B, (z). BossMeM B KadecTse M IPOCTPAaHCTBO ¢ METPHUKOH d(7,y) =
1 m1sa Beex x # y; TOraa OTKPHITHIN map Bi(z) 5To ToYka T, a 3aMKHYTHII
map — Bce M.

Ecau M yposrersopsier ycaosuio Xomnda-Punosa, To 3ambikanue B,(x)
— 5T0 B,(). lleficTBETeBHO, BO3bMEM JMH00YI0 TOUKY y € B, (). U ycrosus
Xonda-Punosa nerxo BuBectu, uto d(y, B,(z)) = 0 (BbBexuTe »ro). Ho
TOrIa HEKOTOPas MOCIEI0BATEIbHOCT TOYeK B, () CXOIUTCA K Y, a 3HAYUMAT,
Y JeXWUT B 3aMblKauuu B, (z).

Onpenenenne 4.2. Merpuieckoe mpocTpaHcTBO M HA3BIBAETCA JOKAIb-
HO KOMIIAKTHBIM, €CIU IJIA KaxJa0ou Touku r € M Haumerca quciao r > 0
Takoe, YTO 3aMKHYTHIN map B, (r) koMnakTes.

HaHOMHI/IM, 9TO OI'PAHUYI€HHBIM IIOIMHO2XKE€CTBOM METPUICCKOIO
IIPOCTPAHCTBA HA3BIBAETCS HOAMHOXKECTBO, KOTOPOE COAEPKUTCA B KAKOM-
To mwape Be(z).
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Teopema 4.3: (teopema Xomnda-Punosa, acts 1) [Iycte M — nokanbho
KOMITAKTHOE MeTPUYIeCKOe ITPOCTPAHCTBO ¢ ycaoBueM Xomda-PunoBa. Torga
CJeIYIONNe YTBEPXK IeHUA PABHOCUIbHHIL:

(i) M moano
(ii) Jlro6oe 3aMKHyTOE, OrPAHUYIEHHOE TOIMHOXKECTBO M KOMIAKTHO.

oka3aTennCcTBO:
Caencrsue (ii) = (i) Bnoxse oueBugHo. [leicTBUTENBHO, MI06AS TOCIEI0BA-
TenabHoCTh Komm {z;} comepXuTcs B 3aMKHYTOM MAape, KOTOPHIM KOMITAKTeH
o ycaoBuio (ii), sHauut {z;} cxogurTes.

OcTanoch N0Ka3aTh, YTO B MOJHOM JOKAILHO KOMIAKTHOM METPHIECKOM
IPOCTPAHCTBeE ¢ ycaoBueM Xomdga-PunoBa 1060 3aMKHYTOe, OTPaHNYeHHOe
0 IMHOXKECTBO KOMIAKTHO.

HTar 1.

[ToCKOMBKY 3aMKHYTOE TOJMHOXKECTBO KOMIIAKTa KOMIAKTHO (IOKaXKuTE),
Ui yTBEPXK aeHus TeopeMbl Xomda-PuroBa 1ocTaTrodHo 10Ka3aTh, 9TO JII0O-
601 3aMKHYTHIN map B M KOMIIaKTeH.

HTar 2.
Paccmorpum pyukmuio p: M — R,

p(z) :=sup{p € R | B,(z) xommnakren}.
p

Eciu p 6eckonedno B OMHOW TOYKE T, DTO 3HAYUT, YTO JIOOOU 3aMKHYTHIA
map C HEHTPOM B £ KOMIAKTeH. VI3 5TOro J1erko creayer, 4To BCe 3aMKHYTHIE
mapel B M KOMOAKTHHL (goKaxwuTe 5T0). II03TOMy MOXHO CYATATH, 4TO
(dYHKIMA p Be3jJe KOHEeTHA.

Jlerko BugeTs, 4TO p l-IMnmunesa, a CleIOBATEIbHO HelpephiBHA. [len-
cTBUTeNbHO, B, 4(5.4)(y) C B,(z) (BBBeanTE 5TO U3 HEPABEHCTBA TPEYrOMb-
uuka). [losromy |p(z) — — — p(y)| < d(z,y).

IIMTar 3.

JlokaKeM Telepb, ITO 3aMKHYTHI map B,,)(z) koMnakTen. A mpuopu, 5T0
MOXeT OBITH U He TaK, Bedb B OUPeLeJeHUN p(T) UCHOAB3YETCS CYLNPEMYyM,
TIOPTOMY U3 BTOT'O ONPeIeJeHHA CJeIyeT JUIb TO, 4To B, () koMmaxTen g
BCex 7 < p(x).
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U3 ycaosusa Xonda-Punosa suirekaer B, (x)(€) = Byye(x), rae Z(e) o60o-
3HaYaeT 00BbEIUHEHNE BCEIX OTKPHITHIX €-MIAPOB C IEHTPAMU B Z. JTO II0-
3BOJIET BBIYUCINTH paccTosnue Xaycaopda mexay mapamu B, (x) u B (x):

dH(Br (37), BH—e(x)) =€

13 5TOro 04eBuIHO, ITO IS KAXKIOU NOCIeTOBATENLHOCTH {7 }, CXOIAIIeH-
A K T, IOCAeJ0BATENLHOCTD 3AMKHYTHIX WApOB B, () ABIseTcsa nocaegosa-
TeabHoCThI0 Kommu (B cmbicie merpuku Xaycaopda), u cxoauresa K B, (x).

Bosbmem nocrenoBaTeasHOCTS 7; < p(X), cxomsmyoca K p(x).
SamxHyTB Wap B, (7) nomydaercsa kak npefer nocaesosareasroctn Ko-
mu B, (r) komnakTHBIX mapos. [Io yTBepXKAeHNIO, JOKA3aHHOMY B HPEJbI-
OyIIen JeKIUK ¢ IIOMOIIBIO €-CeTel, TAKOW Mpeea BCeraa KOMIIAKTEH.

ITar 4.

Bocnonb30BaBImuCch KOMIAKTHOCTBIO By (), MBI JOKaxkeM, 9TO IIap

B (¢)+e(x) xoMmaxTen s gocraTouso manoro € > 0. Taxum o6pasom Mbr
opujgeM K IPOTUBOPEURIO.

PaccmoTpum orpanmdenue byHKIUK p Ha B2 (x). IlockombKy p Hempe-
PEIBHA ¥ IIOJOXUTENbHA, & map B, ;) (¢) kKoMmakTes,

> 2e >0,

p

By(a) (@)

7SI KAKOTO-TO TOMoXUTETHOTO € € R. [TosToMy kax b 3aMKHYTHIA 2€-
map ¢ UEHTPOM B 2 € Bjy)(r) koMnakTen.

Ilycrs V — komeunas e-cetsb B B,)(z). Toraa B,y (z) C V(e), a

By (z)(€) C V(e)(€) = V(2e).

Msr noayamn, 910 Wap Bp(z)(T) I1eXNT B 00BEAVNHEHNN 3AMKHYTHIX 2€-
MIAPOB C HEHTPAMM B TOIKaX V. DTH Mapsl KOMIAKTHEL, & TOCKOAbLKY KOHEY-
HOe 00'beJNHeHNe KOMIAKTOB KOMIAKTHO (JIOKAaXUTEe 5TO), BP(J;HE(J:) ABJIA-
€TCSA 3AMKHYTBIM TOIMHOXECTBOM KOMIIAKTA. SHAYUT, p(L) — He CyInpeMyM
BCeX p, M KOTOPHIX B,(1) KOMIaKTHO: Mbl IPUILIA K TTPOTHBOpeymio. Te-
opeMa 4.3 moka3aHa. m
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4.3. T'eoge3anmvyeckKnue B METPUIECKOM ITPOCTPaH-
CTBe

Omnpeaenenune 4.4. Ilycte M — MeTpudeckoe MpOCTPAHCTBO C BHYTPEH-
Hel MeTpukou. HempepeiBHoe orobpaxkenue 7y : [0, — M naszwBaeTcs
KpaTuauien, eciu ero ginsa pasHa d(y(0), y(a)).

JI10o601 O0TPe30K KpaTdauinmen — CHOBa KpaTdaumras. /edcTBUTEILHO,
ecan Y(t1), v(t2) MOXHO coequHUTH IyTeM 7', 60Jee KOPOTKUM, 9eM 7Y, TOrAa
7(0), v(«) MoxHO coemmunTh MyTeM, nAymEUM oT 0 10 1 1O 7y, OT t; 10 ty WO
~' 1 oT ty 10 @ 1O 7; TOT MyTh OyAeT, OIeBAIHO, KOPOYe MCXOHOTO.

HamoMuuM, 9TO roMeoMOpdU3MOM MeTPUUECKUX MPOCTPAHCTB HA3LIBA-
eTCsl HelpephIBHAA Oumeknus, o6paTHOe OoToOpaxeHne K KOTOPOMY — TOXKe
HEIIPEPBIBHO.

Ecau ¢ : [0,a] — [0, a] — romeomopdusm, a y — OyTh U3 T B Y, KOM-
MO3UIUA ¢ Oy — TOXKE MyTh U3 & B y. B Takou cutyanuu, ¢ oy Ha3bIBaeTCA
penapaMeTpu3anuen nyTH . JIerko BUAeTh, 9TO AJUHA IyTH He MEHACT-
csa npu ero pemnapamerpusanun (gokaxure). [Tosromy penapamerpusaius
KpaTYauIlled — CHOBA KPATIAUIIAS.

[TyTu, KoTOPBIE MOTYIE€HBI TOCPEACTBOM penapaMeTPU3AINK, Ha3bIBAIOT-
€S DKBUBAJIEHTHBIMHU C TOYHOCTHIO O PemapaMeTpU3aInuu, a BHIOOD
IyTH B KJIACCE DKBUBAJICHTHOCTH — IMapaMeTPU3aIlueH.

Onpeaenenne 4.5. Ilycts 7y : [0, ]| — M — kparTdanmas, coeIuHAOIIAA
x u y, npuieM d(y(z),v(y)) = |z — y| gas a06bx z,y. Takas kpaTdaumas
HA3BIBACTCA KPATYaUIIen IeoJe3n9eCKON, & COOTBeTCTBYIOIAA IapaMe-
TpU3aIUs - Te0Je3ndeCKon napamerpusanuen. O4eBnHO, KpaTdalias
reojie3amveckasn 3aaeT u3oMeTpudeckoe Biaoxkenue [0, a] — M.

YrBepxkgenue 4.6: [Iycrs v : [0,a] — M — xparTyanmas, coequHAOLIASI
x u y, upudeM d(x,y) = . Torga y 7 cymecrByer reome3mdeckas napamve-
TPU3AINA.

JokazaTenbCcTBO: YTBepXkaeHue 4.6 JerKo yBUAETH U3 MPOCTHIX (pu3mde-
ckux coobpaxenun. IIpegcraBpTe cebe BeIOCUIEINCTA, KOTOPBIM €IeT II0
nopore ¢ mepeMeHHOU ckopocTwio. IlycTs 7(t) — koopaunara BeJocunenu-
cra. Bo3bMeMm BMmecTO t paccTosHEE, KOTOPOE BEJOCUMEIUCT yXKe ITPOexal;
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MONy9YeHHAA TPACKTOPUA (3aBUCANIAA yKe HE OT BPEMEHH, a OT HapaMeTpa
”paccTosHUe OT Hadaaa’) U ABIAETCA KpaTYallled I'eo1e3u9eCKON.

[lna nokasareabcTBa YTBepXkaeHusa 4.6, HaM MOHATOOUTCA HECKOJIHLKO
MpeIBapUTENbHBIX 3aMeIaHUN.

¢
Jlemma 4.7: [Ilycts M — N — nenpepriBHOe oToOpaxenue. Toraa obpas
KOMITAKTHOT'O MOJAMHOXECTBA, / — KOMIIAKT.

[MoxazareabcTBo: BosbMeM moxpoiTue ¢(Z) OTKPBITBIME 10 IMHOXKECTBA-
MH; €ro mpoobpa3 JaeT OTKPHITOE MOKPHITHE /Z, W TaM MOXHO BHIOPATH
KOHEYHOE MOJANOKPHITUE B CUITY KOMIAKTHOCTH. W

Ecau M xomnakThHO, TO atob6as HenpepbiBHaA Ouekiusa u3 M B N aBuda-
ercs roMmeoMopdu3MoM. UTOOH B 3TOM y6eIUThCA, TOCTATOYHO IPOBEPUTh,
4T0 06pa3 OTKPHITOTO MHOXKECTBA ABIAETCA OTKPBITHIM; B CUIY OMEeKTUBHO-
CTHU, DTO DKBUBAJIEHTHO TOMY, 9TO 00pa3 3aMKHYTOT'O MHOXECTBA 3aMKHYT.
Ho o6pa3 kommakTa mpu HENpPEpHIBHOM OTOOPaKEHUW BCErjJa KOMIIAKTEH,
3HAYUT 00pa3 3aMKHYTHIX MOJIMHOXKECTB 3aMKHYT.

Bepuemcsa k mokasarenscTBy YTBepkaenus 4.6. Paccmorpum oTobpaxe-
aue ¢ : [0,a] — [0,al, ¢(t) = d(x,v(t)). DT0 0TOOPAKEHUE HEMPEPHIBHO,
noroMy 4To pyHKua dy(y) = d(z,y) HenpepriBHA (OHA JUNIIUIEBA; TPO-
BepbTe 5T0). [T0CKOIbKY KaxX bl OTPE30K KpaTJdauiien — KpaTdanmas, OHO

OMEKTHMBHO: I1eMCTBUTEIbHO, d(z,Y(l)) paBeH AiuHe myTH 7y 0,7 & SHATUT 5T

0,¢] 7
(pyHKIIIA MOHOTOHHO BO3pacTaeT. HempepriBHOE, 6MEKTUBHOE OTOOpaXKeHUe
73 KOMIIAKTa B KOMIIAKT — IOMeOoMOp}pu3M, KaK MBI TOJBKO 9TO TOKA3aJIMU.

[osromy 7/ = ¢~ o v aBaserca penapamerpusanuei 7. [lasa t € [0, a,

d(z,7(67' (1)) = (¢~ (1) = ¢,

a 3HAYUT, 7 — reoe3ndecKas.

Teopemon Xomnda-PuuoBa Ha3bIBaeTCA yTBEpPXKIEHHE O KOMIAKTHOCTH
OTPAHUYEHHOT'0 3aMKHYTOI'O IOAMHOXECTBA B JOKAJIbHO KOMIIAKTHOM IIPO-
cTpaHcTBe ¢ BHyTpeHHen MeTpukon (Teopema 4.3). Takxke Teopemon Xonga-
PunoBa HasbIBaeTCA yTBEpXKIEHUE O HATUYINU TE€OME3NICCKUX B MTOTHOM, JO-
KaJbHO KOMIAKTHOM TPOCTPAHCTBE C BHYTPEHHEN METPUKOU.

Jlexknuu u 3a3a4M O TOMOJOTUU - 194 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Jlexkniusa 4: BuyTpennsasa meTpuka

Teopema 4.8: (teopema Xonda-Punosa, yacrs 2) [lycre M — nokaub-
HO KOMIAKTHOE, MOJHOe MEeTPUYECKOe MPOCTPAHCTBO C yCIoBHeM Xormda-
Punosa, a xg,x1 € M npousBoabHBIe TOUKH, ¢ d(To,21) = «. Torga cyme-
CTBYeT KpaTyauiias reoge3udeckas v : [0, a] — M, coequusioman xo u x.
B wactaocTH, M sABIseTcs mpOCTPAHCTBOM C BHYTPEHHEU METPUKON.
HMoxkaszarenbcTeo: B cury yeropna Xonda-Punosa, d(zo, Baj2(71)) = a/2.
Dynxuua dy,(y) := d(z,,y) HenpepeBHa, a map By/y(7)) KoMmaxTeH mo
yxe jokasanHou Teopeme Xomda-Punosa. [Toaromy B B, /o(71) ecTs ToUKa
T1 Takag, ITo d(mo,x%) = d(x%,xl) = /2. AHAJOTMYHBIN APYMEHT, NpU-
MEHEHHBIN K Tape o, %1, JOKABBIBAET, ITO HAWJIETCA TOYKA T1 TaKad, 9TO
d(xo,x%) = d(x%,a:%) = «a/4. TloBTOpsas 5T0 10 GECKOHEYHOCTH, MbI TIOJY-
UM UL KAXKI0T'0 PAIMOHAJIBHOTO YHUCAa A = 2%,1 0 < A<1Touky x) € M,
npudeM d(zy,zy) = |A — N|a. 910 3anaeT uzoMerpuueckoe 0ToGpaKeHue
13 MHOXKECTBa ducen Buga Ao (A 1BOMYHO-panuoHadbHOE) HA oTpeske [0, o]
B M. Ilockonbky M TOTHO, MOXHO TPOJOMXKUTL 3TO OTOOpaXKeHue 10 OTO-
Opaxenusa nononrueHuu. [loayuaum uzomeTpudeckoe 0ToOOpaXeHne u3 0TPe3Ka
[0,a] B M. 910 1 ecTh KpaTyaumas reoae3udeckas. Mul nokasamu Teopemy
4.8.

4.4. NcTopusa, TEpMUHOJIOTUA, JUTEPATYPaA

[TpocTpancTBa ¢ BHyTpeHHEM METPUKOW BO3HUK.JM B paborax Xawnma XOI-
da B 1930-e roxer. Xomd m3ydaa TOMOJOIMIO PHMAHOBEIX MHOTI'0O00pDa3ui,
1 OOHAPYXKWUJI, YTO MHOT'HE JOKAJIbHBIE Pe3YJIbTATHI, IOAyICHHLIE U3 AHAJIH-
3a (CymecTBOBaHUe Te0Ne3NIECKUX, JOKAJIbHAA KOMIAKTHOCTh U TaK JIajee)
BEPHBI TVIOOGAJBHO, U TIO3BOJIAIOT MOJYIUTh MHOT'O WH(MOPMAIUY O TOTOJOT UK
MHOT'000pa3us.

Muoroo6pasue ecTh TONOIOTUYECKOE IIPOCTPAHCTBO, JOKATIBLHO (B OKpec-
THOCTY KaxXJ0U To4YKu) romeoMopduoe R™. Takue roMeoMOp@u3Mbl Ha3bI-
BAIOTCS KapTaMM, COBOKYIHOCTh BCEX KapT — aTJIaCOM Ha MHOroo0pa-
3un. C KaxIBIM aTJaCOM CBA3aHBI OTOOPaXKEHUA IepPexoqa OT OJHOU KapTh
K MHOT00O0pa3uio M K JAPYyrod KapTe; BCE DTO OTOOPAXKEHUSA U3 OTKPBITHIX
moagMHOXecTB B R™ B oTKpwITHIE TIOaMHOXecTBa B R". Ecan onm Bce raaj-
kue (6eckoHeIHO audypepeHupyeMble), MHOr0o6pa3ne Ha3bIBAeTCA IVIa -

1TaKne panuOHAJBHBIE YUCJIAa HA3BIBAIOTCA ABOMYIHO-PAITHOHAJIBHBIMMU.
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Heinz Hopf
(1894-1971)

KuM. [agkoe MHOTOOOpa3ume HA3BIBAETCA PUMAHOBBIM, €CIN B KaXIOM
KaCaTeJIbHOM IIPOCTPAHCTBE 3a1aHa METPUKA (IOJOKATEILHO OIPEeJEeJeHHO.
CKalsApHOe mpousBejenue). VHTerpupys 5Ty MeTpUKy [0 IVIAJKOMY IIyTH,
MOXHO HOJYYUTH (PYHKIMOHAJ MJAWHBI INIAAKOTO IyTH; PACCTOSHUAE MEXIY
TOYKAMU T,y PUMAHOBA MHOT000pa3uA ONpeneadeTcsa KaK MHPUMYM TJIAHBI
IO BCEM IVIAQIKUM IIyTAM U3 & B Y. JTa METPUKA TI0 IOCTPOEHUIO BHYTPEHHSAA,
a R™ o4eBMIHO JOKAJTHLHO KOMHAKTHO. TakuMm o6pa3oM, TOKa3aHHBIE BBIIIIE
TEOpPeMBI MOXHO MPUMEHUTH K PUMAHOBBIM MHOT'00ODA3UAM.

B nocaeauue 20-30 €T OCHOBHBIE PE3YJILTATHL B TOMOJIOTUH (JOKA3ATEb-
cTBO runoress [lyankape, nuuBapuanTsl [JOHATLICOHA U 3anbepra-YUTTEHA)
MPOUCXOJAT U3 PUMAHOBOU I'€OMETPHUH, TO €CTh N'€OMETPUN PUMAHOBBIX MHO-
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roo6pasui.

Xond u ero ydenuk Buiiun Punos (Willi Rinow, 1907-1979) noxy4uiu
Teopemy Xomda-Punosa B 1931-Mm rogy, m1sa puMaHOBBIX MHOT000Opasuu. Ee
06001enne MJist JOKAJIbHO KOMIAKTHBIX METPUIECKUX MPOCTPAHCTB IIPUHA,I-
aexur Credany Kon-Pocceny (Stephan Cohn-Vossen, 1902-1936).

[To pumaHOBOU reoMETPHUN €CTh OTPOMHOE KOJUYIECTBO JUTEPATYPHI, IO
OO0JBIIEN YaCTH COBEPIIEHHO HeINTAOEAbHOU. JIMIHO MHE OBbLIa, MTOe3HA KHIXK-
ka Murunopa “Teopusa Mopca”, u “OuHImMTENHOBE MHOT006pa3ua’ ApTypa
Becce. ['eomeTpus mpocTpaHCTB ¢ BHYyTPEHHEN METPUKOU BOCXOIUT, IO 60T~
men gactu, K ['pomoBy, u k Maremarukam mkoasl A. [[. Anexcanaposa (FO.
Byparo, I'. Ilepeasman, /. Byparo, C. IBanos).

BoT He60abII0M CIMCOK JUTEPATYPhI, KOTOPAas MOXET OKa3aThCS II0Je3-
HOWU.

e Munnop, [x., Teopus Mopca, M.: Mup, 1965 r.
e Becce, A., Muozoobpasus Itinwmetina, M.: Hayka, 1990.

e Byparo /[I.}O., Byparo FO./., Usanos C.B., Kypc mempuueckoti 2eo-
mempuu, Uxeck: m3nareabcTBo " MHCTUTYT KOMOBIOTEPHBIX MCCJIETO0-
Bauuu,” 2004.

e ['pomoB M. lunepboauueckue epynnei, Nxesck: UHCTUTYT KOMIIBIO-
TepHbIX uccaegosanuu, 2002, 160 cTp.

e ['pomoB M. 3nak u ceomempuueckuti cmvica kpususdnvl, Nxesck: HAII
"Peryaspuas u xaorudeckas mguaamuka’, 2000, 128 cTp.

e Gromov M. Metric structures for Riemannian and non-Riemannian
spaces, Progress in Math., 152, Birkh&user (1999).

e Tpynwr ['. [lepenrbmana, A. [leTpyHuna u Ipyrux aBTOPOB HA CTPAHUIIE
A. Tlerpyuuna
http://www.math.psu.edu/petrunin/papers/papers.html
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Jlekmusa 5: OcHOBBI 06HIEN TOIO-
JOT'UA

5.1. Tomojoruvieckoe MpOCTPAHCTBO

Omnpenenenne TOMOJIOTUIECKOTO IPOCTPAHCTBA, YIOTPeOaseMoe 1 110 Cell TeHb,
MPUHAJIEKUT Xaycaopdy.

Hanomuum, ato 2M 0603Ha49aeT MHOXKECTBO BCEX HOIMHOXKECTB B M.

Omnpegenenne 5.1. Ilycte M — muoxectso, a U C 2M mabop mogmuo-
XKECTB, HA3BIBAEMBIX OTKPBITEIMU. MbI roBopuM, ¥T0 U 3agaeT TOMOJIO-
ruio Ha M, eciu

(i) JIro6oe 06BeaMHEHNE OTKPHITHIX [OAMHOXKECTB OTKPBITO
(ii) Koneunoe nepecedenne OTKPHITHIX [0AMHOXKECTB OTKPBITO

(iii) M u mycroe MHOXeCTBO () OTKDBITEL

B makou curyanuu M HazbIBaeTCA TOMOJOTUYECKUM IMPOCTPAHCTBOM.

3ama4a 5.1. IIpoBepbTe, 9TO METPUIECKOE TPOCTPAHCTBO, C OOBIMHBIM IT0-
HATHEM OTKPBITOT'O MHOXECTBA, YI0OBJIETBOPAET dTUM aKCHOMAM.

Onpenpenenne 5.2. 3aMKHYTHIM MHOX€ECTBOM HAa3bIBAETCA MHOXECTBO, J0-
MTOTHEHNE KOTOPOT'O0 OTKPHITO.

3aMeTuM, 4TO BMECTO AKCHOM, UCIOJb3YIOMUX OTKPHITHIE MHOXECTBA,
MOXHO ObLIO OBI BHIOPAThH aKCMOMBI, OCHOBaHHBIE Ha 3aMKHyTOCTH. [loay-
YaeTcs BeChbMa I0X0Xkas cucreMa akcuoM: (i) “mepecedenue J060ro Koaude-
CTBa 3AMKHYTBHIX MHOXKeCTB 3aMKHYTO0”, (ii) “00beuHeHNe KOHETHOTO YUCIA
3aMKHYTBEIX MHOXeCTB 3aMKHyT0” , (iii) “M um mycroe MHOXeCTBO () 3aMKHY-
THI .
Omnpegenenne 5.3. OkpecTHOCTBIO OAMHOXeCTBA / C M wHaswsBaeT-
csA J1000€ OTKPBITOE MHOXECTBO, COAepkalee /. 3aMBIKAHUEM I10IMHO-
x)ecTBa 4 C M HasbIBaeTCA MepeceveHmne BCeX 3aMKHYTBIX ITIOIMHOXECTB,
colepXammx /.
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3agaua 5.2. [lokaxure, 9TO 3aMBIKaHUE JI0O0T0 MHOXECTBA 3aMKHYTO.
Hangure 3ameikanue Q B R.

Omnpeaenenune 5.4. [lommuoxecTBOo M Ha3bIBaeTCA BCIOAY ILIOTHBIM, €C-
JU 3aMbIKaHue ero coBmagaeT ¢ M. OHo HA3BIBA€TCA HUrJE HE ILIOTHBIM,
€CJIH er0 3aMBIKAHUE He CONEPXKUT HEeIyCThIX OTKPBITHIX MOIMHOXecTB M.

3aga4a 5.3. IIpuBeuTe npuMep HUTIE He IIOTHOT'O, KOHTHHYATEHOT'O IO~
MHOX€CTBA OTPe3Ka (B OOBIYHON TOMOIOTHH).

Omnpeaenenune 5.5. Ilycte M, N Tonosorudeckoe npocrpancTBo. OTobpa-
xenue ¢ : M — N Ha3bIBaeTCsA HENPEPBLIBHBIM, €CIU IpooOpa3 ai060ro
OTKPBLITOI'0 MHOXECTBa OTKPHIT.

Onpeaenenne 5.6. IIpegenom nocaenosarensuoctu {x;} B M HazwbiBaeT-
ca Takasa ToIKa x € M, 9T0 B 110601 OKPECTHOCTH T COAEPXKATCA IIOYTH BCe
pJaeMeHTH {;}.

3agaua 5.4. [Ipuaymanre npuMep mMpPOCTPAHCTBA, B KOTOPOM TIPEAET He
enuHCTBeHHBIU. [loKaxuTe, ¥T0 00pa3 mpegena, IpU HETPEPHIBHOM O0TOOpPa-
JKEHUU — BCETIa Tpee.

Omnpegenerne 5.7. Ilycte M — Tomoaormdeckoe IpocTpaHcTBO. Basoun
Tonoaorun (base of topology) Ha M naswBaeTca mabop U C 2M moamuo-
xecTB M, COCTOAMMN U3 OTKPBITHIX MHOXKECTB, X TAKOHN, 9TO JI0O0€ OTKPHI-
Toe oAMHOXecTBO M monydeHo obbeauHeHueM HabOpa daeMeHTOB U.

Omnpeaenenune 5.8. Ilycte 7 C M — THOAMHOXECTBO TOIOJOIMYIECKOT'O
npocrpanctBa M. [TonmuoxecTsa Buga UNZ, rae U orkpuiTo B M, 3axat0T
TOMOJIOTHIO Ha Z (I0KaXuTe). DTa TOMOJIOTUA HA3BIBACTCA WHYIUPOBAH-
HoM ¢ M.

5.2. Axcuombl Xaycaopda

B ompenerernu TOmosornueckoro npocTpaHCTBa, JaHHOM XaycaopdoM, Tpe-
60BaJOCH eIlle OJHO YCJIOBUE: yCaoBUe omdedumocmu. BriocreacTsun okasa-
JOCBh, 9YTO HEOTAEINMbIE TOIOJOTMIeCKNe TPOCTPAHCTBA BCTPEYIAIOTCA BECh-
Ma 9aCTO, ¥ DTO yCJOBUE CTAJIN PACCMATPUBATH KAK JOMOTHUTEILHYIO aKCU-
OMY.
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Omnpegeneune 5.9. Tomosormdeckoe npocTpaucTBO M HA3LIBAETCA OTHXE-
aumMbIM, win XaycgopdossiMm (separated, Hausdorff), ecau so6bie nse
TOUYKMN T # Yy € M umeroT Henepecekawomuecs okpecraoctu U S x,V 3 y.

3agadua 5.5. /JokaxuTe, 9TO B XaycA0p¢dhOBOM TOMOJOTTIECKOM TPOCTPAHC-
TBE nIpenea nmocjaeaoBaTeJIbHOCT € IMHCTBECHEH.

B anre6paumveckon reoMeTpur BajXKHYIO POJb UTPAET TOMOJOTHUSI 3APUC-
koro. [Iycres R — koabo, Spec(R) — MHOXeCTBO €ro NpOCTHIX UIeal0B, a
f € R — mwo6ou saement. O6o3rauuMm 3a Ay noxgmuoxecTBo B Spec(R), co-
CTOfAIIEE U3 BCEX UIeAN0B, KOTOpHIE He comepxkar f. Pacemorpum Ha Spec(R)
TOIIOJIOruIO, T e 623a OTKPBITHIX MHOXKECTB cocTouT u3 Ay, 114 Beex [ € R.
DTa TOMOJOTHA HA3BIBAETCA TOMOJOTMEN 3apUCKOro, a Spec(R) - cuek-
TPOM KOJIbIA.

Oscar Zariski
(1899 — 1986)

3agaga 5.6. Paccmorpum mpocTpancTBO Spec(Z), ¢ TOmOIOrnen 3apucko-
ro. /lokaxure, 9T0 OHO HEXAyCI0P(OBO.

B 1920-e rogsl MaTeMaTWKW TPUAYMAJIN IEIYIO JUHEUKY aKCHOM, 1o-
Ts, KOTOpBIe HA3LIBAIOTCA akcuombt Xaycdopda, 0 aKcuOMbL 0MIEAUMOCTIY
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(separation axioms). Kaxnas u3 Hux cuibHee Bcex MpeAbLIymuX (JOKaXKUTE
5TO).

Ompegenenne 5.10.

To (Axcuoma Koamoroposa) [las no6bix AByX Todek x # y € M,y oxHon
€CTh OKPECTHOCTh, HE COJIePXKAIIAsA APYTyI0 TOYUKY.

T; (Axcuoma Ppere) [las q1100bIX IBYX TOUEK T # y € M,y T €CTh OKpPeCT-
HOCTB, He comepxkarias y. PaBHocuabHasA pOpMyaupoBKa: Bce TOUku M
ABJAAIOTCA 3aMKHYTBIMA MHOXKE€CTBaMM (rIIOKa}KI/ITe paBHOCI/IJIbHOCTb).

Ty (Axcuoma Xaycnopda) Y J106BIX ABYX TOUEK T # y € M ecTh Hemepece-
KAIOMMecs OKPECTHOCTH.

T,1 (axcuoma YpwIcOHA) Y JIIOOBIX ABYX TO4YeK T # Yy € M ecTb OKpecTHO-

CTHU, 3aMBIKaHUA KOTOPBIX HE IEPECEKaIOTCA.

1
2

T3 B M Bwumoanserca akcuoma 1p. K Tomy xe, maa m1m060ro 3aMKHYTOTO
MHOXeCTBa Z C M, u mo60u T049ku x ¢ Z,y Z U T €CTb HellepeceKa-
IOIIKAECs OKPECTHOCTH.

T, B M souimonusiercss akcuoma 17. K Tomy xe, n100bie 1Ba Hemepecekaro-
IIUXCS 3AMKHYTHIX TIOIMHOXeCTBa, VM UMeIoT HellepeceKalonecs OKpecT-
HOCTH.

Ts B mo6om nmoamuoxectse M, B3ATOM ¢ HHIYIUPOBAHHON TOMOJOTHEN, BbI-
IIOJHAETCA aKcuoMa 1.

Ts B M Bummonnsiercss akcuoma Ty. K Tomy xe, Kaxmoe 3aMKHYTOe MHOXKe-
CTBO MOXHO MOJYYUTH KaK CI€THOE IepecedeHne OTKPBITHIX.

Kpowme sTux, cymecTByeT HEMAJIO APYTUX aKCHOM OTAEIUMOCTHU, HO OHU
He 04eHb ynoTpeburenbubl. Bupodem, akcuomsr 1y-Ty ToXe ynoTpebasaroTcs
BECbMa PEIKO, KpOMe aKcuoMbl Xaycaopda T5.

B a06om meTpuyeckom npocrpancrse M Bemoasserca Tg (a 3Hauwr,
U BCE OCTAJIbHBIE AKCUOMBL U3 cuckKa). [efcTBUTENbHO, €-OKPECTHOCTD JIO-
60ro MHOXECTBa OTKPHITA (IOKAXUTE), W KaxJI0e 3aMKHYTOEe IIOJMHOXKe-
CTBO METPHYECKOT'O MPOCTPAHCTBA IOJydaeTCs KaK IepecedeHre CBOUX €-
okpectHOCTed. UTOOLI yoenquThbes, 9To B M Bummoansercs 1), BO3bMeM 3a-
MKHYTBIE, HellePECEKAIOMMeCs MHOXKECTBA 41, Zg B M, n 1 KaX 10U TOIKH
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z € Z) Bo3bMeM map B (x), roe r = d(x, Z3). O6bequnenne BCEX TAKUX IIIA-
POB OTKDBITO, ¥ HE II€PECeKAeTCs C OKPECTHOCTHIO Ly, IMOMYIEHHON TaKUM
xe 006pa3omM.

3agaua 5.7. Ilyctes 7, Z, — Henepecekawmuecs 3aMKHYThIe TOIMHOXKe-
CTBa MPOCTPAaHCTBA, rae BepHo 1. [lokaxuTte, 9T0 Yy 41, 43 €CTh OKPECTHO-
CTHU, 3aMBbIKQHUA KOTOPHLIX HE IePeCceKaroTCA.

HMokaxem crencrBue Ty = T5. Ilycte Z C M — a1060e mOAMHOXECTBO, &
K,K' C 7 memepecekaiommecs IOJIMHOXECTBA, KOTOphie 3aMKHYTH B Z. O60-
3HauMM ux 3aMbikaHma B M 3a K, K'. Jlerko Bugers, uTo K He mepecekaeTcs
¢ K', a K' ne nepecekaerca ¢ K. O6o3naunm 3a K" nepeceuenme K N K'. To-
rpa K" momygaeTcs Kak mepecedenne CIeTHOTO CeMEMCTBA OTKPHITHIX MHOXECTB
U;. Bossmem y K\Up, K'\U) menepecekatommecs okpecrroctu Vp, V. Bocnons-
30BABNIUCEH TPETBIAYIEH 3a]a9€H, MOXHO MPEIIOIOKATE, 9TO 3aMbIKaaua Vg, Vj
He mepecexatorcs. Ilpumernus Ty x Vo U K\Uy, V§ U K'\Uj, moryamM OKpecT-
rvocru Vi, V/ samxmyreix nogmuoxects K\U;, K'\Ui, 3aMBIKaHUA KOTODHIX HE
HepeceKa,IOTCﬂ. HpI/IMeHI/IB I/IH,I[yKLII/IIO, HOJIy“II/IM CI/ICTeMy OTKpI)IT])IX MHOXECTB
WwcVicVacC.,VjCV CV]C ..xKOTOpbE HE IEPECEKAIOTCSH, IPAIEM
Vi D K\U; n V/ D K'\U;. O6vexunenne Bcex V; cogepxur K, OTKPHTO, 1 He
mepecekaeTcsa ¢ 0ObeTNHEHNEM BCEX Vi’ , KoTopoe cogepxut K.

Ecan nmponycTuTs npeasiayimui ab3al], HUKaKou Oeabl B DTOM He OyaeT,
B JaJbHEHUIIEM 3TOT apryMEHT He MCIOJb3yeTC .

Samaua 5.8 (*). [lag xaxmon m3 akcuom T, IpUIYMANTe TPUMEPHI TIPOCT-
9
PAHCTB, B KOTOPBHIX OHA BBINOJHEHA, a MPEeIbIIYIIAsd He BLIITOJHEHA.

3agadga 5.9. [okaxwure, 4To B mpocTpaHcTBe Spec(R) ¢ Tomogorumen 3a-
PUCKOrO BBINOJHEHa akcuoMma Ty, a 1) He BoimoaHeHa s Spec(Z).

5.3. AKCUOMBI CH€THOCTH

Omnpegenenne 5.11. Ilycts M — Tomonorudeckoe mpoCcTPaHCTBO, a x € M
— rouka. Habop oxpectnocren {U, O r} naszbiBaeTcs 6a3oM OKpECT-

HocTen B Touke ("local base”), ecin kaxnas OKPECTHOCTb I COJEPKUT
kakou-to u3 U,.
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Omnpeaenenne 5.12. Tonomormveckoe mpocTpancTBo 06aaLaeT CIETHOM
6a30M B TOYKE, €CIN Y KaXJOU TOYKH €CTh CUeTHasa 6a3a OKPECTHOCTEH.
ITO YCIOBUE TaKXke HA3BIBACTCA MEPBOM aKCHMOMOU c4eTHOCTH (first ax-
iom of countability).

MeTpudeckoe IPOCTPAHCTBO YAOBIETBOPAET HTOMY YCIOBHIO (IOKAXKU-
TE).

[lna mpoctpancTBa M co cdeTHOU 6a30U OKpPECTHOCTEN B TOUKe, /4 C M
3aMKHYTO TOTJa W TOJbKO TOT/a, KOT'Ja OHO COJEPXKUT TpeJeJbHBIE TOY-
KU BCEX TOCJIeJ0BATEILHOCTEN. /[[0Ka3aTeabCTBO BIOJHE AHAJIOTUIHO TOKA3a-
TeIbCTBY 5TOr0 GaKTa I METPUIECKUX MPOCTpaHcTB (nokaxure). [Toaro-
My [Jisl TPOCTPAHCTB CO CYETHOU 6A30W OKPECTHOCTEN B TOYKE, HENPEePHIB-
HOCTb MOXHO ONPEIeJNATH Yepe3 IPeNeNbl MOCIeI0BATEIHLHOCTEN, KAaK DTO
JIeraeTcs Jafd MeTPUIECKUX MPOCTPAHCTB.

Omnpegenernne 5.13. Tononorm4eckoe mpocTpaHCTBO 00JaKaeT CIETHON
6a30W, ecau y HErO €CTh CYeTHasd 6a3a OTKPHITBIX MHOXKECTB. DTO YCJIO-
BHE€ TAKXe HA3bIBAETCA BTOPOM aKCMOMOM c4eTHOCTH (second axiom of
countability).

[To-aurnuucku, TPpOCTPAHCTBA, yAOBJIETBOPAIONINE IEPBON U BTOPOU aK-
CUOMe CYeTHOCTH, 9acTO HaswiBaloT first-countable, second-countable.

B Tonosorum m anrebpamveckon reomMeTpum, CIOBO ’cenapabesbHOCTH’
— CHHOHUM OTIeIUMOCTH. B anaim3e 6eCKOHEYHOMEDHBIX ITPOCTPAHCTB, ~ Ce-
napabenbHo” 3HAYUT ~ COAEPXKUT ILIOTHOE, CIeTHOe IOoAMHOXKecTBo . He me-
pemyTauTe!

3agada 5.10. /lokaxure, 9TO MPOCTPAHCTBO CO CUYCTHOU 0A30M B TOYKE
COMEPXKUT ILIOTHOE, CIeTHOE IMOJAMHOXECTBO TOIAa M TOJBLKO TOr'Aa, KOr'Aa
Yy Hero ecTb cyeTHas 0a3a.
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Jleknmusa 6: IlpousBengenme mpo-
CTPaHCTB

[Texuus 6:
[IpousBesenue npocTPaHCTB|

6.1. CBoucTBa nmpousBeJeHUs

Onpenpenenne 6.1. [lycts M — Tomosoruieckoe mpocTpancTBo. Hamom-
HUM, 9T0 6a30M TOHOJOruM Ha N HA3BIBACTCA TaKOW HAOOD OTKPBITBIX
noamuoxects {U,} C 2M| 4ro m1060€ 0TKpBITOE MHOXKECTBO MOXYyYaeTCA
Kak oonenunenue saemenTos U,. IIpeg6azou Tomoaormu Ha M Ha3bIBa-
eTca Takoll Habop OTKPHITEIX noaMuoxkecTs {U,} C 2M | uro mo60e oTkphi-
TOE MHOXECTBO MOXY4aeTca Kak o0bequHenue (BO3MOXKHO, OECKOHEYHOE) U
KOHEYHOe IepecedeHne dIeMeHToB u3 Habopa {U, }.

3ameuanue 6.2. Jlo6ou nabop Muoxects {U,} C 2M | Taxou, 4ro
U Ua = M,
(6]

ABJIAECTCA Npenda3zon HekKoTopou TomoJoruu Ha M. OnpeneauM TOIOJOIMIO
Ha M Taxum 00pa3oM, YTO OTKPBLITHIE MHOXECTBa IOJYYAIOTCA 00benmHe-
HUAME ¥ KOHEYHLIMU nepecedenusamu siaeMeHToB {U, }. I[IpoBepbTe, 4T0 5TO
TOMOJOTUA.

3ameuanme 6.3. [lo Tou xe camon nmpuyuHe, 6a301 HEKOTOPOU TOMOJOTUI
Ha M saBiserca mo6oi Habop MHOxkecTB {U,} C 2M, xoToperi zaMkmyT
OTHOCHTEIbHO KOHEUHBIX mepecedenuit’ u ygosaersopser | J, U, = M (mpo-
BEpbTE).

[ycrs M, M' — rononormdeckue npocrpancTsa. Ilycrs Y C 2M*M
Habop moamuoxecTB M x M’ cocToammun u3 Bcex noaMuoxecTs Bujga U x U’
rae U C M, U’ C M’ orkpuirel. O4eBugno, I 3aMKHYTO OTHOCHUTEJILHO
B3ATHUSA KOHEUHBIX TIepecedeHn (IpoBepbTe 5T0). B cuiy BhIensnoxenHoro,
OHO ABJAgETCA O6aszon Tomoaoruu Ha M x M.

!3amkryTocTs {U,} OTHOCHTENLHO KOHEYHBIX epecedeHnt 03HATALT, YTO I
mo6oro koxeunoro Habopa Uy, ..Uy € {Uy}, mepecedenne (), U; nexur B {U, }.

Jleknuu m 3a3a4M IO TOMOJOTUM - 204 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Jlekniua 6: IlpousBegenme mpoCTpaHCTB

Omnpegperenne 6.4. Paccmorpum M x M’ ¢ Tonosoruen, 3agaHHon 6a30u
OTKPHITEIX MHOXecTB Buga U x U', rpe U C M, U' C M’ OTKpPBITHL. DTO
TOMOJIOTMIECKOe MTPOCTPAHCTBO Ha3bIBaeTCA mpoudBegenueM M, u M.

3agaua 6.1. [JoxaxuTre, YTO NPOU3BEIEHNE TPOCTPAHCTB, YIOBIETBOPAIIO-
MUX IEePBOM (BTOPOM) aKCHOMe CYETHOCTH, CHOBA YIOBIETBOPSET II€PBOU
(BTOpOM#) AKCHOME CYEeTHOCTH.

HamomamM, 910 XaycaopgoBO TONOJIOTMYECKOE MPOCTPAHCTBO — TAKOE
IPOCTPAHCTBO, YTO JI0ObIEe IBe TOYKHU €0 NMEIOT HellepeCceKaloInecs OKpec-
THOCTH. [Ipoussegenne xayca0p@OBLIX TOMOJIOIMICCKIX IPOCTPAHCTB CHOBA
xaycaopdoso. [JencrurensHo, mycts (x,z’) u (y,y') — ABe pa3Hble TOUKY B
M x M'. Torga u6o x # y, mu6o x’ # y'. IIpeanonsoxum, 4T0 BEPHO IIEPBOE.
Bosbpmem memepecekatomuecs okpectHoctu U,V y x,y, Torma OTKpPBITHIE
muoxectBa U X M', V x M’ conepxar (z,z') u (y,y’) u He nmepecekaroTcs.

A
Omnpepenenne 6.5. Orobpaxenne M — M x M, x — (z,z) Ha3bIBaeT-
¢ AMATOHATBLHBIM BIOXKEHMEM, a ero 00pa3 — JuaroHauabo. /lokaxure,
9TO A HEIpepBLIBHO.

3ama4a 6.2. /lokaxwure, 9T0 mpocTpaHCcTBO M sABIAETCA XaycaopdOBHIM
TOra W TOJBKO TOTJA, KOTJa AWMArOHAJb — 3aMKHYTO€ IOIMHOXECTBO B
M x M.

[IpousBenenne HECKOMBKUX TOMOJOTUYECKUAX MTPOCTPAHCTB ONPENeIAeTCA
uHAYKTUBHO: (M; X My) X M3 X .... [Jokaxure, 9TO Pe3yJbTaT HE 3aBUCUT
OT MOPAJKA PACCTAaHOBKY CKOOOK.

6.2. OTro6paxenus B M x M’

Omnpegenenne 6.6. Ilycts Ha MmHOXecTBe M 3amanbl ABe TOmOJOTHU: Ui 1
Us. TosopuTea, uto U, cnabee Us, a Us cunbHee U, ecu TOXIeCTBEHHOE
orobpaxenne (M,Uy) — (M,U,) HenpepHIBHO.

YeM caabee TOMOTOTHUSA, TEM 00.4bULe CXOIAMMXCA TOCIEIOBATETHLHOCTEN,
MEHbULE HETIPEPHIBHBIX (DYHKIUU U MeHbULEC OTKPBITBIX MHOXECTB; Ha Ka-
2K TOM MHOXK€eCTBe, KOMUCKPEeTHAA TOMOJOTUA — caMas ciaabas, a TMCKpeTHaA
— camas CUJIbHAaA.
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Od4eBUIHO, TOMOJOTUA MPOU3BEAEHUA — CIabenmas TonoJaorus Ha M X
M’ raxas, aro npoektuu M x M’ " M, M x M’ M HETPEPHIBHHI.
[encrBurensuo, npexbasa Tonogorun Ha M X M' nopoxaena npoobpaszamu
OTKPBITHIX MHOXECTB IIPU DTUX IIPOEKITUAX.

Tomonoruio mpou3BeTeHNA MOXKHO OXapaKTepPU30BaTh CJAETYIOMIUM 00pa-
30M.

YrBepxk aenaue 6.7: IIycts M, M’ . X — Tomnomormdeckue TpOCTPAHCTBA
PXA y ) ) p p ;

/

aMxM - M, M xM =5 M — orobpaxenus npoekuun. Toria

¢
orobpaxenne X —— M X M’ HenpepbIBHO TOrAa M TOJBKO TOT/a, KOUAA
HETPEPBIBHBI KOMIIO3UIUH () O 7, ¢ o '. ITO 3aaeT OUEKITUIO MEXK Y MHOXKE-

CTBaMu
naphl HETPEPHIBHBIX

0TOOpaXKEHNN HETIPePHIBHBIE
/ «— { oToOpaxeHus (6.2.1)
x 4 M x %
’ X —MxM
M/
[loka3aTeanbCcTBO:

Buekuus (6.2.1) crpourcs rak: nape (¢, ¢’) craBurcsa B COOTBETCTBHE OTO-

@
6paxenue r — (¢(x),¢'(z)). Eciu ® menpepsiBHO, TO ¢, ¢’ TOXKe Hempe-
PEIBHEL, IOTOMY YTO OHH NOAy49eHH Komnosunuei @ ¢ npoexmnueit. C apyron
CTOPOHBI,

U U)=¢ H(U) N (U)

(nposepbTe 510). CaegoBareasno, (V) 0TKPHITO A5 TFOGOTO OTKPHITOTO
VCMx M, ecin ¢,¢ HenpepbIBHLL. m

IIycre f : X — Y — mo6oe orobpaxenne. I'padpuk f I'y C X X
Y — muoxkecTBO BCex map Buga (z, f(x)) € X x Y. /luaronans sBaseTcs
rpaduKOM TOX IeCTBEHHOI'O OTOODaKEHNS.

6.3. IIpousBegeHne METPUYIECKUX IIPOCTPAHCTB

OﬁOBHaHI/IM KaK 1 paHbIIE, 3a RZO MHOXECTBO BCe€X HEOTPpHUIATEIbHBIX YU-
’ )
CeJI.
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YrBepxgenue 6.8: Ilycrs (M,d) u (M’',d') — merpudeckue mpocTpa-
crBa, a p: (R2%)?2 — R20 ¢ynxuusa, yaosieTBopsAomas ClegyOIIM yCIo-
BUAM:

HEBBIPOXK AEHHOCTh: p(A\, ) =0 A=pu=0

cy6axgutuBHOCTD: p(x +y) < p(z) + p(Y)

MOHOTOHHOCTL: p(a,b) > p(ai,b;), ecmm a > ay, a b > by.

Torga
dp((2,2), (y,9)) = p(d(z,y),d'(z',y))

3ajgaer merpuky uHa M x M'.

HMoxazaTenscTBo: CuMMeTPUYHOCTE d, CleIyeT IPAMO M3 Ompesele-
HUA, & HEBBIPOXKAEHHOCTH — W3 HEBBIPOXKJeHHOCTU p. HepaBeHcTBO Tpe-
YTOJbHUKA BBIBOJIUTCS TaK:

(mepBOe HEPABEHCTBO CJIeAyeT W3 MOHOTOHHOCTH, BTOPO€ U3 Cy6a 1 IuTHBHO-
cTH). m

Pacemorpum pyukumio po(r,y) = /2% + y?. OTa GyHKIUS MOHOTOHHA,
cy6aIJUTUBHA I HEBLIPOX TeHa (IIPOBEpPHTE), & MOITOMY 331a€T METPHKY d),
Ha MPOUM3BENCHUM METPUICCKUX IPOCTPAHCTB. Takas MeTpuKa Ha3LIBAETCA
MEeTPUKOM IpOoU3BeeHus. Jlerko sugers, 9To RXR X R X ... maoMeTpuano
R™.

BMmecTo /22 + y? MOXHO paccMaTpUBAThL Apyrue (yHKIWH, HATIPUMED
Poo(,y) = max(z,y) u pi(z,y) := x + y. [IpoBepsTe, 4TO >TU HYHKIUHI
TOXe 3a1al0T MeTpuky Ha M X M'.

3agaga 6.3. Ilycts a,b € R0, [lokaxuTe clefyomme HepaBeHCTBA.
Va2 + b2 <a+b<2vVa®+ b2

max(a,b) < a+ b < 2max(a,b).
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W3 nepBoro HepaBeHCTBA CIeIyeT, YTO TOXKIECTBEHHOE O0TOOpaKeHue
(M x M',d,,) — (M x M',d,,) (6.3.1)

JUINIINIEBO, U 0OpATHOE eMy TOoXe JUNInIeBo. SHauut, (6.3.1) ABigerca
romeoMopdusmoM. VI3 BTOPOro HepaBeHCTBa CIEIYeT, YTO TOXKAECTBEHHOE
orobpaxenne (M x M',d, ) — (M x M',d, ) Toxe fABIAETCA TOMEOMOP-
dpu3MoMm.

3agaga 6.4 (*). Byaer au ToxaecrBeHHOe 0TOGpaKeHNE
(M x M',d,,) — (M x M',d,)

JunmmneBbM A ao6on dyrknmn p : (R2%)2 — R=2Y koTopas monoTOHHA,
BBINYKJIA ¥ HEBBIPOXKAeHA! BymeT Ju oHO Bcerma romeoMopduamMom?

U3 onpeneneHns sSCHO, 9TO OTKpHITHE WAapH B (M X M’ d, ) umetor Buzx
B, (z) x B.(z'). Takue mapsl, 04€BUIHO, OTKPBITHL B TONOJOI UK IPOU3BE/e-
HUSA, U TIO3TOMY TOXIECTBEHHOE OTOOPAXKEHUE

MxM — (MxM,d,.)

ABJAETCA HenpephiBHEIM. OOGpaTHOE 0TOOpPAXKEHNE HEMPEPHIBHO B CUIY YT-
BepxKJeHna 6.7, HOCKOIbKY HempepbiBHBI npoeknun (M X M',d, ) — M u
(M x M',d, ) — M' (06e 5Ty IPOEKIMN INNIINIEBEL).

6.4. IlonymMeTpuUKU U TTOJTYHOPMBI

Onpegenenne 6.9. IIycts d: M x M — R2° pynxnua, yroBieTBopsio-
mas CIeIyIOMIM yCIOBUAM

PeduaekcuBrocts: d(z,z) =0
CummMmerpuuHoCcTh: d(z,y) = d(y, )
HepasencTBo Tpeyroasnuka: d(z,y) < d(z,z) +d(z,y)

IS TIOOBIX TOYEK T, Y, z € M. Torga d HaseiBaeTcs moaymerpukon (7 semi-
metric”).
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OT onpeneneHuda METPUKU 3TO OTJINIaeTCA TOJNBKO OTCYTCTBUEM YCJIOBUSA
HeBbIpOX feHHOCTH: d(2,y) =0 = = =Y.

Ormernm, uTo ycaosue d(x,y) = 0 3agaer ma M OTHOLIEHWE DKBUBA-
JEHTHOCTH, 9TO CAEAyeT W3 HEPABEHCTBA TPEYroJbHUKA (MpoBephTe). Bosee
Toro, ecau d(z,y) = 0, TO

d(z,x) +d(z,y) > d(y,2), d(z,y)+d(y,z) > d(z,z),

B CWIy HEPAaBEHCTBAa TpeyroibHuKa. [lepBoe HepaBeHcTBo jgaer d(z,r) >
d(y, z), a Bropoe — naet d(z,x) < d(y, z), nockoabky d(z,y) = 0. [loxy4aem,
9T0 d KOPPEKTHO OIPEIEIeHa HA MHOXeCTBe M KIACCOB DKBUBAJCHTHOCTH
110 orHomenuio d(z,y) = 0. Dra GyHKUUS ABIACTCA METPUKOU (IPOBEPHTE).
Mpsr mostydmiu caeyioinee yTBepXK JeHne

YrBepxaenue 6.10: xaxgoe npocrpanctso (M, d) ¢ morymeTpukon Ha-
IeJeHO CIOPHEKTHUBHBIM oToOpaxenueM 7 : M — M B meTpudeckoe mpo-
crpanctBo (M,d), mpu >ToM

d(z,y) = d(n(z),7(y)). (6.4.1)

Haugas ¢ mpousBoabHOTO OTOOpaxkenus m : M — M u3 mMHOXecTBa
M B merpuyeckoe npocrpanctso (M, d), onpeneaum va M dyskumio d 1o
dopmyae (6.4.1). DTo 6ymer noxymerpuka (nposepbre). U3 YrBepxkaenus
6.10 caenyeT, 9TO JI00asA MOJYyMETPUKA MOJyIaeTCA TaKuM 00pa3oM.

B reomerpun JMHEHHBIX TPOCTPAHCTB, ITOXOXKNUM 00PA30M OIIPEAEIAIOTCA
HOJYHOPMHI.

Omnpegaenenune 6.11. Ilycts V' — BekTOpHOE mpocTpancTBo Hamx R, a v :
V — R=Y ¢yHKIMA CO 3HAUEHUAME B HEOTPUUATEJbHBIX 9uCIAX. DyHKINA
v HAa3BIBAETCA MOIYHOPMOM Ha V, €Clu MMeeT MeCTO CleLyIomiee
HepasencTBo Tpeyroabuuka: v(v+v') < v(v) + v(v').

MuBapunanTHOCTE OTHOCHTEABHO romorernu: v(Av) = |\|v(v),

st o6bIx v, v € V', m aoboro A € R.

Jlexkuuu u 3348494 M0 TOMOJOTUK - 209 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Yactb II1. JIEKIMK IO TOHNOJOI'MA

BexTopHOE HPOCTPAHCTBO € MOJYHOPMOU HAJEJIEHO MOJYMETPHUKOH, IO
dopmy.e d(z,y) = v(z—y). MHOXECTBO BEKTOPOB, yI0BIeTBOPSOMUX V(1) =
0, Ha3bIBAETCA HYJb-IPOCTPAHCTBOM noxyHopMmel (nullspace). [Ipumenus
KOHCTPYKIIMIO, ONMCAaHHYI0 B YTBepxkaeauu 6.10, Mbr moxy4dum, 9To oTobpa-
xeuune V — V 510 oTo6paxenue V B ero (pakTOpIpOCTPAHCTBO IO HYJIb-
IPOCTPAHCTBY, & V — HOPMHUPOBAaHHOE BEKTOPHOE NPOCTPAHCTRO.

Onpepenenne 6.12. Ilycre M — MHOX€eCTBO, HaI€JEHHOE CEMEMCTBOM II0-
aymerpuk {d,}. OTKPBITBIM IIAPOM B MOJIyMETPHUKE d, HA3BIBACTCA
MHOX€ECTBO

Ba, (x)={ye M | d(z,y) <r}.

Tonoaorus, 3ajaHHagd CEMEMCTBOM HOJYMETPHK — JTO TONOJOTHS,
nocrpoenHas no npexbase B, 4 (), ana Beex £ € M, d, € {do},r € R>O.

6.5. TUXOHOBCKAasA TOIIOJIOTUA

O6osuauum 3a Map(A, B) MHOXECTBO BCEX OTOOpaXKEHUN 13 MHOXKecTBa A
B B.

[Iycte M — HekoTOpOEe MHOXeCTBO, a J — HabOp MHIEKCOB (HE 00s-
3aTeIbHO KOHEYHBI Wau cyeTHbA), a M? — npoussegenue M ua cebs J
pa3. MoxHo gymarh mpo M? kak IIpo MHOXeCTBO IIOCJeI0BATEeJIbHOCTEH,
MHIeKCHPOBAHHBIX DJIeMeHTaMu U3 Z, WIX KaK IPO MHOXECTBO OTOOpaxke-
uut Map(J, M).

[Iycte M Tomomorwdeckoe MpPOCTPAHCTBO, J — HAOOp MHIEKCOB, (@ €
J,amg: M?— M — npoexuus u3 M’ Ha KOMIOHEHTU C HHJIEKCOM (.
Ecau mur oroxaecrsum M7 ¢ Map(J, M), To 7, nepeBoauT oToOpakeHue
f: 3— M3 f(a).

[lna kakoro-To HabOpa WHAEKCOB i/, ..., X, € J, 0003HAYUM Uepe3

Toyan @ M — M™

IPOEKIIUIO ]\4’j Ha IDpOU3BEACHNEC KOMIIOHEHT C MHACKCAMU (&, ..., Op.
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YrBepxkaeume 6.13: B orux ycaousax, nycts U — caabeurias TOMOJOTUA
Ha M7, B KOTOPO# HEImpepHIBHEI BCe OTOOPaXKeHWA T,. loraa U 3amaerca
npea6a3ou BUIA,

{7 ;'(U) | «€3,UC M, U orkpuro}.

(6]

Kpowme Toro, U 3agaerca 6a3oun BuIa

-1
Toan U XU x oo x Up) | o1yeyan €T, Uy C M, U; OTKDBITE}.
[MoxazaTenbcTBo: Muoxectsa 7, (U) OTKPHITH B CHIy HENPEPHIBHOCTH
Ta, ¥ TOPOXKIAIOT CIAOEUIIYIO TOMOIOTHIO, B KOTOPOU BCE T, HENPEPHIBHEIL.
[Tepecedyenne Takux MHOXKECTB UMeeT BU]

Q1,...,0n

ﬂﬂ';il(Ui) = 7'('_1 (U1 X Uy X ... X Un),

a KOHeYHbIe Ilepecede N MHOXKECTB U3 TIpe6a3bl 06pasyioT 6a3y (JoKaxkuTe
5T0). m

Onpegenenne 6.14. IlocTpoerHas BeIme Tomogorus Ha M° HaswBaeTcsa
TUXOHOBCKOM TOIOJOTHMEH, N1 TOMOJOTUEHN MPOU3BEJEHMUA.

3ama4a 6.5. Ilycte M — xaycmnopdoBO TOMIOJOIHIECKOE MPOCTPAHCTBO.
MoxaxmuTe, a0 M7 xaycaopdoso.

YrBepxgenue 6.15: Ilycrs (M,d) — merpudeckoe npocrpancTso. [las
KaXXJI0T0 MHAeKca @ € J, OIpeseluM IOIyMeTpuKy d, Ha M7 mo dopmyae
do(z,y) = d(mo(z), T4 (y)). Paccmorpum Tonosoruto Ui, onpenenenuyio va M
CHUCTEMOU TOJYHOPM d,. Toraa nTa TOMOMOTHA COBMAIAET C TUXOHOBCKOM.

JokazareabcTBo: [Ipenbaszon aaa Tonosoruu U, ABIAIOTCA MHOXKECTBO OT-
KPHITHIX IIApoB Buga B, 4 (7). O4ueBugHo,

By, (z) = ' (U),

a

rae U = B, (my(z)) — o10 oTkpeiTei map B M (noxaxwure 510). [Tosromy
npenbasa Aas TOMOJOTUU Uy ABIAETCS NPesda3on AJIsg TUXOHOBCKOU TOIOJIO-
WU, ¥ DT JBE TOIOJOI'MA COBIAAAIOT. W
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Onpegenenne 6.16. Ilycrs (M, {d,}) TpOCTPAHCTBO ¢ CEMEMCTBOM MOIY-
MeTpuK, a {x;} — nocaegoBareabHocTh TO4eK B M. Ml roBopum, uro {x;}
~— MOCJeJ0BATEILHOCTEL KON OTHOCUTEILHO 3TOI0 CeMencTBa Io-
JYMETPHK, eCJIu A1A KaXJ0r0 MHICKCA v, U I Kaxa0ro € > 0, 04T Bee
saeMeHTHL {z;} qexar B e-mape B, 4, (z). Met roBopuM, uro (M, {d,}) moa-
HO, eCIM KaxXAad I0CIeJ0BAaTeIbHOCT, Komm mMeeT mpegeal B TONOJOTHH,
3aJaHHOU MTOLYyMETPUKAMH.

Teopema 6.17: [lycte M — moaHOE MeTpWIeCKOe TPOCTPAHCTBO, & J —
HEKOTOPLIM HabOp MHAEKCOB. PaccMoTpuM M~ ¢ TMXOHOBCKOM TOIOJOTHEH,
1 TIOJTyMeTpUKAMH, 33 JaHHBIMT Bhimre. Torga M monHo.

MoxkazareabcTro: [lycrs {z;} € M? - nocregoBarembnocTs Komm.
Oroxaectsasa M? ¢ Map(J, M), xax BeIe, MBI MOXKEM DaCCMATPUBATH
z; Kax oroGpaxerna J — M. Ilo onpexenenmio, {x;} aBiseTca mociego-
BaTENbHOCTHI0O KoImu Tormga m TOMBKO TOrAa, KOU'Aa s KaXXJI0T'O WHIeK-
ca a € 7, obpaserl {x;(«)} samaror mocaenosarensnocts Komu B M. Ilo-
ckoabKy M momaHo, mocaexoBarensHocTh Komm {z;(a) } cxogures k saemenTy
z(a) € M. Dto 3anaer orobpaxenne J — M, koTopoe u 6yIeT IpeseIoM

{.TZ} |

N3 5Toro gokaszaTelbCTBa ACHO, 9TO HOCIeL0BATEIHLHOCTD
{z;} € Map(J, M)

cxomurea K J —— M B THXOHOBCKOH TOIOJOTHM TOIZA U TOIBKO TOTJA,
KOT[Ia, TOCJeN0BATEIbHOCTb {;(c)} cxomuTes mas moboro mugexca «. Ilo-
5TOMY TEXOHOBCKYIO TOIOJOTHIO HA3EIBAIOT elle TOMOIOI MeH IOTOYeIHOR
CXOJMMOCTH, 1 TOMNOJOTHEN MOWICHHON CXOJUMOCTH.

Korga M = R, a J = N (MHOXecTBO HATypaibHLIX ducen), M — »To
MHOXKECTBO IOCJIeJOBATEILHOCTEN BEMeCTBEHHBIX YHCeJ, C TOMOJOrHeN II0-
YIEHHOU CXOAUMOCTH. JTY TOMOJOTHUIO 9aCTO HA3BIBAIOT CJIaGOM TOIIOJIO-
T'Uen.

Caabyo TOMOJOTHUIO OTKPBLT BeHrepckuu MaTeMaTuk Ppuawem Pucc.

JI0BOJILHO PAHO CTAJO ACHO, YTO €€ HEBO3MOXKHO 33,JaTh HUKAKOU HOPMOM.
O6uapyxus 310, Pucc mpugyman B 1909-m roay omnpenejeHue TOIOJOTHYeE-
CKOT'0 TIPOCTPAHCTBA (HE3aBUCUMOE OT HOPMBI M METPUKM), OCHOBAHHOE HA
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Frigyes Riesz
(1880 — 1956)

MOHATUM 3aMbIKaHuA. TakuM 06pa3oM MOABUIOCH TIEPBOE ONIPeeIeHIe TOIO-
JOTUYeCKOT'0 mpocTpaHcTBa. Bnocrencreun ugen Pucca passua Xaycaopd,
TOJYYWB COBPEMEHHOE OTpeaeJeHre TOTMOJOTTIeCKOTO MTPOCTPAHCTBA.

6.6. IIpocTpancTBa Ppenie

Omnpegenenne 6.18. Ilycrs V' BekTOpHOE MPOCTPAHCTBO, HA KOTOPOM 3a-
npana Tomoxorus U. Ilpocrpanctso (V,U) HasbBaeTCA TOMOJOrMYECKUM
BEKTOPHBIM IIPOCTPAHCTBOM, €CIU X,y — T + Y HEIPEPBIBHO KaK OTO-
opaxenue V X V — V, u ana moboro HenyaeBoro A € R, oTobpaxeHnue
T — Ar 3agaeT romeomopdusm u3 V B V.

Tomosorus Ha TOMOJOTUYECKOM BEKTOPHOM MPOCTPAHCTBE He 00A3aTelb-
HO 3aJaeTCS HOPMOM (JlaXke eCIu y NPOCTPAHCTBA €CTh cYeTHasa 6aza). Bo
MHOT'HX CJAy4Yasx, TOMOJOTHS 3aJaeTCS He HOPMOW, a CHCTEeMOH IIOJYHOPM.
Ects 1 60s1€e DK30THIECKTE CIIOCOOBI 33 aHUA TOIOJOT M.
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Onpegenenne 6.19. IIpocrpancTso V ¢ cucremon noxyHopM {d, } Ha3wIBa-
ercs npocrpancTeoM Dpemre (" Fréchet space”), ecau sra cucrema 3a1aer
Ha V xaycaopdgoBy Tomoaoruio, u V 1moJaHO KaK MPOCTPAHCTBO C CEMENCTBOM
TIOJIYHOPM.

HanmoMHuM, 9TO BEKTOpPHOE NPOCTPAHCTBO C HOPMOU HA3BIBaeTCsA OGaHa-
XOBBIM, €CJU OHO TOJHO KaK MEeTPHUYIECKOe MPOCTPAHCTBO. BanaxoBo mpo-
CTPaHCTBO sBAserTca (gypaunkum) mpumepoMm npocrpancTsa Ppeme. [Ipy-
UM IpIMepoM mpocTpaHcTsa Ppemre aBaserca npocTpancTso RY mocaeno-
BATEJILHOCTEN BEIIECTBEHHBIX YMCEJ, ¢ TOMOJOTUEN MOYIEHHOW CXOIUMOCTH
(ono momHO, Kak caeayer u3 Teopemsr 6.17). MoXHO 10Ka3aTh, 9TO 3Ta TO-
nosorus Ha RY He MoxkeT 6BITH 3aJaHa HIKAKON HOPMOIL.

6.7. TuxoHOBCKMU Ky6 ¥ Ir'miIibL6epTOB KyO

Pacemorpum oTpesok [0, 1], u mycts [0, 1]Y — MHOXKecTBO mocieq0BaTeIBHO-
creir Towex u3 [0,1]. Mas {z;}, {y;} € [0,1]Y, onpegemmm

dn({zi}, {ui}) =

i |$z - yi|2
2
i=1 t

Jlerko Bugers, uro dj 3agaer merpuky Ha [0, 1]Y (1okaxuTe).

Onpegpenenune 6.20. [locTpoenHoe TakuMm 06pPazoM MeTPUIECKOE IIPOCT-
pauctio ([0, 1], dy) naswBaerca rmis6epTos ky6 (”Hilbert cube”).

Omnpegenenne 6.21. [Ipocrpanctso [0, 1]Y ¢ Tononoruei nponssesenns Ha-
3eBaercsa TuxoHOBCKUU Ky6 (” Tychonoff cube”).

Teopema 6.22: ToxnecTBeHHOe 0TOOpaXKeHne 3a,1aeT TOMEOMOP(PU3IM MeXK-
Iy TUXOHOBCKUM KyOOM U T'miab0€pTOBBIM KyOOM.

JToxka3zaTeanLCTBO:
ITar 1. [Tycts I, — 510 ruisbepTos ky6, [; — TuxoHoBcKUM Ky6. O603HA-
amMm 3a 7, : [0, 1] — [0, 1] npoexmmio {z;} — x,,. [lockoabky oTo6paxKe-
HIe

Tn I — [0, 1]
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n2-munmAneBo (I0KaxXuTe), MTPOEKINM T, HeNpPEepPbIBHLI Ha, I}.

HIar 2. /[1a 1060r0 TOMOJOIXYECKOT'O0 IPOCTPAHCTBA X, 0TOOpaKeHHe

x % I; HempepBIBHO TOTJA W TOJLKO TOrAa, KOT'Ja KOMIIO3UIUA ¢ O T;
HENPEePHIBHA [ BCEX i (ITO CJAeLyeT W3 ONpeJeJeHUus TUXOHOBCKOI'O Kyba;
CM. TaK¥XKe NOKa3aTelbCTBO YTBepKaeHus 6.7).

[Mockonbky npoekuuu 7, : I, — [0, 1] wenpepuisubr (lar 1), Tox ne-
CcTBeHHOE oTOobOpaxenue I, — I; HEIPEPLIBHO.

ITar 3.

Jlemma: Ilycts (M, {d,}) — mpocTpaHCTBO ¢ TOMOIOTHER, 33 JAHHON CACTE-
Mon noayMeTpuk {d,}, a do(z,-) : M — R GyHKIUSA, KOTOpPaAs MEPEBOIUT
y B do(z,y). Torga dyuxmus d,(x,-) HempephIBHA.

[MokasareabcTBo: OTKpEITHH WAp B, 4, () OTKPHIT 10 OnpenereHuno. 3a-
MKHYTHIU TIap )
Brg,(z) ={y e M | da(z,y) <7}

3aMKHYT, TOCKOJBbKY KaXJAadA TOYIKA ¥, KOTOpPas eMy He IPUHAIJICKAT, IPH-
HAUIEXKAT OTKPHITOMY mwapy B 4, (), mus moboro € < d(y,x) — 7, KOTOPHIT
He nepecekaeTc ¢ B, 4, (x). Iloaromy n1poo6pas m:060ro 0TKpHITOro 0Tpe3Ka

da(xv ')_1(]Oé, BD
OTKPBIT (BTO AJOIIOMTHEHNE OTKPBITOI'O IIapa OO0 BaMKHyTOFO).

Mar 4. [ycts v = {z;} € [0,1]" — nw06as mocregoaTeasroCTh. Pacemo-
TpuM GYHKIWIO (i, : [} — R,

Oodk T; %
=y Gl ) d }{y})

k=1

po({i})

rae dp({z:}, {vi}) = |zx — yx|- [lockoabky dy 510 k-2 mOJIyMeTPUKA, MCTIOJIb-
3yeMas I/ ONpeIeNeHUs TUXOHOBCKOU TOMOJOTHUH, (hYHKINA

i} — di({mi}, {vi})

HeIpepsBHA B cuay JeMMbl, nokazanuou B [llare 3. [TosTtomy ¢yukmusa p,
TOXe HeIpPepPLIBHA.
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ITar 5.

Jlemma: Ilycts f: X — M — orobpaxkenue u3 TOMOJOTHIECKOTO TTPO-
cTpaHCTBa B MeTpudeckoe npocrpanctso (M, d). [das moboun Touku z € M,
pacemorpuM dynkimio d, : M — R2% d,(z) := d(z,z). Toraa f mempe-
PBIBHA TOT'a W TOJBKO TOrJa, Korga kommosuiuu f od, : Z — R Hempe-
PBIBHEI 714 BCEX Z.

lokazareabcTBo: Pynkiun d, HenmpepbIBHLL, 160 OHU 1-aumnimmiessl. [1o-
2TOMYy ecau [ HempepbIBHA, TO KoMmosuiuu f o d, Toxe HempepbuBHBEL C

IPYTOW CTOPOHHI,
(f od)7H([0,af) = F7H(Bal(2)),

II0STOMY M3 HENpPepLIBHOCTH [ o d, caexyeT OTKPHITOCTh f1(By(z)), 9TO
BJIEYET HENPEPBIBHOCTH f.

Illar 6. PaccMmorpum Tox tecrBennoe oroOpaxenue I; — I,. Henpepois-
HOCTB (' JoKasaHa Ha mare 1, I03TOMYy 4TOOBI yOeAUTHCA, ITO L DTO IO-
MeoMOopdu3M, TOCTATOYHO AOKA3aTh, YTO DTO OTOOpaKeHWe HEeIpPepPHIBHO.
B cuny aemmbr u3 Illara 5, mas sToro gocTaTovHO MOKa3aTh, 9TO (DYHK-
uus dp(v,-) : I; — R nenpepwiHa, naa ao6oro v = {z;} € [0,1]". Dra
(pyHKIIA MOXeT OBIThH IBHO 3alMCaHA KaK

Oodk T i
=y delizd ) di({zi}, {yi}) }{y})

k=1

to({yi})

7 Ha mare 4 MBI JOKa3aJu, 9TO OHA HempephiBHA. TeopeMma 6.22 mokasaHa.
TuxonoBckun ky6 romeomopder ruaL0epTory! m

6.8. NcTopus, 3ameuaHusa

ST naswBan ” TMXOHOBCKMM Ky6om” mpocrpanctso [0,1]Y — mpoussenenue
CYETHOI'O YHCIa WHTepBaJoB. Ho HUKTO He MeImaeT HAM B3fATh B KadecTBe
MHOX€ECTBA WHIEKCOB J1000e MHOXeCTBO A, Hanpumep HecyerHoe. [ITpocTpan-
cTBo |0, I]A C TUXOHOBCKOU TOIOJOTHEN TOXe HA3BIBAETCSI TUXOHOBCKUM KYy-
6oM. OHO KOMITAKTHO.

Mas [0,1]Y aToT yauBuTe bHBIN (BakT, KOTOPEIH Ha3BIBAETCA TEOPEMOi
TuxOHOBA, MOXHO BBIBECTH U3 romeoMopdusma [0, 1]N u TUIKL0epTOBa K-
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6a. Ho ana o6mero A mokasarernctso kommaxTaoCTH [0, 1]4 mveer apyryio
IPUPOY, W KaXKETCsA COBEPIIEHHO HEMPaBI0IOI00HBIM.

Aungpen Hukonaesuya Tuxownos
(1906 — 1993)

TuxoHOB mOKa3ax CBOW Teopemy B 1924-m roay (emy Obuio Torma 18
aet). B Tom xe 1924-M roxy OH HOKa3an T€OpeMy O METPU3AIuu — J1060e
Xaycaop(OBO TOMOJIOrMIECKOe MPOCTPAHCTBO CO CYETHOU 0a30U, KOTOPOEe
HOPMAaJIbHO (TO eCTh yjaoBIeTBOpsieT akcuome Xaycnopda T4) merpusyemo.
Dror pesyabrar ObL1 HeMegieHHO (B 1925-M roxy) omy6Gaukosan B Mathe-
matische Annalen, Torga xe Bomen B nepeusganue yaeOHuKa Xayciopda u
CTaJ MUPOKO U3BECTEH.

Teopema TuxonoBa He ObLTa omybamkoBaHa BIIOTH m0 1930-ro roxa, a
ee OXHAsA Bepcus (JM1060e IPOU3BeIeHNe KOMIIAKTOB KOMIIAKTHO), TAKXKe U3-
BecTHasA TWXOHOBY, He ObLIa OMyOJMKOBAaHA MM HUKOI'IA: €€ MOKa3aJ He3a-
BrcnMo orT TuxomoBa wemckuii Maremaruk Dxyaps Jex (Eduard Cech) B
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1937-m roxy.

[lesio B TOM, 9TO Cpeu CTAPIINX TOBapUIIerd TUXOHOBA MHOT'O JET HUKTO
He BepuJ, 4TO MoA00HOe yTBEPK IeHuEe MOXeT ObITh BOOOIIe BepHO. Teopema
TuxoHoBa (u ero pa6ora 1930-ro roga ¢ nybaukanuen) — camas UATHDYe-
Mas ¥ 3HaMeHuTas TeopeMa obmen Tomnojgoruu. Ho B 1920-x u magame 1930-x,
Korjaa TUXOHOB 3aHUMAJICA YUCTON MATEMATHKOM, OH OBLT 3HAMEHUT B OCHOB-
HOM paboTaMu O METPU3AIIUN.

[Ipwawmna »>TOTO, BUAUMO, JEXKUT B MAPaJOKCAILHOCTH CAMOTO TMOHATUS
TI/IXOHOBCKOfI TOIIOJOT'YY Ha NPOU3BEACHUU TOIOJOTUMIECKUX IIPOCTPAHCTB.
Cenyac CBeXeCTh U HEOOBIYHOCTH DTOrO OMPEIEJIeHNUs He OIIYIIAeTCsA, HO B
1924-m roay OHO OBLIO B IOJHOU MEPE PEBOJIOIIMOHHBIM.
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Jlekiua 7:
Teopema o meTpusanun

7.1. HopMmaiabHBIE TOIIOJOTMYECKHNE ITPOCTPAaH-
CcTBa

Ompegenenne 7.1. Tomosoruueckoe mpocTpancTBO M HA3BIBAETCA HOP-
Ma.]I]'::HI:IM, ecjn JIIO6]31€ JABa HellepeCeKarnmuxCcsa 3aMKHYTBIX IIOIMHOXECTBa
A u B C M umerorT HenepeceKalomecs OKPeCTHOCTH.

3ameuanme 7.2. Hamomuum, 9ro akcuoma Xaycdopda yTBepKIaeT UTO
JI00BbIe TB€ Pa3Hble TOYKM TOIOJOIMIECKOT0 MPOCTPAHCTBA UMEIOT Hemepe-
CEKaIoIuecs OKPeCTHOCTH. Kciu Bce TOYKHU MPOCTPAHCTBA 3aAMKHYTHI, TO U3
HOPMAJBHOCTH BBITEKaeT XaycaopgoBocTh. [IpocTpaHcTBO ymoBJIeTBOpAET
akcuome T4, ectm OHO HOPMAJIBLHO U XayCI0P¢OBO.

Omnpeaenenune 7.3. Ilycte U C V aBa mMOAMHOXECTBA TOIOJOIMIECKOT'O
MIPOCTPAHCTBA, MpuieM 3aMbiKanue U mexuT B V. 9T0 oTHOmEeHne 0603Ha-
qaerca Tak: U € V.

3ameuauue 7.4. HopMaibHOCTH TOMOJIOTUYECKOTO TPOCTPAHCTBA PABHO-
cunbHa TakoMy cBoucTBy. [lycts U D A — 0KpeCcTHOCTH 3aMKHYTOIO MHO-
xectBa A. Torga ects okpectnocts V' O A rakas, aro V € U. Bosb-
MeM B := M\U, u BOCOJB3yeMCs ONpeaeJeHreM HOPMAIbHOCTH. JTO JACT
okpecTHOCTL U D A, KoTopasa He MepecekKaeTcsa ¢ HEKOTOPOU OKPECTHOCTLIO
W D B. [lonoanenue x W 3amkuyTO, comepxut V, u comepxkurca B U,
mopTOMY 3aMbiKaHue V' Toxke comepxurcsa B U.

3ameduanme 7.5. Ilycts Uy € U; — nBa OTKPHITHIX MHOXECTBA B HOPMaJb-
HOM TOTIOJOTMYECKOM MPOCTPaHCTBe. Tormaa cymecTByeT OTKPLITOE MHOXKEe-
ctBO Uy )z, ¢ Uy €@ Uy € Uy. [lenicTBuTenbHO, BO3bMEM B KadecTse A 3aMbl-
kanue Uy, 1 BOCIONIB3YyEMCA NMPEABIAYIIIM 3aMEIAHNEM.

3ameuanme 7.6. [Ilycte M — merpudeckoe npocrpancTBo. Torga M mop-
MaJabHO 1 Xaycaopdoso. [leucrsurensHo, mycts A, B — Hemepecekaomuecs
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w

Henepeceﬁamwuem OKPECTMHOCTNUYU 3AMKHYIMBIL MHOHCECIME

3aMKHYTEIE MHOXECTBa. BOBLMGM OTKPBITBEIE MHOXKECTBa
V= U B%d(z,B)(Z)’ W= U B%d(z,A) (2)-
ZEA z€B

Ouu He nepecekamTcs (IPOBEPHTE ITO).

7.2. DyHKIIMU YPBICOHA

Onpepeneune 7.7. [lycre A, B — HenepecekamoNnecs 3aMKHYTbIE MHO-
XKeCcTBa B TOmojoruieckom npocrpancrBe M. HenpepeiBHas (yHKIuA ¢ :
M — [0,1] nassBaerca pyuknumen YpsicoHa (Urysohn function), ecam

¢‘A = O’ ¢|B =1

3ameduanme 7.8. B MeTpuueckoM MPOCTPAHCTBE (PYHKIUIO Y PHICOHA, MOXK-
HO MOCTPOUTH, BOCMOJIb30BABIINCH (POPMYJION

o) = min (1,555,

Teopema 7.9: (Jlemma Ypoicona) ITycte M — Tonosorudeckoe mpocTpaH-
cTBO. M HOpMaJBHO TOT'Ia ¥ TOABKO TOTIa, KOTAA M7 JIOOBIX IBYX Hemepe-
CEKAIOMIMXCA 3aMKHYTBIX MHOXECTB CyIIecTByeT (byHKIUA YPBICOHA.

[Jloka3aTeabCcTBO JeMMBI YPBICOHA TOBOJLHO mpocTo. O6o3uadum 3a U
nonoanenue K B, 3a Uy 0603nauum A. Bozpmem Uy /2 Takoe, ato Uy € Uy)p €
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Uy, morom Bosemem Uy Takoe, uto Uy € Uyyy @ Uyjp m Usyy Takoe, 9T0O
Uij2 @ Uss € U;. Boconesyemca unaykiuen. [lory<amm, 9T0 114 KaxkI0TO
JIBOMYHO-panuonambHoro ducaal A € [0, 1] Boi6pano muoxecTBo Uy, OTKpHI-
Toe mpu A > 0, mpudem a1a A < pu, umeem Uy € U,,.

Pacemorpum dynkuuio ¢ @ U — [0, 1]

é(z) :==1inf{\ | z € U,}.
[Ipogonxum »Ty dyHKIUIO Ha M, 10OTpEmeIuB €€ TIMOCPEeICTBOM gzﬁ‘B =1.
Jlerko BugeThH, 4TO ¢|A = 0. Yrobsr 10Ka3aTh, 9TO ¢ — PYHKIUA YPHICOHA,

HaIo0 yOemuThCcAa B €€ HempephIBHOCTHU. [[1s »TOro mOCTATOYHO MPOBEPUTH,
aro ¢~ ([0, af) orxprrro, a ¢~1([0, A]) samxEyTO, mMIa MOOHIX , B € [0, 1].

Nnmeem
[0 Of LJ D&

A<
(mpoBepbTe 5T0). DTO MHOKECTBO OUYEBUAHO OTKPBITO. AHAJIOTUYHO,

(0.8 =)= { U

a>p a>f \)<a

=) Ux

A>pB

OJTO maer

O603maunm 3a Uy 3amekanue Uy. [Tockoabky
L& C D& C U&+5%g

IS KaXKJ0r0 A > (3, umeeM

U (O C [ Upyrse =[] Un

A>pB A>p A>p A>p

=10
A>pB
a BTO MHOXECTBO, OYeBUIHO, 3aMKHYTO. MBI moKa3anu JeMMmy YpPBICOHA.

Ms1 noxydunim

3ameuanme 7.10. Ecau B nmpocTpancTBe BepHa JieMMa YPBICOHA, OHO HOP-
MAaJIbHO (IOKaXuTe).

1Ha,rIOMHI/IM, YTO ABOUYHO-PANMOHATHLHBEIM YKUCJIOM HA3BIBAETCS PALMOHAJIBLHOE YUCIO
BUIA 2m, rae n,m LOenble.
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7.3. ”Co3gaTeab COBETCKOU TomoJaoruu”’

OcHOBHBIE pe3yabTaThI O0IIEN TOMOJOIMY IPUHAIIEKAT ~ MOCKOBCKOU IIIKO-
Je Tomnojoruun”’ — YpreICOHY, AnekcanapoBy u THXOHOBY, KOTOPBIE IIPOBEIN
HavaJao u cepenuny 1920-x romos, pemas mpobJaeMy MeTPHU3aluy TOIMOJOT U~
YeCKUX MPOCTPAHCTB, U M3yvas KOMIAKTHBIE MPOCTPAHCTBA.

I1. C. Anrexcanapos 6bu1 yauenukom H. H. Jlysuna, cnenmanucra mo Teo-
puu HYHKIHANA JeUCTBUTEIHHOTO epeMenHoro. B koume 1910-x rogos, Jlyzun
3aHUMAJICA O0muUMHU BompocaMu Teopuu MHOXxecTB. B 1917-m rony Jlysun
OperIoKuI AJeKCaHAPOBY 10Ka3aTh OOy (GOpPMY KOHTHHYYM-THIIOTE3bI
(0 HeCymecTBOBAHMM MHOXKECTB MOIIHOCTH, MPOMEXYTOIHOU Mexay X u
2X). Ceiruac M3BECTHO, ITO HU KOHTWHYYM-THIIOTe3a, HA €e OTPUIAHUE He
clelyeT W3 aKCMOM TeOPUM MHOXeCTB. AJEeKCaHIPOB MPOBET HEMAJO Bpe-
MEHU, 3aMUCHIBAA JTOKA3aTEAbCTBO DTOT'O YTBEPXKIEHUA, KAK OKA3AIOCH —
uHenpasuabHoe. [locae Toro, sTou kaTacTpodbl, AJeKCaHAPOB GPOCUI MaTe-
MAaTUKY, U CTaJI PEXKUCCEPOM.

[TpoBeas HECKOMBKO €T B 3AHATHUAX TEATPOM U JUTEPATYPHOU JIEATENb-
HOCTBIO, AJIEKCaHIPOB BepHYJICH B MOCKBY ¥ MOCTYIUI B aCIUPAHTYPY. Tam
on Becrpermiacs ¢ II. C. YpbicoHOM, CTyZeHTOM Ha 2 T'0Ja €ro MJIAJIIIE.

[Tocae BozBpammenus B MOCKBY AJleKCaHIPOB PO IOMKUI 3aHATHAA (DYHK-
[UAMHA TeUCTBATEIBLHOTO TIEPEMEHHOr0, MOy IapHble B MOCKBe. YPBICOH TIpH-
HAAJIeXaJ K Apyromy mokosnenuio. Hauas cBoe o6paszoBanue Kak (pu3ukK, OH
ony6JWKOBaJ CBOIO MEPBYIO CTAThIO, O PEHTI'€HOBCKOM cBedeHmM, B 1915-m
roxy, 17-Tu jer, HO B CKOPOM BPEMEHU 3aWHTEPECOBAJICT MATEMATHKOU. 3a-
IUTUB TUCCEPTAIUIO 0 NHTETPAJbHBIM YPAaBHEHUAM, Y PBICOH, 10 coBeTy /l.
®. Eroposa, 3ansicsa Tomnogoruen, u mposea 1921 u 1922 roxasr, pazpabaThi-
Basg TEOPHUIO PA3MEPHOCTH A 0OIero MeTPUIeCKOro MpPOCTPAHCTBA.

YpricoH nHITAICA OOBEIUHATE A0CTPAKTHRIE TOMOJOTHIeCKIe KOHCTPYK-
uu Xaycaopda ¢ reoMeTpudecKuMu uaesmu, modepuuyteivu y [Tyankape,
7 HEMAJO TPEYCIeJa B DTOM - CaM MPeIMeT TEOPEMBI O METPU3AIUU COCTOUT
B HAXOXIEHUU MeOMETPUIECKOU CTPYKTYPHI Ha aOCTPAKTHOM TOMOJOTUYe-
CKOM IPOCTPAHCTBE.

B 1921-22 romax Ypeicon uuTat B MOCKOBCKOM YHUBEPCHTETE KypPC, IO
HaszBaHueM ~Tomosorus KOHTUHYyMa~ , HA KOTOPOM MPHOOIIAT MOCKOBCKYIO
MaTeMaTHIeCKyI0 O0IIeCTBEHHOCTD K Tonojoruu, u npuobmmumrt; [1. C. Anek-
CaHPOB HA3LIBAET YPBICOHA ~CO3gaTeaeM coBeTckon Tonoaorun’ . Toraa xe
YPpBICOH CcTaJ, Ha KPATKOe BpeMs, HayIHbIM pykoBoauTeaem A. H. Koamoro-
posa (Kommoroposy 6bu10 18 €T, HO OH yCHen TpoCAaBUTHCS, HAUIA KOHTD-
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npumep k ogaon u3 3anad H. H. Jlysuna).

K uccremoBanuaM YprICOHA BCKOpe MPUCOIMHUIACA U caM AJIEKCAHIPOB,
u B 1923-m roay AnekcaHApOB M YPBLICOH HANUCAIM COBMECTHYIO paboTy,
rjie Jajiyu OlpeeleHre KOMIAKTHOrO IPOCTPAHCTBA (B TEPMUHOJOIUY TOTO
BpeMeHr ’ GUKOMIAKTHOrO  ; PyCCKME CIIENUAMUCTHI IO OOIIEN TOTOJIOTUHA 0
CHX TIOp WHOT'JA UCIOMB3YIOT DTO CJOBO).

1923-u m 1924-u roabr AekcanIpoB U YPBICOH HPOBEIN B IMOE3JKAX 3a-
rpanuity. /lembru Ha >TH moe3qKu OHM 3apabaTwiBaau, duTas B Mockse,
Boponexe, Cmonencke u apyrux ropojgax myOJW<dHbBIE JEKIUU 1O TEOPUH
OTHOCUTEIBHOCTU JUINTENHA. BBINOJHOE COOTHOIIEHNE KypCa YePBOHIA K
3alaJHBIM BAJIOTAM MPUBEJIO K TOMY, 9TO AeHer oT 20 JeKIWHA XBATAJIO I
MOJYTOAUIHON MOE3KHU MO HAYYHBIM IIeHTpaM EBpPONbI, U IINTEJbLHBIX IIe-
IIIEXO0 THBIX DKCIIE U,

3a 2 ropga, ocraBmmecs A0 ero cMeptu B 1924-m roxy (Ypwicon yTo-
HyaI B Mope y 6eperos Bperanu), YpbIcoH J0Ka3al TeOpeMy O MeTPHU3AIUM
HOPMAJBHBIX MIPOCTPAHCTB CO CICTHOU 0a30M; AIS T0KA3aTeIbCTBA DTOU Te-
OpPEeMBI OH M300pea JeMMY, Ha3BaHHYIO er0 UMEHEM.

[Tocnennen paborou YpruICOHA OBLIA CTATHA 00 YHUBEPCAIHLHOM METPHUUIe-
CKOM TIPOCTPAHCTBE (YHUBEPCAJIBHOM MPOCTPAHCTBE YPHICOHA), B KOTOPOE
M30METPHUIECKH BKJATbIBACTCA JI000€ METPUIECKOE MPOCTPAHCTBO OrPAHHU-
YeHHOU MOIIHOCTH M TUAMETPA.

JleMMa YpPBICOHA CYMTAETCA BAXKHEUIINM PE3yJbTaTOM OOIIed TOIMOJO-
UM, HAPAIY C TeopeMod THXOHOBA O KOMIAKTHOCTH ITPOM3BENEHUsA KOM-
MAKTHBIX MMPOCTPAHCTB. YCJIOBME HOPMAJBHOCTH, KOTOPOE TpeOyeTcs B JeM-
Me YPBICOHA, COBCEM HE OTPDAHMYUTENBHO: KaK OyIeT BUIHO U3 CJICAYIOMen
JeKnuu, J0060e KOMIIAKTHOE, XayCcA0opdOBO MIPOCTPAHCTBO HOPMAJIbHO.

U3 memmbr YpoicoHA CeqyeT Ype3BBIYANHO MOJe3Has meopema Tumuye o
npodoasxcenuu (Tietze extension theorem): ecim A C M — 3aMKHYTOE TIO-
MHOX€CTBO HOPMAJBLHOT'0 TOMOJOTMYECKOT0 TPOCTPaHCcTBa, a f : A — [0, 1]
— HempepblBHAaA GyHKIUA Ha A, ee MOXHO NPOJOKATHL A0 HElpepLIBHOU
dyukuun F : M — [0, 1] Takon, aro F|A = f.

[l1s T0Ka3aTeIbCTBa YTOU TEOPEMBI TPeOyeTCs paBHOMEPHAS CXOTUMOCTD
(GYHKIUN: HAIO 3amucaTh f KaK CyMMY pPAjJa, COCTABICHHOTO u3 (PYHKIUN
fi: M —1[0,0], > a; < 1, IOCTOAHHBIX HA 3AMKHYTHIX [OJIMHOXKECTBAX
A, ¥ IPOJOIKUTE KaXKAYI0 U3 >Tux Gy 10 pyuxkuuu u3 M B [0, ;] no
JeMMe YPHICOHA.
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[TaBen CamyunnoBud YphICOH
(1898 — 1924)

7.4. HopMmaabHBbIE IPOCTPAHCTBA
1 HYJb-MHOX€ECTBAa

[Iycte M — Tomomoruyeckoe npoctpancTBo. Hanomuum, yro M ymgoBie-
TBOpAeT akcuome T6, eciu oHO XaycIOP(POBO, HOPMATHLHO U KaXI0€ 3a-
MKHYTO€ TOJIMHOXKECTBO B M monydaeTcsa Kak mepecedeHne CIeTHOTO YMCaa
CBOUX OKPECTHOCTEMN.

YrBepxkaenue 7.11: Jlio6oe xaycaopdoBo, HOpMaJIbHOE TPOCTPAaHCTBO M
€O cueTHOU 6a3ou ymoBaeTBopseT T6.

JlokazaTeabCTBO

IMMar 1: Iycts {U;} — MHOXECTBO BCEX BJIEMEHTOB M3 CIETHOU HA3BI TOMOJIO-
rum M makux, 9T0 3aMbIKaHue Kaxaoro U; He nepecekaercs ¢ A. BoiBegure
u3 HopMmanreHOCTH, 4TO | J, Ui = M\ A.
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IMlar 2: Bossmewm, mia kaxgoro U;, orkpertoe muoxkectso V; := M\U;, rae
U; — samuikanue U;. Ilepecedenue Bcex V; comepxut A, mockoabky U; He
nepecekaoTca ¢ A. C 1pyrou cTOpOHEI,

(Vi c(M\U;) = M\|J Ui = A.
Mu1 noxasauau, ¥To B M BeImOJHsAEeTCA akcuoma 16. m

Teopema 7.12: Ilycts M — HOpPMaJIbHOE TONOJOTUYECKOE TPOCTPAHCTBO,
a A C M — 3aMKHyTOe TIOAMHOXECTBO. 1oraa cieayroliye CBOMCTBA PaB-
HOCUJIBHBL.

(i) MuoxecTBO A MOXHO NMOIYYATH KaK MepecedeHne CIeTHOrO YUCIA OT-
KPHITBIX OKpecTHOcTen W; D A.

(ii) Cymectsyer menpepwiBHas qyukuus f : M — [0, 1] Takas, aTo A =

f7H0).

,Z[OKaaaTeJIbc'rBo. 13 yreepxk aenus (ii) aerxo caenyer (i). [leicTBuTeabHO,
A =, 740, %[), a Bce stm MHO)ecTBa OTKpHITEL. Caeacrsme (i) = (ii)
MOXHO TOJYIATH, HEMHOTO BUJIOM3MEHUB aPTyMEHT, MOKA3BIBAOIINN JEMMY
Ypuicona. Bo3smem B kadecTBe B mycTroe MHOXeCTBO, # mycTh Vi O Vo D
V3 D ... — HOCIeL0BATEIBHOCTH OTKPHITHIX MHOXeCTB, gajomad [ |, V; = A.

Bynem crponts HaGOp OTKPHTHIX MHOXeCTB Um , Uy € U, A Beex A<
W4, TAKUM 006pa3oM, 9T06B MHOXKeCTBO U L COJIePKATIOCH B Vp. OTO MOXHO
OCYTIECTBUTH, 3AMEHWB Ha KaXKJ0M mare Beropanuoe U 1 2, Ha Ui il NV,. Takasa
3aMeHa KOppPeKTHa, n6o Bce, 9To Tpebyercsa ot U 1 yCJIOBI/IHMI/I KOHCprKHI/II/I
Ypoicona —sT10 A C Uzin G U2n , & TIPU 3aMeHe lj Ha U%n NV, aTo yciaoBue
COXPAHAETCA.

[Tycts

f(z) :=inf{\ | z €Uy}

dbynkuua Ypoicona, TOCTpOGHHAA 10 na6opy {U,}, u mpuHIMaiomas 3HaYe-
ame 0 ma A. Torga f~1([0, 5:[) C Vi, a smaunt

0 (fog]) eiea
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Omnpegenenne 7.13. Ilycte A C M — 3aMKHyTO€ II0IMHOXECTBO, TaKOE,
94TO M HEKOTOPOU HenpepwiBHOW dyukuuu f : M — [0,1] umeem A =
f740). Torga A HasbBaeTCA HYIH-MHOXECTBOM.

Taxum o6pazom, akcmoma T6 14 TOmoJOrMIecKoro mpocTpaHcTBa M
pPaBHOCUIBHA TOMY, YTO M HOpMAaJBHO, XaycIOpdOBO, a BCAKOE 3aMKHYTOE
IO IMHOXeCTBO M ABIAETCA HYJIb-MHOXECTBOM.

7.5. Teopema YpbICOHA 0 MeTpU3aITUN

[Tycts M — HOpMaabHOE, Xayca0p¢hOBO TOMOJOTUIE€CKOE IPOCTPAHCTBO. T0-
raa s JoOBIX IBYX Pa3HBIX TOUYEK T,y € M Haugercs GyHKIusa YPBICOHA
fzy: M —[0,1], npuaumatontas 0 Ha z, n 1 Ha Y.

BosbMmeMm B KauecTBe MHOXECTBA MHIEKCOB MHOXecTBO J = M x M\A,
rae A sTo auarosans. Oyskuum f;, 3a1al0T 0TOOpaKeHMe

M H(z,y)ei] fw,y [0’ l]j (751)

B TUXOHOBCKNU Ky0; 110 OIPEIEJEHUI0 TOIOJIOTUU IPOU3BEIEHNS, OHO HEIpe-
puBHO. [Tockoabky fy,(2) # fry(y), oTOOpaxenne F' := H(w,y)ej fz,y MHB-
€KTHUBHO.

OTO yTBepXKIeHNe He OUeHb mogae3Ho. I3 mawekTuBHOCTH F' He crenyer,
1o M romeomopduo 06pasy F. Takxe, Tuxonosckmit xy6 [0, 1]° me MeTpu-
3yeM, ecau J HeCUYeTHO.

Hemuoro BUIOM3MEHUB DTOT apryMeHT, MOXKHO HOOUTHCA U TOTO, U APY-
roro.

Teopema 7.14: Ilycts M — HOpMaJBbHOE, XayCAOP(OBO TOMOIOTHIECKOE
MPOCTPAHCTBO CO cueTHOU 6azou. Torga cymecTByeT HENPEPLIBHOE, MHBEK-

@ N
tuBHOe Bioxenume M — [0,1]" B cueTHOe mpousBegeHue oTpe3KkoB. Bomee
Toro, ¢ aBagerca romeoMoppuzMoMm M Ha ero obpas.

3ameduanme 7.15. U3 Teopemsl 7.14 HeMeqIeHHO CAeyeT TeOpeMa Y PHICO-
Ha 0 MeTpu3auuu: J1060e HOpMaJIbHOE, XayCcaA0p¢OBO TOMOJIOTMIECKOE TTPO-
crpauctBo M co cuernou 6aszou merpusyemo. [leucrBurensuo, M romeo-
MOP(MHO TOIMHOXKECTBY TUXOHOBCKOTO Ky6a [0, 1]N , & TUXOHOBCKHUU KyO Me-
TpusyeMm, u60 OH TOMeOMOpdEH TuIL6epTOBY KyOy (06 DTOM CM. IpPEIbIIY-
IIYIO JEKIWIO).
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loka3zaTeabCTBO TeopeMbl 7.14.

[Iycts {U;} — cuernas 6aza ronomorum M, a A; := M\U;. llockoasky M

— HOpPMAaJbHOE, XaycI0p(OBO MPOCTPAHCTBO CO CUETHOU 6a301, Kaxaoe A;

ABJAsAETCA Hy Ib-MHOXecTBOM. U B camom nese, u3 YrBepx aenus 7.11 crenyer,

aro B M Boummoaueno ycaosue T6. U3 Teopemnr 7.12 cremyer, 9TO B Takou

cutyaruu cymectsyet bynxmusa f; 1 M — [0,1], Taxas, ato f;1(0) = A,.
BosbmeMm cienyromee oroOpaxenne u3 M B TUXOHOBCKUU KyO:

M U o ),

[Tockoasky U; aT0 6a3a xaycaopdoBOU TOMOJOTUH, I JIOOBIX IBYX TOYEK
x # y cymecTByerT A;, KOTOpOE CONEPKUT T W HE CONePKUT Y (mOKaKUTe
o1o). Mockomsky f;'(0) = A;, coorBeTcTryiomas byHKIUS YDHICOHA yI10-
BrerBopsaer f;(x) =0, fi(y) # 0. Ioaromy @ := [], f; mabexTuBHO.

[na nokazareabcTBa Teopembr 7.14, ocTanock ybenuTbes, 9To & — 310
romMeomopdusMm M Ha ero o6pas. A mpuopu, 5T0 MOXeT OLITH U He Tak. Ha-
npumep, eciu M — mpOCTPAHCTBO C AMCKPETHOU TOMOJOTHEH, J1060€e 0TO-
opaxenue M — [0, 1]" menpepriBHO, HO He MHO6OE BJIOKEHUE — TOMEOMOP-
dusmM.

Yro6er ¢ 6BLT0 TOMEOMOP(GU3IMOM Ha €ro 00pa3, HyXHO, YTOOBI JTI000€
OTKDBLITOE MHOXKECTBO B M Toaydanochk kak mpoo6pas ®~1(U), aaa xaxoro-
T0 oTkpbiToro U C [0, 1]N. /11 0TKPHITEIX MHOXKECTB, IPUHA,IIeKaMIX 6ase
Ui, aro Bepuo, u6o U; = f;'(]0,1]), a muoxecrso U; Gyzer mpoobpasom
OTKPBITOI'O MHO2XK€CTBa BU A

[0,1] x [0,1] x ---x]0,1] x [0,1] x --- C [0, 1]".
HOCKOJIBKy KaX10€ OTKPhITOC MHOXECTBO B M IIoJayvaeTca O6'LeﬂI/IHeHI/IeM

U;, Bce OTKpHITEE MHOXecTBa B M — npoo6passl oTkphiTex B [0, 1], To-
aromy & — romeomopduam. Mer 1okazaniu Teopemy YPHICOHA. m

7.6. TeopeMbl 0 METPU3YEMOCTHU

Teopema YpbICOHA TaeT MOJHYIO XapaKTePU3AIUI0 METPU3YEMbIX TOIIOJIOT -
YeCKMX IPOCTPAHCTB €O cueTHOU Oazou. IIpocTpamcTBo co cyeTHOU Gaszon
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ABJIAETCA METPU3YEeMBIM TOTAA W TOJBKO TOTAA, KOTAAa OHO HOPMAJLHO U
xaycaopdoBo.

[lJ1s TpOCTPAaHCTB, HE UMEIOIIUX CYETHON 0a3bl, IPOCTOT0 KPUTEPUsA Me-
TPU3YEMOCTH HET.

CymecTByeT MHOT'O BEpCUU METPU3AIMOHHON TEOPEMbI, KOTOPBIE HE TPe-
OyIOT CIeTHOU OGa3Hhl.

Camas nonesnas u3 Hux npunagiexur ). M. Cmupnosy (1951), u Tpe-
OyeT omnpeneNeHns MapakOMIaKTHOCTH. B 1aibHeneM 570 TOHATHE UCTIONb-
30BaThCA He OyJer.

Onpegenenne 7.16. Iokpuirue {U,} Tomosoruveckoro npocrpanctsa M
HA3BIBAETCA JOKAIBHO KOHEYHBIM, €CIH JI00asd TOYKa M JIeXUT B KOHEU-
uoMm uncae saemeHToB {U,} Iokpeitue {Vj3} HaseiBaeTcs M3MeabdYeHHEM
nokpeitus {U,}, ecin kaxaem saeMenT {Vz} I1eXKUT B KAKOM-TO DJIEMEHTE
{U,}. Tonmomoruydeckoe npocTpancTBo M Ha3BIBAETCA MAPAKOMIIAKTHBIM,
ecau Kaxa10e MOKpeITre M mMeeT JOKAIbHO KOHEYHOEe M3MEIbIeHUe.

Anrmunckun maremaruk Apryp Xapoasa Croys (Arthur Harold Stone),
n3obpeTarens (aekcarona, mokaszaa B 1948-m romy, 4TO BCe MeTpuUeckue
IPOCTPAHCTBA MapaKOMNaKTHHL. Teopema CMUDHOBA O METPHU3AIUU yTBED-
X J1aeT, HA000pOT, 9TO J1000e MapakOMIAKTHOE TONOJOTHIeCKOe IIPOCTPaH-
CTBO METPHU3YEMO, €CJIU OHO 40KAAbHO MEMPUYEMO, TO €CTh €CIN Y KaXK JOU
TOYKHU €CTh MeTpu3dyeMas OKPeCTHOCTh. TakuM o6pa3oM yaaeTcs OTBETUTH
Ha BOIIPOC O METPU3YEMOCTH MHOI000Pa3uil (TONOJIOrNIeCKUX IIPOCTPAHCTB,
KOTOPBIE JOKAJIbHO TOMEeOMOPGHBI R™).
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Jlekimma 8: KoMmakThbl

8.1. KomMnakTnel 1 cj1ab0 CEKBEHIINAJILHO KOM-
NaKTHBIE TPOCTPAHCTBA

Caenyiomiee onpenenseHue XOpOIIO BCEM 3HAKOMO.

Omnpeaenenue 8.1. Tonomormueckoe mpocTpancTBO M Ha3bIBaeTCA KOM-
MNAaKTHBIM, €CIU KaXJ10e OTKPHITOe MOKphITHE M mMeeT KOHEYHOE TIOIIO-
KPHITHE.

Tepymun ”kommnakt” BBemeHn Pperre, a COBpeMEHHOE IMOHATHE KOMIIAKTA
npunaaaexut 1. C. Ypeicony u II. C. Arekcanaposy.

[TaBen Cepreesud AjiekcanapoB
(1896 — 1982)

3amedanme 8.2. 3aMKHYTO€ IIOJIMHOXECTBO KOMIIAKTa OYE€BUIHO KOMIIAK-
THO (mokaxwure). O6paTHOE, BOOOIIE FOBOPs, HEBEPHO. B oTau4ue oT cury-
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alliy, U3BECTHOU M3 METPUYIECKOU TOIOJOTUU, KOMIIAKTHBIE 110 IMHOXKECTBA
He 0053aTeNbHO 3AMKHYTHI. 3AMKHYTOCTb KOMIIAKTA CJAEAYeT U3 XayCcaopdo-
BOCTH.

[lleucrBurenbuo, myctb X C M — KOMINAKTHOE II0IMHOXKECTBO, & 2 —
TOYKA er'0 3aMBIKaHUA, KOTOpasA He JeXNUT B Z. Bocnonp3oBaBmuch xaycaop-
(oBocTBIO, HAWAEM Vv Kaxaou TOYKH & € X okpecTHOCTH U, O T, 3aMbIKa-
HUe KOTOpo# U, He cofepkuT z. Beibpas us {U,} KoHewHOe MOMOKPLITHE,
nonyuuM mokpweiTue U;, ¢+ = 1,2, 3,...,n MHOXecTBa X, mpuieM 111 BCEX 1,
sambIKanue U; He CONepKUT z. BocImoab3yeMcsa paBeHCTBOM

n n

Ju=U

i=1 i=1
(zokaxute ero). Iloxydaem, aro | J;_; U; 3aMKHyTO U He COZEPKUT Z.

3amedanue 8.3. MbI 10Ka3a/au, 9TO BCAKOE KOMIAKTHOE IOJMHOXKECTBO B
xaycnopdoBOM IPOCTPAHCTBE 3aMKHYTO. B HexayczopdoBoM mpocTpaHCTBe
5TO He BCerJa BepHO (JIOKaXKUTE).

Caenyrommi 1eMeHTAPHBIA (PAKT IPE3BEYANHO BAaXKEH.

YrBepx aenue 8.4: Ilycts f: X — Y — HempepniBHOE 0TOOGpaXKeHwUe.
Torga 06pa3 KOMIAKTHOT'O MOAMHOXECTBA X KOMIIAKTEH.

MoxkazareascTso. [Iycts 7 C X — KOMIakTHOE IIOAMHOXECTBO, a f(Z) —
ero o6pa3s. BosbmeMm oTkpoiToe nokperrue {U, } muoxectsa f(Z). IIpoo6pa-
3BI DIEMEHTOB HTOr0 NOKPHITUA 06pas3yioT nokpuitue { f(U,)} koMmakTHOrO
MHOXECTBA /; BHIOPATh M3 HErO0 KOHEYHOE MOAMOKDPBITHE 3HAYUT BHIOPATH
KOHe4uHOe TOKphITHe u3 {U,}.m

Omnpegenenne 8.5. Tonomormveckoe mpocrpancTBo M Ha3biBaeTcsa cJIabo
CEKBEHIMAIHLHO KOMIIAKTHBIM, €C/IN KaXasd MOCJIeJ0BATEIbHOCTD {Z;} B
M wmeer mpenenbHyio TOYKY (TOYKY, B JIOGOU OKPECTHOCTH KOTOPOH CO-
NepKUTCA 6ECKOHETHOE KOJIUIeCTBO 4IeHOB {7;}).!

3ameuanme 8.6. /[1a MeTpUUeCKUX TPOCTPAHCTB, CI1abasd CEKBEHIMATHLHAA
KOMIIAKTHOCTH COBIATAET C OOBITHOU, KaK caeayeT u3 TeopeMsl ['enne-Bopeans.

lTaKHe TOYKHN €II€ HA3BIBAITCA TOYKaAMM HAKOILJICHWA.
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YrBepxk geuune 8.7: Cnabas cekBeHIMAJIbHAA KOMIAKTHOCTh BHITEKAET W3
OOBLITHOM.

[Moka3zaTeabcTBO: [lycts M — KOMIOAaKTHOE TOMOJOTHYECKOE MPOCTPAH-
CTBO. I/IB KOMIIAKTHOCTH JIETKO BBIBOAUTCA, 9YTO IIOCJIEJOBATEIBHOCTH BJIO-
2KE€HHBIX, HEIIYCTHIX, 3aMKHYTHIX IIOJMHOXECTB

AL DAy D -
BCerga uMeeT HemycToe mepecedenue. Ilycrs {z;} — mocremoBaTenbHOCTD
todek M, R, — MHOXeCTBO {Zy,Tni1,Tni2,---}, & R, — €ro saMbIKaHUe.

Tornga nepeceuenue ﬂz R; wenycto. flcHO, 9TO 3TO TepecedeHne COCTOUT U3
IpefeNbHBIX TOYEK mocaegoBaTensHocT {x;}. 3uaunr, M caabo cekBeHIu-
AJTbHO KOMIAKTHO. B

Omnpegenenne 8.8. Tonosoruveckoe npocrpancTBo M Ha3wbIBaeTCs cUET-
HO KOMHOAKTHBIM, €CIH U3 JI000T0 CYeTHOr0 MOKPHITUA M MOXHO BHIOpATH
KOHEYHOE II0TOKPBITHE.

YrBepxkaenune 8.9: [Iycts M — Tomnomorudeckoe IpOCTPAHCTBO, YIOBJIE-
TBOpsomee akcuome Xaycaopda T1 (Bce Touku M samkuyThl). Torma nis
M cnabas cekBeHIMAIbHASA KOMIAKTHOCTh PABHOCUIbHA CIETHOM.

MoxkazareascTso: [lycts M cueTHO KOMIAKTHO, a {T;} — TMOCIe10BATEND-
HOCTb, HE UMEIOIas MpefeabHbx Touek. [loroxum U, := M\{zy,...x,_1}. B
cuny T1 u orcyrcrBus y {z;} npeneapubix Tovek, Bce U; orkpeiTel. Torga
{U;} — cyerHoe nokpeirue M, He mMeromee KOHEYHOTO MO ATOKPHITHA. Fe-
am xe, Hao6opor, M cn1abo cekBeHuMaabLHO KommnakTHo, a {U;} — cdernoe
MOKPBITUE, U3 KOTOI'OI'0 HEJAb3S BHIOPATH KOHEYHOT'O TOAMOKPHITHS, PACCMO-
TpuM V,, := U?Zl U;. Jlerko Bugets, uTo {V;} — TOXe MOKpHITHE, U3 KOTOPO-
0 HeJab3s BBIOpATh KOHEYHOI'O MOAMOKPHITUA, mpuieM V;_; C V; Buikunys
coBnajalomue V;, MOXHO cuuTarh, 4To V;_1 € V;. IlycTs nocaenoBaresnn-
HOCTH {z;} BIOpana Takum o6pasom, uro z; € V;\V;_1, az — ee npenenbHas
Touka. [Ipeanoaoxum, yro r € Vy. Torga GeckoHedHOE YUCIO DIEMEHTOB
{z;} mexur B Vy, 9T0 HEBO3MOKHO MO MOCTPOEHUIO DTOU TOCIEJ0BATETILHO-
CTH. m

JIto6as nenpepwiBHas pyukiusa f : M — R Ha cieTHOM KOMIAKTe TIPU-
HUMAET MAKCAMYM M MUHUMYM. [[eMCTBUTEILHO, MyCTh {x;} — mocaenosa-
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TEeJbHOCTH TOYEK, TaKasd, 9TO

Nim f(z;) = sup f(z),

Pt zeM

a T — TpeleabHAs TOYKA DTOU mocienoBaTenbHocTu. [lockoabky f Hempe-

peiBHO, f(x) = sup,c)r f(x) (zoxaxwure).
MBI momy4mIn Takyio HeNovYKy MMILIMKAINH, BEPHBIX AJIA II000r0 TOIO-

JIO'MYIEeCKOI'O IIPOCTPaHCTBA:

crabas HeTpepLIBHBIE (DYHKIUN
KOMIIaKTHOCTb| = | cekBeHIIHAJbHaA = | JOCTUTAX0T MUHUMYMa U

KOMIIaKTHOCTB MaKCUMYMa

8.2. KoMmnakThsl 1 HOpMAaJbHbBIE IIPOCTPAHCTBA

Caengyiomas mpocTas TeopeMa 9YpPe3BBIYauHO MOJe3Ha, TIOTOMY 4TO U3 Hee
BBITEKAET CYIECTBOBaHUE (DYHKIUU YPBHICOHA HA KOMIIAKTAX.

Teopema 8.10: Ilycte M — xoMmakTHOe, XayCcIOP(POBO TOIOJOTHIECKOE
npocTpancTBo. Torga M HOpMAIBHO.

JlokazaTeanLCTBO.

ITar 1: /Tokaxewm, uTo B M BbINOAHEHA akcruoMa 13, TO €CTh [Js KaXI0T0
3aMKHyTOro MHOXecTBa A C M, w Touku r ¢ A, CymecTByIOT Hemepe-
CEKAIOMNecs OKPeCTHOCTH A M x. DTO PaBHOCWIBHO TOMY, 9TO y A ecThb
OKPECTHOCTD, 3aMBIKAHIE KOTOPOU HE COJEPXKUT .

[as Bcex z € A, BeIGepeM okpecTHOCTH U, O 2z, 3aMbIKaHUEe KOTOPOHU
U, e cogepkuT x (Takad OKPECTHOCTH CYNIECTBYeT B CHIY XayCIOpdhOBO-
ctn — pokaxute). [Tockoabky A KoMnakTHO, a U, — OTKPBITOE TOKPHITHE
A, U3 HEro MOXHO BBIOpATh KOHEe4YHOe moAnokpeitue Uy, ..., U,. 3aMbIKaHue
muoxkecTBa | JU; HE cOgepkUT T, IOTOMY 4TO

0@:0@ (8.2.1)
i=1 i=1

IITar 2: Tor xXe camMblil aPryMEHT MO3BOJAET BBIBECTH U3 13 U KOMIAKTHO-
ctu T4. [Iycte A m B - 1Ba HemepeCceKaIuXCsa 3aMKHYTHIX 110 IMHOXKECTBA
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M. Ham HYXHO HAUTH OKPECTHOCThL A Takylo, 9TO ee 3aMbIKaHUe He Iepe-
cekaercsa ¢ B. Y kaxjgoun Touku z € A ecrb okpecTHOCTb U,, 3aMBIKaHUE
KOTOpOU He mepecekaercsa ¢ B, B cuny T3. Bribpas u3 {U,} konednoe no-
MOKDBHITHE, KAK HA MPEIBIAYIIEM Iare, Mbl MOJYYAM KOHEYHOE MOKPBITHE
A mmuoxectsamu Uy, ..., U, Takumu, aro U; N B = (). CHoBa BocHoIb3yeMcs
(8.2.1), m nomyuum, uro | JU; — okpecrHOCTH A, 3aMBIKaHWE KOTODOU He
mepecekaeTcsa ¢ B. m

[lnga xoMmmakTa mpobiaeMa METPU3AUU TOTOJHUTETHHO YIIPOIIAETCA Cle-
OYIOIIAM MPOCTHIM M YPE3BBIYANHO BAXKHBIM HAOJIIOIEHUEM.

YrBepxk aenue 8.11: [Iycts f: X — Y — HenpepnIBHOE BJIOXEHUE XayC-
TOP(OBBIX TOMOJOTUIECKUX MPOCTPAHCTB, mpudem X — koMmmakT. Paccmo-
Tpum o6pas f(X) C Y kax Tomorormueckoe MpOCTPAHCTBO, ¢ WHIYIUPO-
BaHHOU Tomosoruen. Torga f — 3T0 ToMeoMopduaM.

[oxkazarenbcTBO: [[1s 10Ka3aTeIHCTBA, HAM HYXHO yOEIUTHCA, 9TO 06pa3
OTKPBITOI'0 MHOXECTBA, OTKPHIT B f(X ). DTO paBHOCUILHO TOMY, 9TO 06pa3
3aMKHYTOT'O MHOXKECTBA 3aMKHYT.

Kax MBI TOABKO 4TO BHAeam, 06pa3 KOMIAKTHOT'O TIOIMHOXKECTBA, BCe-
raa komnakTeH. [lockoabky X KOMIAKTHO ¥ XaycaopdoBO, KOMIAKTHOCTD
IO IMHOXKECTBa PaBHOCUIbHA ero 3aMKHyToCcTH. [loaToMy 06pas a060r0 3a-
MKHyTOro moamHoxecTBa A C X KoMImakTeH B Y, a ClefoBaTeIbHO, 3a-
MKHYT. m

Mer ucnoas3oBaau >T0T (PAKT HECKOJIHKO JEKIWW HA3ajJ, NP J0Ka3a-
TeJbCTBE TOT'O, YTO HENPEPBIBHOE B3aMMHO OJHO3HAYHOE OTOOpaXKeHWe W3
OTpe3Ka B OTPE30K — 3TO I'OMEOMODP(}U3M.

3ameuanme 8.12. Jlerko Bugers, 9T0 3 YTBepXKgeHnua 8.11 u 1eMMbI YPBI-
COHA CJIETYyeT, YTO BCAKOE KOMIAKTHOE, XayCcAop(OBO TOMOJOTUIECKOE TTPO-
cTpancTBO M roMeoMOp(HO MOAMHOXKECTBY TUXOHOBCKOTO Kyba, [0, 1]3, rae
J = M x M\A. HenpepuiBaoe Bioxenue M 2, [0,1]? 6bL10 TIOCTPOEHO
B (7.5.1) ¢ ucnoap3oBaHUEM JEMMBI YPBICOHA U HOpMAIbHOCTU M, nokasaH-
HOW JJIA KOMIAKTOB 4yTh BhImIe. B cumiy YrBepxgenus 8.11, orobpaxkenue
® apasercs romeomopdusmom M Ha ero obpas.
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Jlekiimma 9: IlpousBenenune KoM-
IAaKTOB

9.1. OTKpBITHIE, 3AMKHYTbIE€, COOCTBEHHBIE OTO-
OpaxeHus

Omnpepenenne 9.1. Ilycts f: X — Y — HenmpepbIBHOE 0TOOpaKEHUE TO-
moJIoTuIecKuX mpocTpancTB. OTobpaxkenue f Ha3bLIBaeTCA COOCTBEHHBIM,
ecau TpooOpa3s J1000r0 KOMIIAKTa — KOMIAKT, OTKPBITHIM, €Clu 00pa3 Jio-
60T0 OTKPHITOIO0 MHOXECTBA OTKPHIT, U3 3aMKHYTHIM, €ciu 06pa3 J060r0
3aMKHYTOI'O MHOX€CTBa 3aMKHYT.

3ameuanme 9.2. OCHOBHOU NMpUMEpP COOCTBEHHOIO OTOOPAKEHUSA — HEIpe-
PBIBHOE 0TOOpaXKeHne U3 KOMIaKTa X B XayCcAOP(OBO TOMOJOTMYIECKOe TTPO-
cTpancTBO Y. JlencTBUTEILHO, TPOO6Pa3 KOMIAKTHOTO (CJIeNOBATEIbLHO, 3a-
MKHYTOI'0) IOAMHOXeCTBa Y 3aMKHYT B X, TO €CTh KOMIAKTEH.

Kpowme Toro, sTo orobpaxkenue samkuyTo. /lercTBuTenbHo, a060e 3a-
MKHYTO€ IIOIMHOXeCTBO X KOMIAKTHO, 06pa3 KOMIIaKTa KOMIIAKTeH, a KOM-
MAaKTHOE TOAMHOXECTBO XayCcA0pdoBa IPOCTPAHCTBA 3aMKHYTO.

3ameqanme 9.3. [Ipumep orkperToro orobpaxenus. [lis Jr0OBIX TOMOJO-
rudeckux npocTpancTB X m Y, mpoeknua X X Y —— Y orkpsrra. s
IPOBEPKHU DTOT0, AOCTATOIHO yOeauThesa, 4ro m(W) OTKpBIT Aua a:060ro
MHOXecTBa u3 6a3el Tonogoruu Ha X X Y. BuibpaB 6a3y u3 MHOXECTB BuIa
UxV,rae UV orkpoitel 8 X, Y, Mb1 noxyaum aro m(W) =V orkpeiro.

3aga4a 9.1. [IpuBenuTe mpuMep HEPEPLIBHOT'O 0TOOPaXKEHUA Xayca0pdo-
BBIX IIPOCTPAHCTB, KOTOPOE
® 3aMKHYTO, HO He OTKDBLITO
® OTKDPBITO, HO HE 3aMKHYTO
3ameuanme 9.4. KoMnakTHOCTb TOMOJIOTHYECKOTO TpocTpancTBa M pas-
HOCWIbHA ciaenyiomeMmy cBoucTBy (mokaxwure). Ilycts {A,} — mabop 3a-

MKHYTBIX MOJAMHOXeCTB M, Takou, 4TO J1000€ KOHEYHOE II0IMHOXKECTBO
Ay, Ag, ..y Ay C {An} umeer oburyio Touky. Torga Bce A; mMerT 0O6IIyIO
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rouky. [eicrBurensuo, (), Ay = 0 Torga n Toaeko Torga, korga {M\A,}
— nokpwuiTue M.

[Iycts f: X — Y — nempepsiBHOE oTOGpaxenne HamomuuMm, 4To mis
mo6oi Touku y € Y, mpoobpas f~!(y) HaskiBaeTca caoem f.

Teopema 9.5: I[lycts f: X — Y — 3amkHyTOe, HepepLIBHOE O0TOOpA-
XKeHne, IpudeM Bce caon f koMnakTHBL. Torga f — cobGcTBeHHOE.

HoxkazarenbcTBo: [lycts K C Y — xomnakr. [las gokaszarenbcTBa 9.5,
gocTaTouHo y6enurhed, uro f1(K) — xommaxT. amenus Y na K, a X Ha
fYK), M0oxHO cauTaTL ¥ KOMIAKTOM.

IMMar 1: IIycrs {A,} — HAGOp 3aAMKHYTHIX MOAMHOXeCTB B X TaKOH, YTO
11060€ KOHeYHOe TOAMHOXKeCTBO A1, A, ..., A, C {A,} nmeer obuiyio TOUKy.
Ho6asus x {A,} Bce KOHEUHBIE IepecedeHus daeMeHTOB { A, }, moaydnm Ha-
60p 3aMKHYTHIX TOJAMHOXECTB X, 00JaJal0MII TeM ke CBOUCTBOM. Bymem
cauTaTh, 9T0 {A,} COTEPKUT BCe KOHEUHBIE TIEPECETEHNUI CBOUX DIEMEHTOB.

ITTar 2: [Tockoabky Y xommakTHO, a Bce f(A,) samxuyTsl, {f(Aq)} umeer
oburyio TouKy y € Y (mokaxure).

Illar 3: PaccmorpuMm caon f~1(y) C X. [ycts Ay, Ao, ..., Ap C {A4}. Jlio-
6oe koHedHOe mepecedenue (|, A; rexur B HaGope {Ay}, a f(As) D y nas
BCex . SHaumt, [ ); A; mepecekaerca ¢ f~'(y). Mbl noxydmm, 9o 11060€
KOHEYHOe ToaMHOXecTBO Habopa {A, N f~'(y)} umeer o6myio Touxy. Ilo-
ckomeky f~'(y) xommaxTen, s sroro caeayer, uro ma6op {A, N f(y)}
uMeeT OOIIYI0 TOYKY. DTO AoKasweiBaeT Teopemy 9.5. m

9.2. KoHeuHble ITPpOU3BeI€eHUA KOMIIAKTOB

Teopema TuxoHoBa yTBepXKAaeT, 4To a0060€ (naxe GECKOHEYHOE) MPOU3Be-
JeHre KOMIIAKTOB KOMIAKTHO. /|15 6€CKOHEYHBIX TPOU3BEIEHUN, ee TOKa3a-
TeIbCTBO TpebyeT akcwoMbl BeIGopa. Kax mokasar [Ixon Kemtn (John L.
Kelley) B 1950-m rogy, Teopema THXOHOBA PaBHOCHIbHA aKCHOME BEIGODA.

[l KOHEYHBIX MPOU3BEIEHUN, AKCMOMa BBIOOPA HE HYXKHA, U KOMIIAKT-
HOCTH IPOM3BENeHUA KOMIAKTOB MOXHO I0Ka3aTh HemocpeacTBeHHO. K co-
JKAJTEHUIO, TOKA3aTeIbCTBO MOJYYaeTCsA IyTh 60Iee CIOXKHBIM.
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[Iycts X, Y — xommakTer, a 7 : X XY — Y — npoeknus. Cion m
romeoMopdHbl X, ¥ MO3TOMY KOMIAKTHBI. Takum 06pa3zoM, KOMIAKTHOCTD
npousBenenus X X Y BoiTekaeT u3 Teopembr 9.5, u CAeIYIOIMIEr0 yTBEPXK 16~
HUSL.

YrBepxkaenue 9.6: [lycts X, Y — Tonosormdeckue mpoCTpaHCTBA, MIPU-
1eM X koMmakTHO, a T : X X Y — Y — npoexmusa. Toraa orobpaxenue m
3aMKHYTO.

Hoka3zaTeabcTBO: [lycts Z/ C X X Y — 3aMKHyTOe MOIMHOXECTBO, a ¥
— npegeabHas To4Ka MHOkecTBa 7(Z). Touka y aexur B m(Z) Torma u
TOJLKO TOraa, korga m +(y) N Z # (). Ecimm 7(Z) HesaMKHYTO, 1 KAKOU-TO
npefeabHor Touku umeeM m(y) N Z = ().

B sToMm cayuae, y kax o1 Touku (x,y) € 7 *(y) ecTh okpecTHOCTD Uy ),
He nepecekaiomascsa ¢ Z. Beibpas U, , B 6a3e TONOIOIWU, MOXKHO CIATATh,
910 Upy = Viyoy X Wy, Trae Vyy C X — oxpectroctb € X, a W, , CY —
OKPEeCTHOCTh Yy € Y.

Muoxectso {U,,} 3agaer nokperue 7~ '(y). BoiGepeM y Hero koneuHoe
nognokpeitue {V; x W;}. Torga {V;} cocrasaser nmokpeitue X. ITosTomy
nMeeM

XxﬂWiCUVZ-xWi

(mposepsre). CregoBarensno, muoxkectBo X X (), W; e nepecekaer Z. ITo-
pTOMYy y mMeeT OkpecTHOCTE [ |, W, He mepecekatomyio 7(Z), a 3HA4UT, He
ABJIACTCA TMPEIILHON TOUKOUM. Mbr motyamiu, ato m(7) 3aMKHYyTO. m

3ameuanme 9.7. Eciu X mexommakTaO, YTBepxkaenue 9.6 mesepuo. [len-
CTBUTENBbHO, paccMOTpuM mpoekmnuio R X R — R, u runep6oay, T0 ecTb
3aMKHyTOe moAMHOX)ecTBO Z C R x R, cocrosmee u3 nap {(z,y) | zy = 1}.
Jlerko BugeTh, 94T0 7(Z) HE3AMKHYTO (JOKAXWUTe).

CpasuuBas YrBepxaeuue 9.6 u Teopemy 9.5, MbI moJay4aeM, 9TO IPOU3-
BeJleHNe KOMIIAKTHBIX TPOCTPAHCTB KOMIIAKTHO.
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Hpoe%uu& C KOMNAKMHOLIM CAOEM 3AMKHYING

9.3. MakcumaiabHbIE NJeadbl B KOJbIIaX

Bce ko/1bLIa B 5TOM JIEKIIUU TIPEAIONATAIOTCSA KOMMYTATUBHBIME (C KOMMYTa-
TUBHBIM YMHOX€EHUEM) U ¢ eqununer (saemesroM 1 € R rakum, uro 1.2 = 2
JUISL KaXK 00 ).

Hamomuuwm, 9o maeanom B koablie R HaszbiBaeTcsa moamMuoxectso I C R,
KOTOPO€ SABJAAETCA MOATPYIION MO CAOKEHUIO, U K TOMY XK€ yIOBJIeTBOPIET
crenyromemy. [aa kaxgoro x € R,y € I, mpousBeneHne Ty TakXke JeXUT B
1. 970 cBoOMCTBO 3anuckiBaeTca Tak: RI C 1.

HanmomuuM, ¥T0 roMmoMop@du3MOM KOJIEI] Ha3bIBA€TCA OTOOpaxKeHue

Ry 2, R,, xoropoe nepesogur 1 B 1, 0 B 0, 1 cOrIacoBaHO CO CJIOXKEHUEM
U yMHOXeHUeM (To ecTh yaoBiaeTBopseT ¢(r + y) = ¢(z) + ¢(y), ¢(zy) =
o(z)d(y))-

Aapom romomopdusma 2 2, R, HasnIiBaeTCA MHOXECTBO BCEX DJIe-
MeHTOB R, mepexomsmux B 0.

Jlerko BuAeTH, 9TO AAPO ToMOMOpdU3Ma — ugean (nposepbTe). [as Ka-
xaoro uneana I C R, pakroprpynna R/I uagensercs eCTeCTBEHHOU CTPYK-
Typon Koabua (mposepbTe). Takum 06pa3oM, uaeatbl B KOJbIE — II0MHO-
JKeCTBa, KOTOPEIE MOT'YT OBITH AApPOM romomopdusma R — R;.

Omnpeaenenune 9.8. Ilycte R — koabno, a S C R — Habop sremenToB K.
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Pacemorpum MmuoxecTtso I C R, cocTosmee u3 BCEX IMHEMHBIX KOMOMHAIIAN

BHJA,
n
E AiSis
=1

rae s; € S,a \; € R. Jlerko Bugers, 9To [ 53T0 ujgeat. OTOT WIeas Ha3bIBAECI
U IeaI0M, IIOPOXK JEHHBIM DJeMeHTaMu S.

3ameuanme 9.9. [lycrs r € R — mx060u saemenT, a 1R — mOPOXIeHHOE
uM noaMuOXkecTBO R. Jlerko Bugers, uro rR # R Torga m TOJBKO TOrIa,
Korja Korja r He ooparum’ B R (npoBepbTe 3T0).

[TosTomy a060e koabmo R, B koTopom Jawo6ou maean pasen R au6o 0,
ABIAETCA TOJEM (TOKAXKUTE).

Onpenpenenne 9.10. Ilycte R — xoabio, a [ ; R — unean. Unean I Ha-
3BIBACTCA MAKCHMAILHBIM, eCi He cymecTByeT ugeata Iy ¢ I S I G R.

YrBepxageraue 9.11: Npgean I C R MakcuMaJeH TOTAa X TOJILKO TOLA,
korga dakrtopkoasno R/I — more.

[ oka3zaTeabCcTBO: Jlerko BuAeTh, 4TO uaeaabl [; O [ HAXOAATCA BO B3aUM-
HO-O/IHO3HAYHOM COOTBETCTBUM ¢ upeansamu koabua R/I (mposepbTe 5T0).
Ozcyrcreue ugearos I G Iy & R paBeOCHmIbHO TOMy, ¥T0 B R/I moGoi

uxean pased 0 mu6o R. B cuny 3amedanus 9.9, 570 paBHOCHIBHO TOMY, 9TO
R/I — nose. m

Onpepeneunne 9.12. Hamomuum, uTo ugean I C R xoabiia R Ha3bIBaeTCA
OPOCTBIM, ecau i Jqibex T,y € R, u3 xy € I caenyer, uto x € I aubo
yel.

3aga4a 9.2. [lokaxwure, 9T0 JIOO0M MAKCUMAJbHLIN UAEAJ — IIPOCTOMH.

HamomunM, 1To Habop moamMuHOXecTB S; C 2M HaspBaeTCa MOHOTOH-
HBIM, WX BJIOXKEHHBIM, €CJIU LA J00LIX p, ¢ € Sp, 6o p C ¢, 1ubo ¢ C p.
MakcUMaIbHBIM dJeMeHTOM Habopa nmogmuoxkecTs S C 2M maszmmaerca
TAKOU DJIEMEHT s € S, 9T0 1 J16oro r € S, u3 r D § CIefyeT r = S.

Hanmomuum, aro semma [opua (Zorn’s Lemma) — crenyromee yTBepx ae-
HUE TeOPUM MHOXKECTB, PABHOCWIbHOE akcuome Buibopa. Ilycts S = {S,} C

'Hanmomumm, 910 7 € R HaseBaeTcs o6paTUMBIM B Koabme R, ecmu rry = 1, qus
Kakoro-to r; € R.
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2M — maGop mogMHOXKeCTB MHOXKecTBa M, KOTOPHIE yIOBICTBOPAIOT TaKO-
My CBOMCTBY: [JIA JI060I0 MOHOTOHHOrO moxHabopa {Sg} C S, 00besunenne
U 59 Toxe aexnut B S. Torga B S eCTh MAKCHMAJBHBIN DIEMEHT.

N3 gemmer llopHa HEMeIJIEHHO CleIyeT CYIIeCTBOBAHWE MAaKCHUMAJIbHBIX

M TeaJoB.

Teopema 9.13: Ilycts [ ; R — upmean B xoabite. Torga cymecTByeT Mak-
cuMaabHBIA ugeat I; O 1.

MoxazaTeascTso: Ilycrs S C 28 — mmoxecTBo maeanos, copepxKammmx
I, u ve paBubix R. Jlerko BUaeTh, YTO A1 BIOXKEHHOTO HAabOpa WI€aJOB
{I,} C S, o6vexunenue | J, I, — unear, ne paBubii R. [edcTBITEIBHO, 005
eMHEeHNe J060r0 Habopa BJIOXKEHHBIX UIeaJ0B — CHOBA uaeal (IpoBepbTe
o10). O6beunenue | J, I, pasuo R, ecmn 1 € R nexut B KakoM-10 u3 I, HO
DTO HEBO3MOXHO, TOTOMY 4TO [, ; R. lpumenus aemmy [lopua x S C 2%,
HOJYYUM, 9TO B S CYIECTBYeT MaKCUMAJIbHBIN diemenT. OH u Oyj1eT Makcu-
MAaJbHBIM HI€AJ0M, coxepx)amuM /. m

9.4. Jlemma IlopHa: uctopusa, 3amMmedaHus

Jlemma [lopna 6vu1a gokazana Makcom [oprom B 1935-M rony. [lopu 6bL1
anre6paucroM, yaenukom Omuis Apruna (Emil Artin). A6crpakTHas anre-
6pa B 1930-e roas! pasBuBaiack BecbMa OypHO (Tpyaamu Dvmu Herep, Omu-
as Aprtuna u Baprens Bau nep Bapgena, cpegu mpovux), HO I CTPOTHX
MOKa3aTeIhCTB MPUXOAUIOCH TOCTOAHHO TpuberaTh K Teopuu MHOXKecTB. K
TOMY BpPEMEHH 3Ta HayKa ObLIa HEMaJo AUCKPEeIUTUPOBAHA IMApaJOKCAMU.
[Ipumepro Torma xe, ['emensr mokasan, 9TO HEBO3MOXHO JOKa3aTh €e He-
IPOTUBOPEYNBOCTD, W TEOPUA MHOXKECTB OKAa3ajJach HEOXKWJIAHHO IIATKUM
(byHIaAMEHTOM 1A MATEMATUKH.

[l1a moxasaTeabCTBa CYHMIECTBOBAHUA MAKCHMAJBHBIX UAeatoB 10 llopHa
UCTIOJIb30BaIach TeopeMa llepmeno o cymecTBOBaHWM TOJHOTO TOPSAAKA HA
J1:060M MHOXKECTBe (B aHIVIOA3BIYHON JUTEPATYPe 5Ta TeOpeMa U3BeCTHA KaK
?well-ordering principle”). K Teopeme llepmeno maTemMaTuku TpaIuiioHHO
orHocaTca ¢ 6oabmmM HegoBepueM. (" The Axiom of Choice is obviously true,
the well-ordering principle obviously false, and who can tell about Zorn’s
lemma?”’ — myTka, npunucsiBaemas /[xeppu Bomd).

[opu mpeanoxun cTpouTh abCTPAKTHYIO aare6py akCMOMATUYIECKU, He
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Max August Zorn
(1906 — 1993)

npuberas K CIOXKHBIM KOHCTPYKIUAM Bpoe TeopeMbr [lepmesno, u mpeanoxmt
aemmy [lopra (KOTOpYIO OH HA3BIBAI " MPUHIUAIOM MAKCUMyMa” ) B KA9eCTBE
onuon u3 akcuoM. OCHOBHBIM (IPAKTUYECKU €MHCTBEHHBIM) IPUMEHEHUEM
DTOU JEMMEI B aJrebpe sABJISETCA TEOPEMa, O CYIIeCTBOBAHUM MAKCUMAJIbHBIX
1 1AJIOB.

Bnopouem, HeTpyaHo gokazaTh, YTO TEOpPeMa O CYNIECTBOBAHUYU MAaKCH-
MaJbHBIX N AEaJ0B PAaBHOCUJIBbHA aKCUOME BbI60pa.

Hazsanue ”"1emma [{opua” BIepBble UCMOJIB30BAHO AMEPUKAHCKUAM MaTe-
maTukoM JIxonom Teioku (John Tukey).

[Tomumo anre6psr, Llopu 3anumascsa Teopuen ducen u GyHKIMOHATHHBIM
aHamu3oM. Cpeaum mpodero, eMy NPUHAMJICKUT AKCUOMATUIECKOE TOCTPO-
enne aare6pol okTas (”octonions”, ”Cayley numbers”), u 10Ka3aTeabCTBO
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TOr'0, 9TO KBaJApaT JTI0060ro 6€CKOHEYHOI'O0 MHOXKECTBA PABHOMOIIEH DTOMY
MHOXKECTBY.

9.5. Koabio nogMHOXECTB U yJAbTPAPUIbTPHI

Omnpegenenne 9.14. Ilycts A, B C M — nogvmuoxectBa M. Omnpenennm
CHMMETPHUIECKYI0 pasHocTb AAB ¢opMmyJon

AAB = (AUB)\(AN B).

Onpegenenne 9.15. Ilycrs S C 2M — ma6op mogmuoxecTs M. MuI To-
BOpHM, 9TO S 3aMKHYT OTHOCHTEILHO KOHEYHBIX HEPECEYCHHUH u
CUMMETPHYECKNX PA3HOCTEH, eIy IepecedeHre U CUMMeTPIIecKas pas-
HOCTD JIOOBIX 2JeMeHTOB S cHoBa JexuT B S. Ecam S 3aMkHYTO OoTHOCH-
TeJIHbHO KOHEYHBIX TEPECeYCeHNN M CAMMETPUYIECKAX PA3HOCTEN, M K TOMY XKe
cogepxkuT M, MBI TOBOPUM, 9TO S — KOJABIIO MOAMHOXKeECTB M.

3ameuanne 9.16. Jlerko BugeTs, uTo 2M gBigeTca Koabiom.

Omnpeaenenune 9.17. Ilycte v C M — moamuoxectBo M. Paccmorpum
dyukuuo y, : M — {0,1}, craBamyio B cooTBeTcTBHE TOUKe T € V 1, a
x ¢ v — 0. OTa QYHKIU HA3BIBAETCA XaPAKTEPUCTUIECKOU (pyHKIU-
eu noamuoxkecrsa v C M. Oroxnecrsus {0,1} ¢ moxem Fy ocraTkos mo
MOJYJIIO 2, MOXHO CUATATh, YTO X, — (MYHKIUA CO 3HAUYeHUAMU B [Fo.

DTa KOHCTPYKIHA 0TOoXIecTBIAeT 2V ¢ MHOXecTBOM byHKIMH

M — {0,1}.

B nambueumeM, MbI 6yeM OTOXIECTBIATH MOAMHOXECTBA U COOTBETCTBY-
IOIIe UM XapaKTepucTuieckue QyHKIIUN.

[ycts S C 2M — mabop moamuoxecTs M. [1a xaxgoro a € S, paceMo-
TPUM €r0 XapaKTEPUCTUIECKYIO0 PYHKIUIO X, : M — Fy. Takue pyukiun
MOXKHO CKIAJIBIBATH ¥ YMHOXAThH MOWICHHO.

YrBepxkaenue 9.18: MuoxecTBo pyHKINM

Rs:={Xa: M — Ty |aeS}
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00pa3yeT KOJbII0O OTHOCATENBHO TOYIEHHOT'O CJIOXKEHUA U YMHOXKEHUA TOT 1A
M TOJBKO TOTJa, KOTJAa S — KOJbIO HOAMHOXeCTB M.

HokazareabcTBo: [lia a0bbix v, p C M, umeem

Xv + Xp = Xvops Xv - Xp = Xvnp

Io03TOMY 3aMKHYTOCTH S OTHOCUTEJIBbHO KOHEYHBIX HepecequHﬁ n cuMme-
TPUIECKUX PA3HOCTEN PABHOCUIbHA 3AMKHYTOCTU Rg OTHOCUTEIBHO CIOXKe-
HUA 1 YMHOXKECHUA. H&JII/I‘II/IG B 5TOM MHOXKECTBE HYJA O9€BUIHO, IIOTOMY 9TO
XAX =0, a xp paBHO Hym0. Haquume B 5TOM MHOXECTBE eIUHHAILL CIeIyeT
u3 Toro, ¥4to M € S,axy =1. m

MuI nocTpouau apudMeTHIecKue onepanuu (CI0XeHrue, YMHOXKeHNe) Ha
11060M Koublie moamuoxects S C 2M.

3ameuanme 9.19. Teopema 0 CymecTBOBAHUYN MAaKCUMAJIBHBIX UIEAJI0OB, Oy-
Iy49d TPUMEHEHHOU K KOJABITY TOIMHOXECTB, 1aeT CIOPbEKTUBHBIN TOMOMOD-
dusm koaeny Rg — k, rme k — mekoropoe mose. Jlerko BugeTh, 9TO BCe
paeMeHTH Rg yA0BIETBOPAIOT a’ = a (Taxue dIeMeHTH HAa3bIBAIOTCA W AEM-
norenTramu. [losaTomy Bce saemenTEl & — TOXe maeMnoTeHTH. CoraacHo
Teopeme Besy, muorouien P(x) crenenu ¢ umeer He GOJbIIE { KOPHEH B MOJIE
k (moxaxure 510). [IOCKOIBKY BCE DIEMEHTHI k ABIAIOTCA KOPHAMU KBa,IpaT-
HOT0 MHOTOWIeHa 72 — x = 0, k — TIoJle U3 IBYX DJEMEeHTOB.

3ameuanne 9.20. IIycts ] C R C 2M — makcuMaJIbHBIN #eal B KOJbIE
noaMHOXecTB, ¢ : R — Fy — npoekuua R — R/I, a A € R — kakou-To
snemenT. ITockoabky xpr = 1, A u6o M\ A npunannexur I. [leiicrBurens-
HO, eciu A He npunamiexut I, To ¢p(A) = 1, a 3HauuT

p(M\A) =1 - — —¢(4) =0.
Onpegenerne 9.21. Ilycts M — MHOXecTBO, 2M — KOIBIIO BCEX 1O IMHO-

xectB M, a I — maxcumanbuwi ugear B 2M. YaprpaduisTpom ma M
Ha3bIBAETCS MHOXecTBO Bcex X C M, He sexamux B 1.
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Omnpeaenenune 9.22. Ilycts x € M — Touka. PaccmoTpum romomopdusm
2M — Iy, crapammit byskmun x : M — [Fy ee 3navenue x(z). Slapo aroro
0TOOpaXKEeHU, OUEBU THO, MAKCUMAJIbHBIN ugea. [[omoJHeHne K TaKOMY u1e-
aJy Ha3bIBAeTCA IVIABHBIM YJabTpadmiabTpoM. [WaBHBIN yabTpaduIbTp
cocTouT u3 MHOXecTBa Bcex X C M, comepxamux x:

N B={a}, A=M\fa}

B¢ Aer

(mocaenHee paBeHCTBO caegyer u3 Toro, 4ro A € I < (M\A) ¢ I, 1ro scHo
u3 3amedanus 9.20).

3ameuanme 9.23. MHOrMEe MaTeMaTUKMW CUUTAIOT, YTO MOHATUE yIbTpPa-
¢dusbTpa napagoKCcaIbHO, U UCIOJb30BATh YAbBTPAPUILTPEL HE CIefyeT, Ha-
pasHe ¢ Teopemon Llepmesno u IpyruMu 3K30TUIECKUMHE CJIEICTBUAMEA aKCUO-
MBI BEIOOPA. [[eicTBUTeNbHO, YA TPADUILTPHI, KPOME TIABHBIX, HEBO3MOXKHO
mOCTPOUTH ABHO. Eciu y Bac mouaTue yabTpaduibTpa BHI3BIBAET OTTOPXKE-
HUe, IPOIYCTUTE KOHeIl 3TOr0 pa3jena, u 3a0yAbTe IPO YIAbTPAPUILTPHI.

YabTpaduIbTpEl MOXKHO ONDPEIeINTh aKCHOMATHUYIECKW, YTO BUIHO U3
CTeYIOMIEN 3a Ja4n.

3agaua 9.3. Ilycte M — mmoxecTBo, a U C 2M — mabop ero mommHO-
xkecTB. /[lokaxuTe, 9TO CAeAYIOIINE YTBEPK ICHNA PABHOCUIbHEL.

(i) U sTo yapTpaduUILTD.
(ii) BemmonseHs! caegyiomme CBONCTBA.

A.ecru ACB, AclU, o BelU.

B. [las mwo6oro A C M, mu6o A, au6o M\A nexar B U (HO He
OJHOBPEMEHHO).

C. Eciu A, BelUd, o ANB eclU.
YabrpaduiabTpel 6bun BBegeHbl B 1937-M roay Aupu Kapranom, ogaum

u3 ocHoBaTeJern Byp6aku, U MUPOKO UCIOTHL30BAIUCH B TpakTaTax Hukomus
Byp6axu.

3ameuanne 9.24. Ilycts S C 2™ — nabop moamuoxecTB. PaccMoTpum
ngearn B 2V mopoxaennsmi S. On pasen 2M Torga n Toapko Toraa, Korga M
MOXKHO HOXYYUTh KaK 0O0beJUHEeHne KOHEIHOro ogHabopa B S (gokaxuTe).
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Henri Cartan, 1996
(1904 — 2008)

[ycrs reneps S = {X,} C 2M — na6op nogmuoxecrs M Takux, 4TO
Uy Xa = M, HO HEKAKOE KOHETHOE IO IMHOXKeCTBO S He JaeT B 00be HHeHnn
M. Tax, x mpumepy, eciu M = 7, MOXHO B3ATH B KadecTBe S MHOXKECTBO
BCeX KOHEYHBIX HOJIMHOXKECTB Z.

W nean, mopoxgenuwn S, He paBen M B cuny 3amedanus 9.24. ITosromy
OH COJIEPXKUTCA B HEKOTOPOM MakcuMagiabHOM miaeate /. [lockoabky

UAcJXa=Mm,

Ael «

ATOT yALTPAGUILTD HE TJIABHBIN.

Onpegenenne 9.25. A IATUBHOA MEPOHM HA KOJIbIe MHOXecTB S C 2M
HasbBaeTcs orobpaxenue 4 : S — R0 raxoe, uto u(AUB) = pu(A)+u(B)
I7st TI0OBIX Hemepecekatomuxcsa MHox)ecTB A, B € S.
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3agaua 9.4. Ilycte U C 2M — mexoTopoe moAMHOXKecTBO. PaccMoTpum
orobpaxenue p : 2 — {0,1}, nepepoaamee A B 1, eciu A € U, u B 0,
ecin A ¢ U. [lokaxuTe, 9TO j4 ABIACTCA a1 IATUBHON MEPOU TOTIA U TOJIBKO
Toraa, koraa U — yabTpaduiIbTp.

Yasrpaduastpel npuayman Aupu Kapran, B 1937-M roxay, caenysa ume-
am Kaoma HleBamne, xora IlleBamte BmocaencTBum OTKa3ajacAa OT BCeX MPaB
Ha 5TO u3obperenue. Yueouuku Bypbaku mo ocHOBaM ToHOIOrUU (B LEJIOM,
BECbMa HEYJA4HbIE) UCIONB3YIOT YIbTPAPUILTPHI U MHOTHE APYIHe DK30-
TUYeCKNe KOHCTPYKIUU, TOCIe HUX MPAKTUYecKu He ynorpebasBmuecs. B
OTJAMYHEe OT APYruxX m3oOpereHuun Bypbaku, KOTOpBIE BOOOIIE HUKOMY He
IOHAI00UINCH, TOHATHE yIbTPAPUILTPA OKA3aJ0Ch TOJE3HO B JOTHUKe, 00-
el TOIOJIOTMU ¥ HEKOTOPBIX pa3jelax ajireOpsl.

9.6. Teopema Agaekcangepa o nmpegbase

YrBepxkaenne 9.26: [lycte M — TomoJjormydeckoe mpoCTpPaHCTBO, a V C
2M — mokperrme M. PacemorpmM maeanx I B 2M ) mopoxgennemt V. Toraa
CJeyIONIIe yTBePK IeHNS PABHOCHUIbHEL.

(i) U3 V MoxHO BEIGPATH KOHEYHOE IIOANOKDBITHE
(ii) I =2M.

HokazareabcTBo: Eciu Uy, ..U, — KoHe4YHOE MOAIOKPBLITHE, TO 00HEIH-

uerve | JU; = M BoIpaxkaeTcs depe3 mepecedeHus U CUMMETPUYECKUe pas-

HOCTH, a 3HA4YWUT, npuHajtexuT . Mer noaygaem 1 € I, aro Breger I = 2M,
Ecmn xe I = 2M | umeem

=1

rae \; € 2M a U; € V. Ha A3bIKe MHOXKECTB 5TO PaBeHCTBO IePeNuCHBACTCA
M=MNU)AANU)A AN NUy)

[Mockoarky AAB C AU B, nmeem

n

M= NU)AKNT)ALANNU,) C | U

i=1
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3HAYNUT, B ) HAUAETCA KOHEYHOE TIOAIOKDLITHE. M

Teopema 9.27: (reopema Asekcangepa o mnpexgbase, “Alexander subbase
theorem”) Ilycts M — rTonomormyeckoe npocrpancTso ¢ npegbason {U,}.
[Ipeanonoxum, 4To aoboe nokpeirue M saementamu {U,} umeeT KoHedHOE
moanokpeiTue. Torga M KOMIAKTHO.

HokazaTreabcTBo: [Ilycts M HekomMmakTHO, U mycTh P — mnokpeiTue M,
He JOMycKalomee KOHeTHOTO MOAIOKpHTHA. Pacecmorpum uaear I B 2M, mo-
poxJenubli P. A63amemM BhImIe g0KazaHo, uro I # 2M . Ilycrs I, C 2M —
MaKCHMAaJbHBLIA UA€AJ, comepxkamun 1.

IMTar 1. OGosuauuMm 3a U MHOXKeCTBO diaeMeHTOB npeabasst {U,}, coxep-
wamwuxcsa B I,,. Joxkaxem, uro U — s10 mokpeitue M. [lockoawky I, 31O
uIean, BMecTe C JIOOBIM MHOXECTBOM I, COTEPXKUT BCE €ro MOIMHOXKECTBA.
[To ycroBmio, I, comepxuT OTKpbITOE MOKpbITUE M. [looTOMY mna maa xa-
XKJIOU TOYKH x € M, m Kaxg0u 0as3bl TOMOJOruU HA M HAWIETCA DIEMEHT
6a3bl, KOTOPBIA COJAEPKUT & U comepxkutca B I,. B3as B kadecTBe 6asbl
KOHeuHBIe TepecedeHusn U,, MBI MTOJTYIUM

v € (Ui € I,

rae U; nexar B npen6ase. [lonxygaem (), U; € I,. Ilockomeky I,,, MaKCHMaJIb-
HbI ngeadn, I, — npocron ugear. 3uaaut, us (), U; € I, cregyer, 910 X0TA
6wt oqun u3 U; mexwut B I,. Mur noxyumiu, aro x € U; € U. 3uadunr, U —
MOKPBITHE.

IITar 2. Ha npenpraymemM mare, Mbl TOJXyYuaIn, 9T0 4 — moKpeiTue M die-
MenTamu npenbassl. Ilockoaeky I, # 2M a U C I,,. HuKakol KOHETHBIN
Habop saemeHTOB U He naer B obbenmHeHuu M. Myl npunnim K npoTuBO-
peunio ¢ ycaoBusamu TeopeMbl Asekcanaepa o npexbase. CaegoBareasno, M
KOMIIAKTHO. W

3ameuanme 9.28. Ormerum, ¥T0 Teopema Asekcangepa o mpenbase Bie-
4eT TeopeMy TMXOHOBA O KOMIAKTHOCTH NpousBeaeHus (06 5TOM HuXKe).
[loaToMy OHaA paBHOCHIBLHA AKCHOME BBIOODA.

Amepukanckuu MareMaTuk [xeuMc Anexcasgep IpOCIaBUICA B OCHOB-
HOM KaK OJWH U3 OCHOBaTeled COBPEMEHHOU AarebpamdecKOd TOIOJOTHH.

Jlexknuu u 3a3a4M IO TOMOJOTUH - 246 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Jlekmusa 9: Ilpon3BegeHne KOMIIAKTOB

James Waddell Alexander
(1888 — 1971)

Emy npunamnexuT nzobpereHne CUMILTUIUAIBHBIX TPOCTPAHCTB U KOTOMO-
noruir. Kpome Toro, Arekcangep u3ydal TeOPUIO Y3JI0B, X HEMAJO €€ Pa3BLL.
On m306pea Tpynmy KOc, W OIpeIeJu] MHBAPUMAHT Y3JI0B, KOTOPLIA ceddac
HA3BIBAETCA €ro MMeHeM (MHBapuaHT AJeKCcaHgepa).

Asekcanaep IpOMCXOAWI U3 OY€Hb BIMATENLHOU aMEPUKAHCKOW CEMbH U
ObLT MULTHOHEpOM. HecMOTps Ha 5TO, OH OBLT YPE3BHIYAMHO JEBLIX B3IJIA-
noB. Korga B 1950-x rogax B AMepuke Ha4aJuCh TOHEHUsS HA COIUAJIUCTOB,
Anekcanep cTaj OIHON M3 IPOMKHX XK€pTB IpecienoBanui; B 1951-m roxy
Anexcannepy nmpunuioch yutu us [IpuncTonckoro Yuusepcurera u Institute
of Advanced Studies, rae oun pa6oran. Arekcangep goxua o 1971-ro roga
(paKTHIeCKHM OTIIEJLHUKOM, He MOABIAACHL Ha JMIOAAX. EIMHCTBEHHOE IIy-
6JUYHOE BHICTYILIEHUE AJeKCcaH1epa CIyduiochk B 1954-m roay - OH moanucasn
OTKPBHITOE MUCHMO B 3amuTy ¢usuka Pobepra Onmenrenmepa, IUPEKTOPA
MaHX3TTeHCKOTO TpoeKTa, KOTOPOro B 1954-M roay BhITHAIU C PabOTHI 3a
MOJUTHUKY.

Takxe Anekcangep OBLT 3HAMEHUTHIM AJbIIMHICTOM.
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9.7. Teopema TuxoHoBa 0 KOMIIAKTHOCTHU

[ycrs { M, } — nabop mHOX)ecTB. PaccMoTpum 06beuneHne BCeX YTUX MHO-
XKeCTB (KOTOpHIEe CYATAIOTCA Hemepecekawomumucs). OHO 0003HAIaeTCA

[ M.

Onpegenenne 9.29. Ilycrs { M, } — HAG0P TOMOIOTMYECKUX TPOCTPAHCTB,
MPOVHIeKCHPOBAHHBIN MHOXECTBOM MHIEKCOB J. HamomuuM, ¥T0 mpoun3se-
aenme M, 510 MHOXecTBO oToOpaxenunt uz J B [ [ M, craBsaumx B cooTBeT-
CTBHE KaxJIOMy mHIeKCy o € J Touky npocrpancrsa M,. Ha [], M, BBo-
IUTCA TAXOHOBCKAA TOMOJOTHA, 3aJaHHasA caegyiomen npendazoun. [luas
KaX O mapel & € J, 1 OTKpeITOro Muoxecrsa U C M,, paccCMOTpUM IO I-
MHOXKECTBO

My, ¥ oo XUy X . T My, X oo X My X ...

(mpomssenenue HaGopa { M, }, rae saement M, 3amennan ua U, a Bce ocTaIb-
HbIe OCTaBUIX KaK ecThb). O603Ha4nM 5T0 moaMHOXKecTBO 3a J, iy. Tomouo-
U, 3aJaHHasg TaKOH Ipe16a30li, Ha3bIBACTCA THXOHOBCKOM TOIOJOTHeH,
WU TOMOJOTHEH IPOU3BEICHHUA.

daemenmul npedbasvl, noxpuisaruwue yacmv npoudsedenus My X My

Teopema 9.30: (Teopema Tuxonosa o komnakTHocTH) Ilycrs {M,} — Ha-
6Op KOMIIAKTHBIX TOMOJIOrMIecKux mpocrpaucts. Torga [ [, M, Toxe koM-
MAKTHO.

Jleknuu m 3a3a4M IO TOMOJOTUM - 248 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Jlekmusa 9: Ilpon3BegeHne KOMIIAKTOB

JokxaszaTenncTBo: Teopema TuxonoBa cpasy ciemgyer um3 TeopeMbl Aek-
cargepa o mpexgbaze. Ilycrs {F,p, é} — Habop »JaeMeHTOB mpenbasnl. Jlerko

BHJETh, ITO
Ufa,Ua,g = Ufoz,Waa
a,& «

roe W, = U5 Usge. Ecim gna Becex o, W, # M,, BeibepeM TOYKy T, €
Mo \W,. OueBuguo, Touxa | [,z He aexut B |, Fo,w, -

Mz nory4aem, 9To {Fau, } ABIAETCA TOKPHITHEM, €CIU U TOJIBKO ec-
I Ug Upe = M,, A4 Kakoro-to «. IT0 3HAYUT, 9TO U, ¢ ABIAETCA OT-
KPHITHIM TOKpEITUeM M. Ilockonsky M, xomnakTHO, B U, ¢ €CTh KOHEIHOE
noanokpeitue Uy ;. Torga Fy y, ; Oy€T KOHEIHBIM MOKDBITHEM [I, M. Mut
JOKa3a/ll, 9TO U3 IH060ro MOKpHITuA | [, M, sreMeHTaMu mpen6asbl MOXKHO
BBEIOPATh KOHEYHOE TOAMOKPEITHE. Temepsh U3 TeopeMbl AlekcaHaepa BHITe-
KaeT, 9T0 [ [, M, KOMIaKTHO. m
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Jlekimua 10:
PaBHOMepHas cXoIMMOCTD

10.1. BanaxoBbl IpoOCTpPaHCTBAa

Onpegenenne 10.1. Ilycrs (V,v) — npocrpancTso ¢ HopMmon. Hamomuum,
aro (V, V) HaseiBaeTCa GAHAXOBBIM, €CJIM OHO MOMHO, KAK METPHYECKOE TPO-
CTPaHCTBO.

3ameuanue 10.2. [Ipeanosoxum, 4ro (V, 1) — KOHEIHOMEDHOE IPOCTPAH-
CTBO C eBKJIUI0BON HOPMOW, 3aJaHHON Kak Vs (v) = ¢(v,v), rae g — Ouinuen-

Hasdg CUMMeTDPUYHAas, HeBRIpOXK feHHadA popma. B Jlekuum 2 Mmb1 gokazanu, 4To

. Id
roxaecTsenubin uzomopdusm (V,v) — (V) v,) ABIAETCA TUNIIANEBBIM, U

06paTHOE eMy 0TOOPaKEHUE TOXKE JUTIIUIEBO (TaKue 0TOOpaKEHNS Ha3bIBa-

Id
10TCsA Ommmmnimunessivu). V3 storo caegyer, uro (V,v) — (V,vy) mepe-
BOMUT TocaenoBaTerbHOCTH Komm B mocaenoBaTenbHOCcTH Komm. [TosTomy
(V,v) noaxo.

Mur nokazaau caenyioliee yTBEpXKIeHUe

YrBepxaenue 10.3: Jlio60e KOHEYHOMEPHOE HOPMHUPOBAHHOE IIPOCTPAH-
cTBO! — 6aHAXO0BO.

Ormerum Takxke, 9yro exunndnb map B (V,r) xomnakren. [lercrsu-
TEJbHO, OH ABJIAETCA 3aMKHYTBIM ¥ OUPDAHUYEHHBIM II0JIMHOXECTBOM B €B-
kauaoBoM npocrpanctse (V,vp), 94T0 caeayeT u3 OMINNIIUIEBOCTU TOXKIe-

Id
crBerHoro orobpaxenus (V,v) — (V).
Crenyromas noae3nas TeopeMma ObL1a mokaszana P. Puccom.

[Tycrs (V, v) — mOpMupOBanHOE TPOCTPAHCTBO, 8 By C V — exunmanbi
samkHyTHZ ap B V. Ecim B, komnakren, To V' koHEIHOMEDHO.

!HopMupoBaHHOE MPOCTPAHCTBO — IIPOCTPAHCTBO C HOPMOH.
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HMokazareascTso. Illar 1: Eciun B; koMIakTeH, u3 MOKPHITHA B; OTKpHI-
1

THIME ITapaMd PaJuyca ; MOXHO BEIOpATh KOHEYHOE MOANOKpHITHE. IIycTh

{1, ..., Tp} TEHTPHI WAPOB, KOTOPBIE COCTABIAIOT HTO MOANOKpLITHE. Toraa

mast kaxaoro v € V, |v| < 1, nas kakoro-To x; uMeeT MecTo |v — z;| < %

IMMar 2: CuegoBarenbro, a1 Kaxgoro w € V, rakoro, uro |w| < A, u aas
KAKOrO-TO &; € {Z1, ..., Ty} MMeeT MeCTO |w — Az;| < .

IMMar 3: Bosemem kakon-to v € V, |v| < 1. Beibepem z;, € {z1,...,2,}
o 1

TaKoH, 4T |V — ;| < 5. [I[puMeHHB yTBep:KjJeHue IpeIbIIyIIero Iara K

w=v—1x;, A =1/2, noxydum, 4To

1 1
|U—.T,'1 - §x22| < Za
1A KAaKOTO-TO Tj, € {T1,...,Tp}. [[pUIMEHUM yTBEPKICHUE TIPEILITYIIETrO
—1 _ v
mara K W = v — » ., 5%, A = 1/2"71, Bocmoap3yeMcsa MHEyKIuei,
HOJIY YUM
n
1 1
U_ZQk 1% | < on”
k=1

ITar 4: Msr fokasanu, 9T0
o
=> 5
2k—
k=1
CrenoBaTeabHO, v TPUHAIEKAT JUHEUHON 060J0YKe BEKTOPOB {1, ..., Tp |,

KOTOpasg TakuM 00pa3oM MOKHaA comepxkaThb V meaukoMm. [losTtomy V' ko-
HEYHOMEPHO. W

[Iycts M — Tomomorudeckoe mpocTpaHcTBo. HamoMuuM, 9TO QyHKINIO
f 1 M — R HaseBajOT OrpaHMYEHHOM, eClu Sup,.,, |f(z)| < oco. Ilycrs
Cy(M) — mpoCTpaHCTBO HENPEPLIBHLIX, OTPAHUYEHHbIX, BEIIeCTBEHHO3HAY-
ueix pyukmun Ha M. IlycTs
|| := sup |f(z)].
reM
Jlerko BujgeTsb, 4To 510 HOpMa (HoKaxkuTe). Takas HOpMa HassiBaeTcsa L°-

HOPMOM, IIN XK€ SUP-HOPMOM Ha, IPOCTPAHCTBE HENIPEPLIBHLIX, OTPAHNIEH-
HBIX, BEIeCTBEHHO3HAYHBIX (DYHKIUN.
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Omnpegenenne 10.4. TonoJorus, onpenenseMas SUp-HOPMOU Ha, IIPOCTPaH-
CTBe HEIPEePHIBHBIX, orpanndeHHbix Gyuxnuin Cy(M ), Ha3pIBaeTCS TOIOIO-
rmer paBHOMEPHOH cxoamMocTH. [locrenoBaTelbHOCTh (PYHKIUN, KOTO-
pas CXOAUTCA B TAKOM TOMOJOTME, HA3BIBAETCA PABHOMEPHO CXO JAIIEHCA.

Teopema 10.5: [Ipenes paBHOMEPHO CXOAAIIEHCA MOCICJOBATEILHOCTH He-
IPEPHIBHBIX (PYHKIMI HenpepbiBeH. Bosee Toro, npoctrpanctso Cy(M) ¢ sup-
HOPMOU — 0aHAXOBO.

HMoxkazarenscrso. Ilar 1. ITycrs { f;} — nocaegosareasuocts Komm orpa-
HudeHHbIX GyHKuui. [lockoabky

|fi(y) = = = fi(y)] < sup [fiz) = fi(=)],

reM

s kaxaou rouku y € M, {fi(y)} — nocregosarensuocrs Komm. [Tosromy
fi moroueuyno cxoxarca x dyukmuu f: M — R.

IMar 2. Ilycts ¢ : M — R — nenpepniBHaa ¢dysknuda, a I'y, C M x R
5TO0 OObeJUHEHUE BCEX €-OTPE3KOB Buaa m X [¢p(m) — €, ¢(m) — €]. Moxno
aymaTh npo ['y . kak mpo obbeguneHne rpadukoB GYHKIUH ¢ + ¢, Tae ¢ €
[—¢, €]. [oxaxem, 9To MHOXKeCTBO [y, 3amkHyTO. /11 5TOr0 paccMOTpUM
orobpaxenne ¥ = ¢ x Id : M x R — R x R. Jlerko Bugers, aTo 'y, =
U—Y(W), rge W — samkHyTOE TOAMHOXeCTBO B R X R, cocTaBIeHHOE U3 BCex
nap (z,y), Takux, 9ro |z —y| < €. [Tockoabky W 3amkuyTO, a ¥ HEmpepHIBHO,
['y,c TaxKe 3aMKHYTO.

IMMar 3. [xa kaxzgoro i, o6osuaunM 4epes € umcao |f — f;|. [padux Iy
JeXWUT B 3aMKHyTOM MHOXecTBe [, .. [Tockoapky mocaegosareassHocTs {¢; )

CXOIUTCA K HYJIIO, nMeeM
Tr=(Tta
7

I'padux dpynxnunu 'y aprgerca nepecedenneM 3aMKHYTHIX MHOXECTB, II03TO-
MYy OH 3aMKHYT.

ITar 4. Tlockoabky (yHKnuUs [ OrpaHUYeHHA, MOXHO PACCMATPUBATHL €€
kak pyukuuwo f: M — [-C,C]. Oycts 7 : M x [-C,C] — M — 06bI4-
Haa npoekuus. Jlerko sugers, uro [ !([a,b]) = 7(L; N M x [a,b]). [o-
ckoabKy npoekuusa m : M x [-C,C] — M umeer KOMIAKTHBIE CJIOH, OHA
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o+e y=X+¢

o€

Muoacecmeo T f.e noayueno xar U (W)

3aMKHYTa (3TO GBLIO J0Ka3aHO Ha mpomuiok Jekiun). [losromy f~'([a, b]) =
m(L'fNM x [a, b]) 3amKHyTO, a 3HAYAT, IPOOOPA3 MOGOr0 OTKPHITOI'O MHTEP-
Banaa B [—C, C| orkpsIT. [I0CKOJIBbKY OTKDHITHIE HHTEPBAJB ABIAIOTCA 6a301
TomnoJoruu, f HempepweBHO. MBI 1oKkazanu, 9To {f;} paBHOMEPHO CXOAUTCA
K HEIpepLIBHOW (PYHKIVA. m

10.2. IIpumepsl npocTpaHcTB Pperre

[Tlycrs V' — Tomosorudeckoe BEKTOPHOE MPOCTPAHCTBO, € XayCcAopdoBon
TOTOJOTHEN, 3aJaHHON CUCTEMON TOIyHOPM {V, }. Hanomuum, uro V' Hasbl-
BaeTcs mpocTpaHcTBoM dperrre, ecm Kaxas M0CIE0BATEILHOCTD {T;},
KOTOpas SBJIAETCA MOCJIEI0BATEILHOCTHIO KoM OTHOCHTENIBHO BCEX TMOITY-
HOPM Vg, CXOTUTCA K £ € V.

[Iycte M — mokaabHO KOMIIAKTHOE TOIMOJOTMYIECKOEe TTPOCTPAHCTBO, a V
— MPOCTPAHCTBO HempepwuBHLIX GyHKnuu Ha M. [las Kax 10ro KOMIaKTHO-
ro noamuoxectBa K C M, paccmorpum noayHopmy Ha V,

|fx = sup |f(z)]
TeEK

[Tockoabky K KOMIAKTHO, a f HEIPepBIBHO, IMeeM SUp,ck | f(x)] < oo.

JTa cucTeMa MOJIYHOPM 3ajJaeT Ha V TONOJOrMI0, KOTOpas Ha3bIBAETCA
TOIOJOTUA PABHOMEPHOM CXOAMMOCTH Ha KOMHIakTax. JIerko Buaers,
qro V sBasercsa npocrpancrsoM Ppeme (nokaxuTe).
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[lpyrou mpuMep mpocTpaHcTBa Ppelre MmoaydaeTcs, ecau pacCMOTPETh
npocrparcreo C*([0,1]) rmagkux ¢yskuun ua orpeske. Paccmorpum, aus
KaxXkJ0ro n, HopMmy | f|con, onpegenennyio cieaymomum 06pa3om:

[flco = sup [f(@)], |fler= sup [f(z)|+|f' (=), ..,

z€[0,1] z€[0,1]

z€[0,1]

n
[flen = sup Y [ ()].
i=0
Jlerko BumeTh, 9TO
[@lon > 6% |cnes

1J1st 060U n-KpaTHO Auddepennupyemon GpyHkuuu ¢. (mposepbTe 5T0). B
9aCTHOCTH, { fi(k)} — mocaegoBaTeabHOCTh Komm B O™ *-romomoruu, ecan
{fi} — mocaegoBarersrocTs Komu B C™.

[Mockoabky mpegen o C%-HopMe HelpephIBeH, KaK ObLIO JOKA3aHO BHIIIE,
npeger no C*-mopme — k pas gudpepennupyemas dpyukmua. JeicTBUTE b
HO, f; OyAeT k-KpaTHOU IepBOOOpa3HOU A1 f; ', 3HA4UT, f OyaeT k-KpaTHOU
nepoo6pasuoit gia f*) = lim fi(k) (4TO6GBI MOMYYUTH DTO, TOKAKUTE, 9TO
B3ATHE TIEPBOOOPA3HON IEPECTAHOBOYHO C B3ATHEM MPEIeNa 0 PABHOMEPHON
CXOMUMOCTH).

3ameuanwme 10.6. Mo noxyammu, wro npoctpanctso C*([0,1]) k pas gud-
depennupyeMbrx Gysknui Ha [0, 1] IOIHO OTHOCUTEILHO HOPMEL | - k. [len-
CTBUTEJbHO, TyCTh {f;} — mocaegoBarersroCcTh KoOmm OTHOCHTEIBHO TOR
HOpMBIL. [TockombKy |- |cr > |- |co, 3 Teopemsr 10.5 caregyer, 4T0 J1106as mO-
caenoBaTeabHOCTH Komm B HOpME | - |or CXOAUTCA K HETPEPLIBHON (QYHKIINH.
B cuy BhImeckazaHHOTO, 5Ta GYHKIUA &k pa3 AuddepeHnupyema.

Paccmorpum npoctpanctso C°°([0, 1]) ¢ cuctemoir mopwm, 3agannbx CF
i=0,1,2,.... B cuny BeIIECKA3aHHOTO, €CIM MOCAEA0BATEABHOCTS { f;} cxo0-
JIUTCA BO BCEX DTUX HOPMAaX, IPEJe] DTOU MOCAeIOBATEIbHOCTH TUIATKUM.
[Tosromy C*(]0,1]) — npocrpancrso Ppemre.

10.3. sup-mMeTpMKa Ha HPOCTPAHCTBE O0TOOpa-
XKEHUN

Onpeapenenne 10.7. Ilycte X — Tomosoruieckoe mpoCTPaHCTBO, Y — Me-
Tpuieckoe npoctpancTBo. Orobpaxenue f : X — Y HaspiBaeTcsa orpa-
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Hu4YeHHbIM, ecau f(X) nexur B mape B, (y) ansa kakoro-troy € Y, ur € R.

Ha muoxectse Map, (X, Y) orpanudennsrx orobpaxenun u3 X BY ompe-
JereHa sup-meTpuka dopmynon d(fi, fo) = supgex d(fi(z), fo(z)) (upo-
BEpbTe, YTO HTO MeTPUKA). JTa ke Merpuka onpepeiserca Ha Cy(M) mo-
CPEeACTBOM SUpP-HOPMHI (TIpoBepbTe). TOT Ke CAMBI APTyMEHT, YTO JOKA3bI-
BaeT Teopemy 10.5 o 6anaxoBoctu Cy(M), 10Ka3BIBAET MOJHOTY MPOCTPAH-
ctBa Cy(X,Y) HempepbIBHBIX, OrpaHUYEHHBIX OTOGpaxkeHun. /laa mokasa-
TeJIbCTBA, HAL0 yOEIUTHCA, 9TO MOCIeJ0BATENbHOCTH Kommm oTobpaxenun
{fi} € Co(X,Y) cxomurea morouedno x orobpaxkenuio f € Map,(X,Y),
a 3aTeM BOCIOJb30BATHCA 3aMKHYTOCTBHIO rpaduka f, 9700 10Ka3aTh ero
HeNpepLIBHOCTH. [IJ1a 3TOro ucnoab3yeTrcsa Takad JeMMa.

Jlemma 10.8: Ilycts f: X — Y — orob6paxeHue TOMOIOTUYECKUX TPO-
cTpaHCTB, npuieM rpaduk I'y C X x Y samknyr. Ilpeamonoxum, 9To Y
koMmnakTHO. Torga f — HempepbIBHO.

HoxkazarenbcTBOo: [lycts mx : X X Y — X - oro6paxenue mpoeKiuu.
[lns xkaxgoro 3amkuyToro nogmuoxecrsa A C Y,

FYA) =mx(T; N X x A).

Ecin Y xommakTHO, TO oTobpaxenue mx 3aMkHyTo (Jlekuus 9), mosromy
MHOXECTBO

Wx(rfﬁXXA)

TOXE 3AMKHYTO, a 3HAYUT, [ HENPEPHIBHO ([OKAXKWUTE). m

Teopema 10.9: [Iycts X — Tomomoruieckoe IpoOCTPAHCTBO, ¥ — IMOJTHOE
MeTpudeckoe npoctpancTso, a Cy(X,Y) — mpocTpancTBO HENpPEpHIBHBIX,
OrpaHUYEHHBIX OTOOpaxKeHuu, ¢ sup-Merpukon. [Ipenmonoxum, 94To J0601
3aMKHyTHIM map B Y kommakTed. Torga Cy(X,Y') moaso.
HoxazaTenscTBo Teopemsr 10.9.

IMMar 1: [Mockoawsky d(fi(z), fo(z)) < d(fi1, f2), M06as moCIeA0BATEIBHOCTS
Kommu {f;} orobpaxkenuin moTOYeIHO CXOAUTCSA K OCPDAHMYEHHOMY OTOOpa-
wxennwo f € Map,(X,Y). [daa nokasareascrsa noanotsl Cp(X,Y') ocrarocs
IPOBEPUTD, YTO [ HENPEpPHIBHO.
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IIIar 2: [Ipeamonoxum, 9TO0 J000K 3aMKHYTHIA AP B Y KOMOakTeH. Torga
s TI000M TOCIe[0BATEeIbHOCTL Kommu

{fi} € Map,(X,Y),

{fi} nerukom JeXKUT B KAKOM-TO 3aMKHYTOM mape. [[03ToMy MOXHO CIUTATD
Y xoMmakTHBIM, a 3HAYUT, BHINOMHEHO ycaoBue Jlemmbr 10.8. [loaTomy mas
NOKA3aTeNbCTBA HEMPEPBIBHOCTU f JOCTATOYHO yOEAUTHCA B TOM, YTO €r0
rpaduk 3aMKHYT.

ITar 3: [Iycts ¢ : X — Y — HenpepwiBHOE 0TOOpaxenue, rie X — TOIO-
JOrIIeCKOe IPOCTPAHCTBO, a Y — MeTpuieckKoe IpocTpancTBo. OO03HAMUM
3a 'y C X XY muOXecTBO

Toe={(z,y) €e X xY | d(f(z),y) <€}

Mokaxem, 9To I'y . 3amxryTO. B camom gene, mycts W@ X XY — Y XY
oro6paxaer (z,y) B (#(x),y), a Ac CY XY — muOX)ecTBO Beex map (i, ya)
rTakux, 910 d(y1, Y2) < €. MHOXKECTBO A, 04€BUIHO, 3AMKHYTO (IIPOBEPHLTE),
aTye = '(A.), 3HA4AT, OHO TOXKE 3AMKHYTO.

ITar 4: Iycrs ¢; = d(f, f;). Toraa
Iy= ﬂrfiyei

(uposeppre). 3uaunt, ['; — mepecedenne 3aMKHYTHIX MHOXECTB M OHO 3a-
MkHYTO. B cuny [llara 2, u3 sroro caexyer menpepsiBHOCTS f. MBI 10Ka3amn
Teopemy 10.9. m

10.4. UcTopus, 3ameudaHusd

B 1821-m roay Orwocren Komwu ony6imkoBaJ HempaBUIbHOE TO0KA3ATElb-
CTBO TOT'0, YTO HOTOYEYHBLIN IMPEIe] HEeMPEPHIBHBIX (DYHKIUU HElpepPBLIBEeH.
B ckxopom Bpemenu, AGers u Pypre HANLIM KOHTPIPAMEPHI K DTOMY yTBEP-
K aeHuto, a [upuxae o6HaApyXu1 ommbKy B qoKasaTenabcTBe Korru.
Omnpenenenne paBHOMEPHOU CXOJMMOCTH MPUHAIJIEKUT, CYASA IO BCEMY,
Kpucrody I'ynepmanny (Christoph Gudermann). B 1841-m roay yuenuxk I'y-
nepmanHa Kapa Bernepirpace ony0ankoBaJs onpejieJeHre paBHOMEPHOU CXO-
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UMOCTHU, U OpuayMaa HeMenkuu tepmuH ~gleichmafig konvergent”, xoTo-
A ) Ay o )

PHIT IEPEBOAUTCA HA PYCCKUM KaK ” PABHOMEPHAA CXOAUMOCTE” (MO-aHTIUNCKH
— uniform convergence).

Karl Theodor Wilhelm Weierstrafl
(1815 — 1897)
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Jlekmmua 11: IIpocTpaHcTBO He-
IIPEPLIBHEIX OTOOpaXXeHNN

11.1. Tomosorus paBHOMEPHOM CXOJUMOCTHU Ha

C(X,Y)

[TycTe X — KOMIAKTHOE TOMOJOTHIECKOE TPOCTPAHCTBO, ¥ — METPUIECKOe
npoctpancTBo, a C(X,Y) — MHOXeCTBO HEMPEPHIBHBLIX 0TOOpaXeHun u3 X
B Y. Hanomunm, uro va C(X,Y) onpezgesena sup-meTpuka 1o ¢popmy.ie

d(f, f') = supd(f(z), f'(z)).

reX

Koneunocrs cynpemyma cieayer u3 KoMmnakTHocTu X (gokaxwure).
HamomuuM, 9T0 OKpECTHOCTD MOIMHOXECTBA / TOIOJOTTIECKOTO IPO-
CTPAHCTBA, — DTO OTKPBITOE MHOXECTBO, KOTOPOE COAEPXKUT Z .
[Iycrs A, o603Ha4vaeT okpecTHOCTH auaroHaau A B Y X Y, 3anaHuyio
dopmyaon
Ac={(y,y) €Y xY | d(y,y) <e}

[lns xax 10T0 HempepbIBHOTO oToOpaxenus ¢ : X — Y, paccmorpum ¢ =
¢ xldy : X xY — Y xY. Jlerko BueTs, 4T0 rpaduk ['y morygaerca kak

Iy =o' (A).

Iycrs Ly := &1 (A,) — okpecTHOCTD [y, MOTYIEHHAS KAK IPOOGPa3 A,.

3ameuanue 11.1. Ha npomwion aekuuu Mbl fokasanu, 9to d(¢, ¢') < € To-
rja ¥ TOJBKO TOrja, Korja rpaduk ['y nemmkom gexut B L'y .

Ompegenenne 11.2. Ilycts X x C(X,Y) =% Y, nepesogut mapy (z, ¢)
B ¢(z). DT0 0TOOpaKEHUE HABBIBAECTCA OTOOGPAKEHUE DBATIOAIUAN (BLIYN-
CJIeHUs).

OcHOBHOE yTBEpXKICHUE DTOU JEKIUU — CAEAVIOMIAsA TeOPEMa.

Teopema 11.3: Ilycts X — KOMIAxKTHOE TOMOJOTTIECKOE TPOCTPAHCTBO,
Y — merpudeckoe mpocrpancTso, a C'(X,Y) — MHOXKECTBO HEMPEPBIBHBIX
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b+e y=x+g
||||I| m W= Idx ¢ y=X-¢

o€

Muoacecmso Ty noayueno wax U~ (W)

oTrobOpaxenuu u3 X B Y, ¢ TONOJOTHEN PaBHOMEPHOU cxoaumMocTu. IIpemo-

J0XuM, 94T0 y X ecTh cueTHas 6a3a OKPECTHOCTEN B TO4YKe. 1Torga orobpa-
ev

wenne sBamoanuu X x C(X,Y) — Y wmenpeprsro. Bosee Toro, Tonouo-

rusa PaBHOMEPHOM CXOJMMOCTH — CaMasd CIabasg TOIMOJOIHA, B KOTOPOU ev

HeIPEPHIBHO.

3ameuanme 11.4. U3 Teopemsr 11.3 cpa3sy craeayer, 4TO TONOJOTHA PaB-
HOMepHOU cxoaumocty Ha C(X,Y) meamkoM ompeenseTcs TONOJOTAIeCKON
crpykrypou X u Y.

3ameuanme 11.5. HamomuuMm, 94T0 0TOOpaXKeHNe TOMOJOTUYIECKUAX TPOCT-
PAHCTB Ha3hIBAETCA CEKBEHITNAJIBHO HENPEPHIBHBIM, €CIU OHO IEPEBOIUT
mpeJenbl MOCTeI0BATEIBbHOCTEN B MpeIeabl NocteaoBaTenbHocTen. CekBeH-
[UATbHAS HEIPEPHIBHOCTD €V HEME/JIEHHO caefyeT (IpOBephTe) U3 HEePABEH-
CTBa TPEYrOJbHUKA

d(fi(x:), f(z)) < d(fizi), f(:)) +d(f (z3), f())

rae {fi} € C(X,Y) — nocaenoBareibHOCTb (PYHKIUN, PABHOMEPHO CXOJ-
muxcs K f, a {z;} € X — nocienoBareIbHOCTb TOYEK, CXOIAMUXCA K T.

3amedyanme 11.6. [[aa npocTpaHCTB €O CUYeTHOM 0a30d OKPECTHOCTEH B
TOYKE, CeKBEHI[MAJIbHAA HEIPEPHIBHOCTh PABHOCUIbHA OOBIYHON (JIOKAXKUTE
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ev
510). [TosTomy X x C(X,Y) — Y HenpepuBHO, B IPEATIOJIOKEHUU, YTO ¥
X ecrb cueTHan 6a3a OKPECTHOCTEH B TOYKE ([JOKAXKUTE).

Mgl 3aBepmmM 10Ka3aTeaIbCTBO TeopeMbl 11.3 B KOHIIE CJIEIYIOMEN CeK-
1IN,

11.2. TomoJaorus, 3agaHnHas OKPECTHOCTAMM I'pa-
duka

[Iycrs X, Y — rononorudeckue npocrpasncrsa, a C(X,Y) — mMHOXecTBO
BCEX HEIPEePHIBHLIX 0TOoOpaxenun u3 X B Y.

[Iycts W — mommuoxectBo B X X Y. Paccmorpum muOXecTBO Sy B
C(X,Y), cocrosmmee u3 Bcex HempepwuBHEIX oToOpaxenun f € C(X,Y) Ta-
kux, 9r0o rpaduk ['y aexur 8 W. Ilycts C'(X,Y) — npocTpascTBo Hempe-
PBIBHBIX (DYHKIIWU, C TOMOJOTUEN, 62301 KOTOPOU SABJSETCS MHOXECTBO BCEX
Sw, rne W — o0beiuHeHre KOHEYHOIO YHCIA OTKPBITHIX MOAMHOXECTB
UxV cCX CY cnogmuoxecrsamu Buga K x Y, rae K C X 3amkHyT.

Pacemorpum orobpaxkenue X x C'(X,Y) 2, X x Y, nepesogamee
(z,¢) B (z,¢(z)). Jua kaxgoro orkpsiroro Maoxecrsa U x V C X x Y,
yCTh

W:=UxVU(X\U)xY.
U3 onpenenenus Sy cpasy caegyer, ITO
U XxV)=U x Gy.

MevicrBurensHo, ausa kaxgoro ¢ € C(X,Y), o6pas ¢(U) aexur B V Torga
u TOJABKO Torjaa, korga rpadpuk ¢ aexut B W. CraegoBarensHo, oToOpaxe-
e ® : X x C'(X,Y) — X X Y mnenpepsiro. [Tockoapky oToGpaxkenue
SBATIOAIMHA MOLYYAeTCA KaK KOMIO3uusa ¢ u MpOoeKuy, MBI IIOLy9aeM, 9TO
X x C'(X,Y) =5 Y menpepsiHO.

ITo onpexenennto, 6aza oTkpeIThx MHOXKecTB B C'( X, Y') mopox nexa muo-
wecrBamu Buga Sy, rae W = U x V U (X\U) x Y. Ora 6a3a noxydaercs
u3 npoo6pazos m(®1(A)), rne 7 : X x C'(X,Y) — C'(X,Y) — ecre-
crBenHasa npoeknus, a A = U X V orkperro B X X Y. [losTomy Tomoaorus
C'(X,Y) ecTb caabenmmas TOMOJOTHsA, B KOTOPOU ® HEMPEPBIBHO.

® .
3ameuanue 11.7. HempepwiBaocts X X C(X,Y) — X x Y B kakou-to
ronosoruu Ha C(X,Y) paBHOCWIbHA HEMPEPHIBHOCTU €V B DTOU K€ CaMOn
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Tonosoruu. [lercTBUTENBHO, ev Toay4daeTcs komno3unuen Y u mpoexknuum, a
® momyuaerca kak npoussegenue ev u npoekmuu X X C(X,Y) — X.

Mer moayuunu, uro C'(X,Y) — caabenmas TOMOJOTUA, B KOTOPOU He-
npepeIBHO oTOoOpaxeHue ev. [laa mokasarenscTBa Teopemsr 11.3 ocTagnoch
nokazars, uro ronoaorus C'(X,Y') sksusarenTra romoxorun C(X,Y).

[Tycts X — KOMIAKTHOE TOIOJOTUYIECKOE MIPOCTPAHCTBO CO CIeTHOU Oa-
301 OKPECTHOCTEN B TOUKe a Y — MeTpudeckoe MpocTpaHcTBo. [lis moka-
3aTenbcTBa Teopemsl 11.3, paccMOTPUM TOXIECTBEHHOE OTOOpakKeHUe

C'(X,Y) % oX,Y).

Baza orxperreix muoxects B C(X,Y) cocront u3 muoxects Buga Or,

(3ameuanue 11.1). Takue muoxecrsa orkpeirhl B C'(X,Y'), no onpenenenuto

rononorun Ha C'(X,Y). ITosromy C'(X,Y) X, C(X,Y) menpepsBHO, TO

ecTh TOmoJorus, onpeaeneHnas Sy, CHLIbHEE, 9eM TOMOJOTUA PABHOMEDHON
CXO TUMOCTH.

C apyrou croponsr, nockoabKy C'(X,Y) — crabeimias TOMOJIOTUsA, B KO-
TOPOI HempephIBHO 0To6paxenne sparoamms, a X X C(X,Y) =5 Y mempe-
puisHO, Tonogorusa C'(X,Y) crabee, yem Tomomorus C'(X,Y). Msr goxkasauu,
YTO DTU TOMOJOTHY DKBUBAJCHTHEL.

YrBepxkagenne 11.8: Ilycth Y — kKoMmakTHOe MeTpUUIeCKOe TPOCTPaH-
CTBO, Z — MeTPHYECKOe IIPOCTPAHCTBO, a X KoMmmakTHO. Torga orobpaxke-

uue komnosuuuu C(X,Y) x C(Y, Z) 4, C(X, Z) HenpepsIBHO.

MoxaszareascrBo: Oro6paxenue C(X,Y) x C(Y, Z) 4, C(X, Z) nenpe-
PBIBHO TOT/Ia U TOJBKO TOTAA, KOIAa

X x C(X,Y) x C(Y,2) "“ x x 0(X, 2)

uenpepsiBHO. [To Teopeme 11.3, 6aza Tonosorun va X X C'(X, Z) nopoxaer-
caev (U), rme U C Z — oTKpBITOE MHOXECTBO. [[05TOMY /715 JOKA3ATeb-
CTBa HEMPEPLIBHOCTY KOMIIO3WIUK, JOCTATOYHO N0Ka3aTh, YTO OTOGpaxKe-
ane evi(X xC(X,Y)xC(Y, Z)) — Z, (z, $,v) — ¥(¢(x)) mempeprsro. C

JIPYToil CTOPOHHI, ev’ moydaeTcsa IpEMeHeHneM 3BATIOAINN IBa pa3a: Imep-

BbIU pa3 ($,¢, 1/1) - (ﬁb(x):?ﬁ)a a BTOpOfI pas — (¢(33)a1/1) —>1/1(¢($))a n

KaXIas M3 DTHUX DBAJIOANNN HEIPEPLIBHA, 9TO caenyeT u3 Teopemsr 11.3. m
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11.3. 3amevyanus

Tonosorus ua C(X,Y), onpegesennas BbIle, ABIAETCA IPUMEPHOM OTKPBI-
TO-KOMIIAKTHOM TOIOJOTHH, KOTOPAA ONPEICICHA 1A JI000r0 JOKATHHO
KoMnakTHOro X u ai060ro (He o6s3aTenbHO MeTpusyemoro) Y. [las Kowm-
naxTHOro moavuoxecrBa K C X m orkpwiroro U C Y, nyers V(K,U)
— MHOXeCTBO oToOpaxenuu, mepeBoganmx K B U. OTKPBITO-KOMIAKTHAA
romoJorus (compact-open topology) ma C(X,Y) — Tononorus, 3anaHHas
6azon V(K,U).

Ralph Hartzler Fox
(1913 — 1973)

3agaga 11.1 (*). [Jokaxure, 9T0 OTKPBITO-KOMIAKTHAS TONOJIOTUS DKBY-
BAJEHTHA TONOJOIMY PABHOMEDHOU CXOAMMOCTH, ecau X KOMIAKTHO, a Y
MeTPU3yeMOo.

3agaga 11.2 (*). [Mokaxure, yTo orobpaxenune kommosumuu C(X,Y) x
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C(Y,7Z) — C(X,Z) HenpepwIBHO, 1Jsi OTKPBITO-KOMIAKTHOW TOIOJOTHH,
ecau X, Y, Z xaycnopdOBHL.

OTKpPBITO-KOMIAKTHYIO TOMOJOr U0 u306pea B 1945-m rony Paabsd Pokc,
yaeruk Cosomona Jledmena, KOTOPLIA ObLT HAYIHBIM PYKOBOJIUTENEM MHO-
JKEeCTBa 3HAMEHUTHIX MaTeMaTHKOB, B YacTHocTu [[xona Muraopa u Bappu
Ma3sypa.

Jlexkuuu u 3348494 N0 TOMOJOTUH - 263 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Yactb II1. JIEKIMK IO TOHNOJOI'MA

Jlekiua 12:
CBsaA3HbIE IPOCTPAHCTBA

12.1. CBoucTBa CBA3HBIX II0OAMHOXKECTB

Omnpegenenne 12.1. IIycte M — Tomnosorudeckoe mpocTpaucTBo, a A C
M — ero moaMHOX€CTBO, KOTOPO€ OTKPBHITO U 3aMKHYTO. Torga A HasbiBa-
eTCsl OTKPBITO-3aMKHYTHIM (clopen).

3ameuanue 12.2. Oueugno, M u () oTkpeiTO-3aMkHyTHL. Ecaiun y M ecTs
OTKPHITO-3aMKHYTO€ IOAMHOXKecTBO U, He paBHoe M u (), To M MOxXHO pas-
6uTh B 0ObeqUHEHNE IBYX HElepeCceKaloNMXCsa, HeYCThIX, OTKPBITHIX II0 -
muoxects, U u M\U. O6parnoe Toxe BepHO (f0Kax)uTe).

Onpeapenenune 12.3. Ilycte M — Tonojorudeckoe mpocTpaHcTBo, a X C
M — ero moaMHOXECTBO, PACCMOTPEHHOE KAK TOIOJOTUYECKOe IPOCTPAH-
CTBO € MHIynupoBaHHOU TomoJoruen. Torga X Ha3pIBaeTCA CBA3HBIM (CON-
nected), ecau BepHBI CAeAYIONINE PABHOCUIBHBIE YCIOBUA

(i) X He comepXuT OTKPHITO-3AMKHYTHIX MOAMHOXKECTB, Kpome X u ().

(i) X me moxeT ObITH Pa3buT B 0OBEAUHEHME ABYX HENEPeCEeKarOMUXCH,
HEIIyCThIX, OTKPBITHIX IIOAMHOXECTB

Yreepxgenue 12.4: CpasHoe moaMHOXeCTBO oTpeska [0, 1] — »To oTpe-
30K, HHTEPBAJ WIW MOJIyTHTEPBAL. !

MokazareascTBo: [lycts X C [0,1] — mOAMHOXeCTBO, HE ABJIAIOLIEECT
OTPE3KOM, MHTEPBAJIOM uau noiyunaTepsasoM. Toraa B [0, 1]\ X coxepxurcs
TOYKa (¢ Takasd, 9TO B X eCcTh TOYKa T > « U TOYKa Yy < . B »TOM caydae,
X pasbuBaercsa B OObeqUHEHNE IBYX HEMYCTHIX, OTKPHITHIX TOJIMHOXECTB
X NI0,af u XN, 0].

Y1061 J0Ka3aTh, YTO OTPE30K, MHTEPBAJI WU TOJYUHTEPBaT [ CBA3HHI,
Bo3bMeM pasbuenue I B 0O6heIUHEHUE MBYX HEMEPECEKAIOIMNXCSA, OTKPBITHIX

lTO‘IKa " IIyCTO€ MHOXECTBO CIATATCA IaCTHBIMU CIyYIasaAMU OTPE3Ka U MHTEPBAJIA.
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noamuoxecTB X u Y, u nyctb £ € X — aobaa Touka. [[1s mpocToTsl, mo-
J0XuM, 9T0 | — uHTEpBaa (J0KA3aTEeILCTBO I OTPE3KA U MOJYUHTEPBAIA
aHanoruvuo). Ilycts I, — oObeIuHEHNE BCEX MHTEPBAJOB, JexkamuX B X u
comepxamux x. Torga I, sto untepsan |a, f[C I, npudem au6o «, au6o 3
He aBaseTca kounoMm I. IlycTs, k mpumepy, « 310 He kouen [. Torma « co-
mepxurcs Y. [lockoabKy Y OTKpBITO, U3 3TOTO IOJXKHO CAEI0BATH, YTO Y
COJIEPXKUT HEKOTOPYIO OKPECTHOCTH TOYKHU (v, HO DTO HEBO3MOXKHO, IOTOMY
YTO (v ABAAETCA TPENeTbHOU TOYKOU X . m

3ameuanne 12.5. 3aMblkaHue Z CBA3HOI'O IIOIMHOXKECTBa Z BCEI'a CBA3-
HO. JleCTBUTEIBHO, ecin Z yAAI0Ch Pa3OUTh B 06LEIMHEHIE HEYCTHIX He-
mepeceKamuxca OTKPHITHX noamMuoxkecTB U n V., UNZ u V N Z OTKPHITH
U He mepecekaioTca. I10CKOIbKy Z TIOTHO B Z, DTM MHOXKECTBA HEITyCTHI
(moxaxwure).

3ameuanme 12.6. Ilycrs X cBaswo, a f: X — Y — wenpepoiBaOe 0TO-
6paxenue. Torga f(Y') casuo. [encrBurensho, ecan f(Y) pazéuro B 06b-
eTMHEHNE HEMyCThIX HEeMepeCceKaloMnuXcsa OTKPBITHIX ITOIMHOXKECTB, UX IIPO-
00pas3bl — HEMePeCceKaomuecs OTKPLITHIE TOIMHOXECTBA Y

CaeacrBue 12.7: Ecau f : X — R — HenpepblBHAA QYHKIUA HA CBA3HOM
muOXkecTBe TO f(X) 5TO OTPe30K, MHTEPBAI WU MOIYUHTEPBAI. B 9acTHO-
cTH, f IPUHUMAET BCE MPOMEXKYTOYHBIE 3HAYeHuA Mexy f(x1) u f(xs).

[TonsaTue cBa3nocTu m3yydanu Mmaorue marematuku B XIX Beke, HO MaTe-
MATHYIECKN CTPOTO€e OTpPeIeIeHne CBA3HOI0 MHOXKECTBA MEPBBIM BBeJd AHpPH
[Iyankape.

12.2. KoMImoHeHTHI CBA3HOCTH

3ameuanme 12.8. [lycts X u Y — aBa mepecekarommuxcs CBSA3HBIX IOJI-
MHOXeCcTBa Tonoaoruydeckoro npocrpancrsa M. Torga X UY Toxe cBa3HO
(moxaxwuTe 5T0).

Omnpegaenenune 12.9. Ilycts £ € M — ToYKa TOMOJOTUIECKOTO TPOCTPAH-
cTBa, a A; — 00beJUHEHNE BCEX CBA3HBLIX IIOAMHOXKECTB M, comep)ammx T.
B cuny Beimeckaszannoro, A, cBs3uo. MuoxectBo A, HasbiBaeTCcs KOMIIO-
HEHTOM CBA3HOCTH TOYKH I.
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Jules Henri Poincaré
(1854 — 1912)

3ameqganme 12.10. Kaxg0oe TOMOJIOrnIeCKOe IPOCTPAHCTBO ABIACTCA He-
nepecKanmuMCca Oﬁ'bG,Z[I/IHeHI/IeM CBOUX KOMIIOHEHT CBA3HOCTHU.

3ameuanme 12.11. Ecau M npexncrasieHo B Buge 00beJUHEHUA HEIYCTHIX,
HETePeCeKAIONXCsA OTKPBITHIX moaMHOX)ecTB U u V| Kax1as KOMIOHEHTA
cssHoctu M comepxkurcsa neaukoM B U wiu B V' (1okaxure).

HamomuuMm, 4T0 HempepbIBHOE 0TOOpaXKeHNE HA3BIBAETCA OTKPBITHIM,
€CJIM OHO TEPEBOAUT OTKPHITHIE MHOXKECTBA B OTKPHITHIE.

3ameuanme 12.12. Ilyctes f : X — Y — oTkpeiTOoe oTo6paxenume co
CBA3HBIME caosamu. [Ipeamonoxum, 4To X mpeacTaBieHo B B 1€ 00HeIMHEHUS
HEIYCTHIX, HETlePeCeKAOMMUXCA OTKPLITHIX moaMuokecTB U u V. [lockoabky
crou [ cBsA3HBI, moaMHOXecTBa U um V' cOAepkKAT KaXXIBIA CIOU LEJIUKOM.
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Hosromy U = f~YUy), V = f71(V}), npudem U; u V] me mepecekarorcs.
[Tockoabky f orkpeiTo, Uy 1 Vi OTKPHITHI U HEIYCTHI.

CnepcrBue 12.13: Ilycte f : X — Y — oTkpeiTOE OTOOpaxKeHue cO
CBA3HBIMU CJI0AMU, U Y cBs3HO. Torma X cBA3HO. m

3ameuanme 12.14. U3 sroro caexyer, 4TO NMPOU3BEIEHUE CBA3HBIX IPO-
crpauctB X u Y cBasuo. /[lericTBuTenbHO, OTOOPaXKeHWe Tpoekuu 7 : X XY
OTKDPBHITO (JOKAXKUTE) ¥ UMEET CBA3HBIE CJOU.

3ameuanme 12.15. Ecau f : X — Y we orkpeiTo, TO cBsizHOCTE X HE
BBEITEKAaeT u3 cBsa3HocTu Y u cioeB f. B kadecrBe mpmmepa, paccMoTpum
ecrecTBeHHOE OTOOpaxkeHue m3 R ¢ AUCKpPeTHOU TomoJoruernr B R ¢ 0OBI4-
mou TomnoJgoruen. Caonm >Toro oTroOpaxKeHus — TOYKH, 00pa3 cBA3eH, HO R ¢
MUCKPETHOW TOMOJOTMEN, OY€BUIHO, HECBA3HO.

3ameuanme 12.16. KoMIOHEHTHI CBA3HOCTH TOMOJOIMYIECKOTO MPOCTPAH-
CTBa 3aMKHYTHI, TOTOMY YTO 3aMBbIKAHUE CBSI3HOI'O MHOXKECTBA CBA3HO.

Omnpegenenune 12.17. Tomomorudeckoe MpOCTPAHCTBO HA3BIBAETCSA BIIOJI-
He HECBA3HBIM, €ClIU BCe er0 CBA3HBLIE IOJIMHOXeCTBA — TOYKH.

YrBepxageane 12.18: Ilycts M — xaycaopdoOBO TOMOJIOIMYIECKOE TIPO-
CTPAHCTBO, Y KOTOPOI'O €CTh 6232 TOMOJOI MY, COCTOAMIASA U3 OTKPBITO-3aMKHY ThIX
MHOX)ecTB. Torga M BHoOJHE HECBA3HO.

HoxasaTenscTso: [Iycte m € M. B cuny xaycropdoBocTH, y KaxX 10U TOY-
KW My 7 M eCTh OTKPHITO3AMKHYTasgs OKPECTHOCTD, He comepxkamas m. [lo-
sTOMy {m} — mepecedenue OTKPHITO-3aMKHYTHIX MHOXeCTB, {m} = (| U,.
Jlio6oe cBsi3aHOE moaMHOXKeCTBO Z C M, comepxkaiuee m, COLEPKUTCS B Ka-
XKJIOM U3 DTUX OTKPHITO-3aMKHYTHIX MHOXeCTB HeaukoMm (gokaxkure). Ilo-
stomy Z C (\Uy ={m}. =

Caegcrsue 12.19: I[IpocrpancTso Z, p-aJudecKuxX IUCeI BIOJHE HECBA3HO.
[lefcTBATENBHO, KX Bl OTKPHITHIN AP B Zj, 3aMKHYT (JOKAXWUTe 3TO).

3apga4a 12.1. Bce a1 OTKpHITHIE TOAMHOXECTBA Z;, OTKPHITO3aMKHYTHI?

3ameuanme 12.20. Ilyctes M — TomnoJorudeckoe mpoCTPAHCTBO, a
f i+ M — X — npousBoabHoe oTobpaxkenue. Paccmorpum Ha X Takyio
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rononoruto: U C X oTkperTo, ecmu f~(U) OTKPEITO. ITO CAILHEUIIAA TO-
moaorus Ha X Takas, 9T0 f HENPEPBIBHO.

Onpegpenenne 12.21. Ilycte M — Tomonoruyveckoe mpocTpaHcTBO, a M
— MHOX€CTBO KOMMIOHEHT cBsizHOCcTH M. Paccmorpum Ha M CUIBHEWIIYIO
TOMOJOTHIO, B KOTOPOU €CTeCTBeHHas npoeknusa 7 : M — M HempepbIBHA.
Torma M maswiBaeTCsa MPOCTPAHCTBOM KOMIIOHEHT CBA3HOCTH M.

12.3. JInHenHasg CBA3HOCTD

Omnpegenerane 12.22. IIpocTpancTBo M HA3LIBACTCA JHHEWHO CBA3HBIM,
€CJM IS JTI0OBIX IBYX TOYEK T,y € M HaugeTCA HeMpepHIBHOE 0TOOpaKeHNe
v : [0,1] — M raxkoe, uro = u y JexaT B ob6pase 7.

3ameduanme 12.23. U3 quHeNHOU CBA3BHOCTH CJAEAyeT CBA3HOCTH. /lencTBU-
TelbHO, 0Tpe3ok [0, 1] cBAzen, 06pa3 CBA3HOIO MHOXKECTBA CBA3EH, 00heTuHe-
HUE TePECEKAIOMUXCA CBA3BHBIX MHOXKECTB CBA3HO, U MMOXTOMY JUHEWHO CBSA3-
HOE TPOCTPAHCTBO COCTOWT W3 OJHOU-EIMHCTBEHHOW KOMIIOHEHTHI CBS3HO-
CTH.

Paccmorpum rpaduk I'y orobpaxenns f(z) = sin(1/x),

OTO MHOXECTBO HE3aMKHYTO; JErKO BHUJIEeTh, UYTO er0 3aMbIKAHUEM I_‘f
oyger oobenuuenne I'y n orpeska {0} x [—1,1].

IIpocrparcreo I'y romeomopdro moxynuTepsary |0,1] (romeomopduam
3a,/1a€TCA MPOEKIen Ha 0ck abcuuce). [Tosromy I § TOXe CBA3HO, KaK 3aMBbl-
KaHHe CBA3HOI'O MHOXECTBA.

Yreepxkaerane 12.24: Ilocrpoennoe Takum o6pasom MHOXecTBO ['f mHE
ABJIAETCA JUHEMHO CBSI3HBIM.

MokazatenbcTBo: Ilycts v @ [0,1] — [} — oro6paxkenue u3 oTpeska,
06pa3 koroporo He Jexur neaukoMm B {0} x [—1,1]. [okaxkem, aro o6pa3
v me mepecexkaet {0} x [—1,1]. Ilycre U C [0, 1] — OTKpBITOE MHOXECTBO,

noxysennoe kak 7 (I'y), Uy — kakas-To xommonenTa ceasnoctu U, Uy —
ee sambikanue, a Z = y(Up). Ilpeanonoxum, uro Z mepecekaer {0} x [—1,1]
(B nporuBHOM caydae ¥([0, 1]) zexutr B I'y, m MEI BCe nOKa3amm).
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: |.| 1l Lot
1'{{'.Il'.l"l 005 : 010 .15 020

HTar 1: [Tockoabky Uy KOMOakTHO, Z TOXe KOMIAKTHO, a CJIeJOBATEIbHO

3aMKHYTO.

IMMar 2: [Tockoasky 3ameikanue y(Uy) nepecekaer {0} x [—1, 1], oo He co-
zepxurcs B ['y. Cregosarensno, y(Up) cOLepXUT 10 IMHOKECTBO BHIA

{(a,sin(1/a)) | 0 < a < ¢},
U ero 3ambikaHue Z conepxur orpesok {0} x [—1,1] meaukom.

IMIar 3: Iockoasky Z\7v(Up) comepxut {0} x [—1,1], o6pas v(Up\Up) co-
aepxut oTpe3ok {0} x [—1, 1]. Ho 5To HeBO3MOXKHO, TOTOMY ITO MHOXKECTBO

Uy\Up xoHETHO. m
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Jlekmmua 13: BnoJHe HecBA3HLIC
IIPOCTPAHCTBA

13.1. IIpuMepsl BOOJHE HECBA3HBIX IPOCTPAHCTB

[Tycts M — Tonoaoruyeckoe npocrpancTBo. Hanmomuum, ¥To M Ha3bIBaeT-
cs BosTHe HecBA3HBIM (totally disconnected), ecau a060€ 10 AMHOXKECTBO
M, B3aTOE C MHAYIIMPOBAHHOU TOIOJOTHEH, HECBA3HO.

[Moamuoxkecrso U C M HasbBaeTCs OTKPBITO3aMKHYTHIM (clopen),
€CJIM OHO OJHOBPEMEHHO OTKPBITO M 3aMKHYTO.

3ameuanme 13.1. Koneunoe nepecevuenue, KoHeYHOE 0ObeIUHEHNE, TOTIOJ-
HEHNEe OTKPBITO3aMKHYTBIX IIOJIMHO2XKECTB CHOBa OTKPBITO3aMKHYTO.

3amequanme 13.2. [IycTs B Tonosormveckom npoctpancTse M ecTsb npej-
6a3a U3 OTKPLITO3AMKHYTHEIX MHOXecTB. Torga B M ecTh 6a3a u3 OTKPHITO-
3aMKHYTBIX MHOXECTB. /[ledcTBUTeNbHO, 623y MOXKHO TOJYIAThH U3 TpeI6assl
B3ATHEM KOHEYHBIX [EPECEUeHUN (JOKAXKUTE).

3ameuanme 13.3. [Ipeamonoxum, 9T0 y Xayc1opdoBa TOMOJIOTTIECKOT0 IPO-
crpancTBa M ecTh 6a3a TOMOJOT MY, COCTOSAIIAA U3 OTKPHITO3AMKHY THIX MHO-
xkecTB. Torjga oHO BIOJHE HECBA3HO. /[[eMCTBUTENBHO, B DTOM CAy4ae y Ka-
XK 0T0 MoAMHOXecTBa Z C M ecTh 6a3a U3 OTKPBITO3AMKHYTHIX MHOXECTB.
B caygae, xorga Z comepxwuT 6oJiee OTHON TOYKH, 7 COJEPKHUT HEMYCTOE
U He COBIAAoIee ¢ Z OTKPHITO3AMKHYTOE MHOXECTBO (BBIBEIUTE DTO U3
xaycaopdosoctu M).

3ameqanme 13.4. [Iycts M — Tonomornveckoe mMpOCTPAHCTBO, Y KOTOPO-
ro ecTh 6a3a M3 OTKPBITO3AMKHYTHIX MHOXKECTB. 10rqa TUXOHOBCKOE TPO-
msBegenne M! pma mo6oro mabopa muaexcoB I mMeeT 6a3y M3 OTKPHITO3a-
MKHYTBIX MHOXeCTB (goKaxuTe). [[03TOMy OHO BIIOJIHE HECBSI3HO.

3ama4a 13.1. /lokaxuTe, YTO MpOU3BEIeHNE BIIOJHE HECBA3HBIX IPOCTPAHCTB
BIIOJTHE HECBS3HO.
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ITpumep 13.5: Ilycte M = {0,1} — MHOXeCcTBO U3 ABYX TOYEK, C JUC-
KPETHOU TOMONOTHEN (TaKoe MHOXKECTBO HA3hIBaeTCA ABoeTo4meM). [Ipo-
u3BefeHne J000T0 YUCIa JBOETOYMI KOMIAKTHO (mo Teopeme TUXOHOBA),
XaycaopdOBO U BIOJHE HECBS3HO.

3ameuanue 13.6. IIpeanosoxum, uro (M,d) — MeTpudeckoe IpoCTpaH-
cTBO, npudeM Merpuka d : M X M — R He npuHMMaeT 3HAYCHWHN B WH-
TepBaie |a, 3], rae 8 > a. Toraa samxuyTei map B,(7) OTKPEITO3aMKHYT.
NeticTBuTensno, B, (1) = Bai(z), n1a mo6oro € Takoro, 910 o + € €|a, A,
a map Byy(r) OTKpHIT.

IIpumep 13.7: I3 5Toro HeMeIJeHHO ClIeAyeT, 9TO NPOCTPAHCTBO Zi, p-
AUIECKUX MEJIbIX YUCEN BIOJHE HECBA3HO. /[[eNcTBUTENbHO, p-aludecKas Me-
TPUKA MPUHUMAET 3HAYEHWUs B MHOXKecTBe {p°, s € Z}, u B CuIy TpeIbLIy-
Iero 3aMevaHus JI000H map B Z, OTKPHITO3AMKHYT (JOKAXKUTE).

3agaua 13.2. [okaxute, uTo Zo Tomeomopduo {0, 1}

ITpumep 13.8: Jlerko BugeTs, 4To Q (MHOXKECTBO PAIMOHAIBLHBEIX TUCET, C
€CTeCTBEHHOU TOIOJIOTYEN) BIOMHE HECBA3ZHO (JOKAXKUTE 3TO) U HEKOMIIAKT-
HO.

3agaua 13.3. Haugure Bce KOMIakTHBIE TOAMHOXKeCTBA B Q.

13.2. IIpocTpancTtBa CTOoyHa

Omnpegaenenue 13.9. KomnakTHoe, BIIOJHE HECBA3HOE, XayCAOP(OBO TOIO-
JOTUYeCKoe IPOCTPAHCTBO HasdbIBaeTca mpocTpancTBoM CroyHa
(Stone space).

Jlemma 13.10: Ilycte M — mpoctpanctBo CtoyHa, a z,y € M — nBe
pa3HbIe TOYKHU. TOrIa yV T U y €CTh HellepeCeKAIIMNeE s, OTKPBITO3aMKHY ThIE
OKPECTHOCTH.

JoxazarenncTso: Ilyctes Z = (), U, — mepecedenme BCeX OTKPHITO3a-
MKHYTHIX TTOIMHOXECTB, comepxammux r. Ecium Z He cOmepXuT ¥y, KaKOe-TO
OTKPBITO3aMKHYTOE TTOAMHOXeCTBO U S T He COAEPXKUT Y, TOTAa ero OO
werve M\U comepkut y, U MbI IIOJIYyYUM, YTO ¥ & U Y €CThb HElMepeceKaro-
Iuecs OTKPLITO3aMKHYTHIE OKpecTHOCTH. [[opToMy mocTaTovHO ITOKa3aTh,

aro Z = {x}.
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Marshall Harvey Stone
(1903 — 1989)

ITar 1: [Ipexnonoxum, uro Z # {x}. [lockombky Z — mepecedenue 3a-
MKHYTBIX TOAMHOXeCTB M, oHO 3aMKHYTO. [lockoabKy Z HECBS3HO, Z eCThb
00beIuHEHNe HeIePeCeKAIIMXCA N0 AMHOXKeCTB Z = Z, [ [ Z', 3aMKHYTHIX B
7' rane Z, conepxur z, a Z' He cogepxut . Ho kKob CKOPO Z 3aMKHYTO,
Zy, Z' 3amkuyTH B M (npOBepbTE 3TO).

ITar 2: [lockorbky M koMmaxTHO U XaycaopdoBo, M HOpMAJBHO, TO €CTh

LO60snavenue X = Y [[ Z ucnoasayercs, 9TO6E yKasaThb, 9T0 X eCTb 00beJuHCHNE
HEIEePeCeKAIONXCA MHOXKECTB Y U Z.
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JI00BbIe TBA 3AMKHYTHIX, HETIEPEeCeKAIOIMIMXCA TOoAMHOKecTBa M nMeroT Hemne-
pecekatonmuecs okpectaoctu (Jlekuusa 8). IIpumenus 310 K Z,, Z', noaydum
Henepecekawommecs okpecraoctu U, D Z,, U D Z'.

Ux

Henepecekalommecs OKpecTHOCTH Zy,, Z'

ITar 3: O6o3naunm 3a K gononuenue M\ (U, UU') [lockoasky Z = (), U,
nMeeM

K c | J\U.).

[Tockorpky K 3amkuayTO, a M kKomMmakTHO, K Toxe kommakTHO. [losTomy
orkpeiToe nokpeitue K C | J (M\U,) umeeT koHEIHOE 110 JIOKDPEITHE:

=1

rae Bce U; OTKPBITO3aMKHYTHI, U comepxkat 4. U3 sToro creayer, uro U =
U?:l U; OTKPHITO3aMKHYTO, CONEPXKUT T, u cogepxurcsa 8 M\K = U, UU'.

IMar 4: U = (UNU,) [[(UNU’). ockoasky Uy, U’ orkperrer, U N U, ot-

KpbiTO 1 3aMKHYTO B U. CaenoBarenvro, V = U N U, OTKPHITO U 3aMKHYTO
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B M. DT0 MHOXECTBO He IepeceKaeTcsa ¢ Z', U COAePXKUT T, IO IOCTPOEHUIO.
SHAYUT, TepecevdeHrne BCeX OTKPHITO3AMKHYTHIX OKPECTHOCTEU I He He Ie-
pecekaercs ¢ Z'. Mbl npumuiu K 0poTUBOpeYuio, U gokasanu, 4ro Z = {x}.
Jlemma 13.10 moxazana. m

W3 sTon seMMBbI HEMEIIEHHO CJIeIyeT

Teopema 13.11: Ilycts M — npocrpauncteo Croyua. Torga y M ects 6a3a
TOIIOJOTUN, COCTOAIIAaA U3 OTKPBITO3aMKHYTHIX TTOAMHOXECTB.

Moxka3zareancTBo: [lycrs 7 — Tonogorus Ha M, a 7; — TONOJOT U, TOIY-
YeHHasA U3 0a3bl, COCTOAIIEH U3 BCEX OTKPHITO3aMKHYTHIX ITOJAMHOXECTB M.
EcrecTBennoe orobpaxenue

Id
(M, T) — (M, Ty)
6MeKTUBHO U HelpepHIBHO (mpoBepbTe). B cuty Jlemmsr 13.10, mpocTpascTBO
(M, T;) xaycmopdoBo (moxkaxute 5T0). HempepriBHas GueKIus u3 KOMIAKT-
HOT'O IPOCTPAHCTBa B XaycAopdOBO ABIAETCA IOMeOMOPGhU3IMOM, ClIeT0Ba-
TeIbHO, Tonojorus 7 skuBajseHTHA 71). m

3ameuanme 13.12. U3 Jlemmnbr 13.10 HEMeAT€HHO BBITEKAET, YTO [JSA JIO-
601 mapel TO4YeK x,y € M, cyuecTByeT HenpephbIBHAA (DYHKIUA

f: M—{0,1},
npuHEMalomas 3Hadenue 1 Ha z u 0 Ha y.

[Iycrs R = C(M,Fy) — xoabuo HenpepwlBHBIX (yHKumU HAa M co 3Ha-
genusimu B Fy = {0, 1}. Pacemorpum orobpaxenue

M 2 {0,1}%,

nepeBogAiiee m B | | SeR ¢(m). OHO HENPEPBIBHO, YTO CJAEAYeT U3 OIpereJe-
HUs TUXOHOBCKOM Tonojaoruu (nmposepbre 510). U3 3amevanus 13.12 caenyer,
470 U MHBEKTUBHO; MOCKOAbKY M KOMMNAKTHO, U3 DTOTO BHITEKaeT, 4TO W
— 3170 romeoMopdu3M Ha ero 06pa3. MblI monryyunau CIeyomyn TeopeMy

Teopema 13.13: Ilycte M — mpoctpancrso Croyna. Torma M romeo-

MOP(HO 3aMKHYTOMY [OIMHOXECTBY B THXOHOBCKOM mpousseeruu {0, 1}1 ,
I8 KaKOro-To Habopa mHIeKcoB /.
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Jleknua 14: Teopema CToyHa o
npeacTaBIeHUN OyJIEeBBIX KOJIell
1 Teopusa KaTeropumn

14.1. KaTeropumn

Omnpegenenne 14.1. Kareropuen C nasbiBaerca HaGop gaHHbIX (”06b-
eKTOB KaTeropun” , "MOppu3MOB MeX Iy 00beKTaMu” U TaK Jajee), yI0BJe-

TBOPAKIIUX aKCUOMaM, IPDUBCICHHBIM HUXKE.

Mauunie:

O6bexTnr: MuoxectBo Ob(C) 06bexToB C (MHOTAA pPACCMATPUBAIOT He
MHOXeCTBO, a K4acc Ob(C), KOTOPHIX MOXKET U He GBITh MHOXKECTBOM,
HaIPUMep, KIACC BCEX MHOXKECTB, M KIACC BCEX JUHENHBIX IIPOCTPAHCTB).

Mopdusmer: [Jas mo6ex X,Y € Ob(C), sagano muoxectBo Mor(X,Y)
mopcu3moB u3 X B Y.

Komnosunusa mopdusmos: Ecau ¢ € Mor(X,Y), v € Mor(Y, Z), sanan
MopdusMm ¢ o ) € Mor(X, Z), KOTOpBI HA3bIBAETCA KOMIIO3ULIMEN
MOpP$PU3MOB.

ToxpgecTBenubm Mopduam: [laa kaxgoro A € Ob(C) 3agan Mopduszm
Ids € Mor(A, A).

OTHU JTaHHBIE YIOBIETBOPAIOT CAEIYIONIM AKCHOMAM.
AcconumaTUBHOCTE KOMIIO3UIUAN: 1 O (¢hg 0 ¢h3) = (1 © (o) 0 P3.

CaoucTBa TOXJeCTBEeHHOro mopduama: /[aa m1060ro MopdusMa ¢ €
Mor(X,Y), ld, o= ¢ = ¢oldy.

[IpaxTudecku m06asg MaTeMaTUdecKasd CTPYKTypa ABIAETCA KaTerOpu-
eu. Hanpumep, kareropus MHOXKeCTB (MOP(GU3MBI — IPOU3BOJIbHLIE OTOOPA-
KEHUS ), KATerOPUs JUHENHBIX IPOCTPAHCTB (MOPPU3MbBL — JMHETHBIE OTO-
OpakeHUs), KATerOPUM KOJel, ToJer, rpynn (MopduaMbl — roMoMopdus-
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MBI), KATErOpUs TONOJOIMYECKAX MPOCTPAHCTB (MOPGMU3MBI — HEMpPephIB-
Hble 0TOGPAaXKEHWs) U TaK Jajee.

Kareropuu camu 06pasyioT KaTeropuio; MOppu3MaMu 5TOH KaTeropuu
ABIAIOTCA (PYHKTOPBI.

Onpenenenne 14.2. Ilycts C;,Co — kaTeropun. KoBapuaHTHBIM QYyHK-
TopoM u3 C; B Cy HABBIBAETCA CIACAYIONUN HAOOD TAHHBIX.

(i) Orobpaxenue F : Ob(C;) — Ob(Cy), cTaBamee B cOOTBETCTBUE 00H-
exTaM C; 00BbeKTHI Cy.

(ii) Oro6paxenue moppusmos F': Mor(X,Y) — Mor(F(X), F(Y)), onpe-
JeJeHHOe s 060 napsl 006ekToB X, Y € Ob(Cy).

Iru pausie onpedeasiom @ynkmop uz Cy 6 Co, eciu F(P) o F(¢) = F(po)),

Jlerko BumeTh, 9TO KOMNIO3UIUA (PYHKTOPOB — TOXKe (PYHKTOD; TAKUM
06pa3oM, KaTeropus BCeX KaTEeTOPUU — TOXKe KATErOPHs.

ITpumep 14.3: Jlo6as ”ecTecTBeHHAsA omepalusa’ HA MATEMATUIECKUAX 00b-
eKkTax — »T0 ¢yHKTOp. Hampmmep, orob6paxkenme X — 2X Ha KaTero-
pUT MHOXKECTB, Wi oTo6paxkenne M — MT ma Tomonorudeckux mpocTpas-
CTBaX, IJd 3aTaHHOTO HaOOopa mHAeKCOB [, mau oTrobpaxenune V — VBV na
JUHEVHBIX TPOCTPaHCTBaX. [pyruM npumMepoM GyHKTOPa ABIAAETCA TOXK J€-
CTBEHHBIN (PYHKTOP U3 KaTeropuu B cebsa. Eme oaun npumep GpyHKTOpA
— oTobpaxeHue, CTaBAINlee B COOTBETCTBUE TOMOJOTUIECKOMY TPOCTpPaH-
CTBY €r0 NPOCTPAHCTBO CBA3HLIX KOMIIOHEHT.

Onpeneneune 14.4. Eciu 3anana kareropus C, MOXHO OIPEIEIUTh
ABOMCTBEeHHYIO KaTeropuio (”opposite category”) C%. MuoxecTBO 06b-
exToB B C? — 10 X)e camoe, 4ro u B C, a Morce(A, B) = More(B, A).
CoorBercrBenno, komno3unus ¢ o ¥ B C gaet kommozunuio Y o ¢ B CP.
[IpoBepbTe, 9TO 5TO KaTErOpHs.

Onpegeneune 14.5. KonrpasapuaaTabin GyHKTOp m3 C; B Cy 3TO
dynkTop u3 C;¥ B Cs.
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IIpumep 14.6: [Ipumepom KOHTpaBapwaHTHOTO (DYHKTOPA ABJIIETCA OTO-
OpaxeHue, CTaBfAllee BEKTOPHOMY IPOCTPAHCTBY V B COOTBETCTBUE IBOU-
CTBEHHOEe TPOCTPAHCTBO V' *. [[pyruM mpuMepoM KOHTPABapUAHTHOTO (DYHK-
TOpa ABAAETCA OTOOpaXKeHWe U3 TONOJOTUYECKUX IPOCTPAHCTB B KOJBIA,
CTaBAIIEe B COOTBETCTBUE TOMOJOTUYECKOMY HMPOCTPAHCTBY M KOJABIO He-
npepbiBHbIX R-3HauHbIX QyHKUuE HA M (1poBepbTe, 9TO 5TO (PYHKTOD).

Omnpegenenne 14.7. Ilycrs X, Y € Ob(C) — o6bexTrr KaTeropuu C. Mop-
¢usm ¢ € Mor(X,Y) HasbiBaeTca m30MOPGMU3MOM, €CJIN CYLUIECTBYET 1) €
Mor(Y, X) rakon, uro ¢potp = ldx u 1o ¢ = Idy. B Takom cayuae, 06beKTH
X m Y naswBaioTcsi m30MOPQHBIMU.

3ameuanue 14.8. Ilycts X € Ob(C) — o6bexT kaTeropuu C. Torga oro-
6paxenue Y — Mor(X,Y) sagaer koBapuanTubiit pyakTop u3 C B KaTe-
ropuio Set MHOXecTB (mpoBepbTe 5T0), a orobpaxkenue ¥ — Mor(Y, X)
3ajaeT KoHTpaBapuanTHbN (GyHkTOp u3 C B Set (mposepwre). Takue dyHk-
TOPHI HA3LIBAIOTCA MPEACTABUMBIMM.

Omnpegenenne 14.9. [sa ¢pynkropa F,G : C; — Cy Ha3BIBAIOTCA DKBU-
BAJEHTHBIMMY, ecan A1 Kaxgoro X € Ob(C;) zagan uzomoppusm Uy :
F(X) — G(X), ana ao6oro mopdusma ¢ € Mor(X,Y),

F(¢) o Uy = ¥x o G(9). (14.1.1)

3amedyanme 14.10. Ilogo6HbIe KOMMYTAIMOHHBIE OTHOIIEHUA TPUHATO
n300paxaTh KOMMYTATUBHBIMA AUarpaMMamu. Tak, K IpuMepy,
(14.1.1) mMoxHO 3amuCcaTh CJIEAYIOUEH KOMMYTATUBHON IMATrDAMMON

Fx) 29 pey)

\lel vy (14.1.2)

«Q

>
J,Q
&

D

(Y)

3agaua 14.1. Ilycts C L, Set — ¢yukTop u3 kareropuu C B KATErOPHIO
MuOXkecTB. [Ipeanonoxum, aro F npedcmasum: F' oKkBUBaJeHTEH PYHKTOPY
Y — Mor(X,Y). lokaxute, uTo Torga X ompeneieH 0JHO3HAYHO C TOY-
HOCTBIO 10 U30MOP(PU3Ma.
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Onpeneneunne 14.11. dyukrop F' : C; — Cy Ha3BIBaETCA DKBUBAJECHT-
HOCTBIO KaTeropuw, ecau Haugayrca ¢ynkropul G, G’ : Cy — C; Takue,
uro F o G skBuBajsenTen ToxaecrBenHoMy ¢pyukTopy Ha Cp, a G’ o F' skBu-
BAJEHTEH TOXIeCTBeHHOMY (pyHKTODY Ha Co.

3ameuanme 14.12. MoxHO pPOBEpUTH, 9TO ITO PABHOCWIBHO CJeAYIOIIe-
My: F' 3amaer Oumekiuio Ha KJIaccax u30MOp(duaMa OOBHEKTOB, U OMEKIUIO

Mor(X,Y) — Mor(F(X),F(Y)).

Saunders Mac Lane
(1909-2005)

C TOYKHM 3peHus TeOpHUU KATEeropul, SKBUBAJEHTHBLIE KATETOPUHU Hepas-
JAIUMBL.
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14.2. Teopusa kaTeropuu: UCTOPMUA, 3aMeIAHUA

Kareropuu 6s11u u3o6perensr Tomosoramu Camyaiaem duaenGeprom u Con-
nepcom Mak JIsunom B 1942-45 rogax, mas ynorpebaeHns B TOIOJOT AN, JH-
aen6epr u Mak Jlbun 3amermin, 9T0 aarebpamdeckne WHBAPUAHTHI TOIO-
JOTUYECKUX MPOCTPAHCTB (Takue, Kak (PyHIAMEHTAIbHAA I'PYIIA) ABJIIIOT-
ca ¢pyukTopaMu. Takxke (PYHKTOpAMU SABAAIOTCA PA3JIUIHBIE €CTECTBEHHBIE
KOHCTPYKIIMYM B TOTOJOTHUHU, HANPUMED,  TPOCTPAHCTBO TETeJb’, COMOCTa-
BIAOMEe TPOCTPancTBY M mpocTpancTso oTobpaxkenun C(S!, M) (Jlexunsa
11). Ounenbepr u Mak Jlouu oGHApYXuUIM, 9TO AIreGpamdecKyio TOMOJIO-
U0 TOPa3/0 MPOIIe U3y4aTh, €CIu aOCTPATUPOBATHCA OT T€OMETPUIECKON
cTopoHhl nena. HecmoTpsa Ha Kaxymyocsa abCTPaKTHOCTh, YCIOBUE (DYHKTO-
PUAJBHOCTHU TOT'O WIN WHOTO OTOOPAXKEHUs BO MHOTHUX CAYYAAX TOCTATOUYHO
I TOKA3aTeIbCTBA €IMHCTBEHHOCTHU U MJIS €r0 ABHOT'O BBLIYUCJICHUSA, U JO-
MIOJHUTEJIbHBIE TeOMeTPUIECKNE NeTaJN TOIbKO 3aTPYLHAIOT PaboTy.

OcHOBHBIM aJTe06panveCcKuM WHBAPUAHTOM TOMOJOTUIECKOT0 MPOCTPAH-
CTBa ABIAETCA T'PYIIA KOMOMOJOruM; K cepepune 1940-x, Tononoru 3naam
C IeCATOK PA3HBIX IeOMETPUYUECKUX ONPEIEJeHUN KOTrOMOJOTUU, HO Pabo-
TaTh C HUMHU OBLTO HETOBKO, MIOTOMY YTO DKBUBAJEHTHOCTH JOKA3BIBATL HE
ymenu. Junenbepr u Mak Jloun, a B 1950-e — Dunenbepr u CTUHPOI onpee-
JILIZ KOTOMOJIOTHY B TEPMUHAX KATErOPUH, TAKAM 00Pa3oM, ITO IPOBEPUTH
pasIMYHBIE CBOMCTBA KOIOMOJOIMHU OKa3aJOCh OY€Hb IIPOCTO.

B komnre 1950-x Teopus KaTeropui Jeraa B OCHOBY ajrebpanmdeckon reo-
meTpun, pazpaboranson A. ['porenaukom, 2K. [Irenonne u rpymmnoun Bypo6a-
KW, B KHUT€ ”Eléments de géométrie algébrique” m apyrux kHuUrax, u cra’ia
OCHOBHBIM A3BIKOM COBPEMEHHOU MATeMaTuKu, 6€3 KOTOPOTro He 06XO0IUTCA
HU OmHA 001acTh, pa3BuBmaAcsa mocie 1960-x.

B TepMumHAx KaTeropuy MOXKHO ONPEIEJIUTH JOBOJBHO MHOT'O MaTeMa-
TUYIECKUX KOHCTPYKINU, He npuberas K ~MHOXKEeCTBaM’ , U UX ~dieMeHTaMm’ .
Hanpuwmep, npoussegenune 06ekToB A u B xareropuu C MOXHO OIpeIeIUTh
Kak Takou 06bekT A X B, uro dpyukTop X — Mor(X, A x B) u3 C B kare-
TOPUIO MHOXKECTB bKBuBaJdeHTeH pyukTopy X — Mor(X, A) x Mor(X, B).

Muorue MaTeMaTUKu TPEIIAaraloT OTKA3aThCA OT TEOPUM MHOXKECTB B
U3JI0XKEHUU OCHOB MAaTEMATHUKU, U UCIOJb30BATH BMECTO HEE aKCHOMATUYe-
CKyI0 Teopumio Kareropuir.! Bnpodem, cama Teopua kaTeropmii He ¢cBO6OIHA

Mepsrim TyT 6811, Buaumo, Jlosup (F. W. Lawvere), mpeiIoKuBIITI KATETOPUA B
kadecTBe PyHIAMEHTA MATEMATUKKA B CBOeU qucceprauuu B 1963-M rogy; ¢ Tex mop Ty
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Samuel Eilenberg
(1913-1998)

OT TEOPETUKO-MHOXKECTBEHHBIX TPYIHOCTEN, KOTOPHIE CBA3AHBI C TEM, YTO
Ob(C) ansa 6OIBIUHCTBA KATErOPUE (1A KATETOPUU MHOXKECTB, HAIIPUMED)
— HE MHOXECTBO, a KJIACC.

Caenys I'porenauky u Bepabe, TeOpeTUKO-MHOXECTBEHHBIE TPYIHOCTH
B ONpefeNleHNN KATeropuu OOLIKHOBEHHO OOXOMAT CJAeTYIOIINM CIOCOOOM.
Masion kaTeropueu Ha3wblBaeTCsa Takas kKareropus, y koropoun Ob(C) u
Mor(X,Y) — muoxecrsa. Bmecro kareropun ”Beex” (MHOXECTB, IPOCTPAHCTB,
KOJIEIl M TaK Jajee) PACCMATPUBAIOT KATErOPUI0 MHOXECTB, IPOCTPAHCTB,
KOJIEIl M TaK Jajee, ¢ MOI[HOCThIO, OPAHUYEHHON HEKOTOPHIM (pa3 M HaBce-
r/1a BEIGPAHHBIM) KapIXHAJIOM, KOTODPHIU Ha3biBaeTCA yHUBepcymom I'po-
TEHAWUKA, U ONpenenseTcsa akcmoMaTudecku. [loap3ysack akcmoMaMu yHU-
BEPCyMa, JerkKO BHAETH, YTO KaXIasd KATErOpusa ¢ OOBEKTAMU MAaJOU MOII-

TOYKY 3PEHUA PA3HOOOPA3HO PA3BUBAJIY U JOIMKY, U CIEINUAIUCTEL II0 KATEMOPUIM.
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HOCTU DKBHUBAJCHTHA MAJOU KaTeropun.

. .--- 5 ; 3 | b % . . o . .
Alexander Grothendieck
(pox. 28 mapra 1928)

K coxasenuio, cymecTBoBaHuE yHUBEPCYMa PABHOCUIBHO CYyIIECTBOBA-
HUIO CUAbHO HeJOCTNUNCUMBIL KaPIUKAL06 B Teopun MHOXecTB. [logo6Has ak-
cuoma HezasucuMa oT akcuoMm ZFC (Ilepmeno-Ppenkens mioc akCuoMa, Bbl-
6opa). Hemporusopeuusocts ZFC pasHocuibua HenpoTusopedusoctu ZFC,
rae JOTMOJTHUTENIHHO MOCTYJINPOBAHO HECYIIECTBOBAHUE CUIBLHO HETOCTUKU-
MBIX KapauHajaoB. 3 cymecTBoBaHUA CUIBHO HEJOCTMXWMBIX KapIWHAJIOB
MOXKHO BhIBecTH HenmpoTuBopednBocTh ZFC B pamkax camou ZFC, mosTomy
HEMPOTUBOPEINBOCTH AKCUOMBI YHUBEPCYMa CTPOTO cuibHee, dem ZFC.

14.3. ByaeBbl KoJbila U OyJieBbI aJreOphbl
Omnpeaenenue 14.13. VIgeMOOTEHT B KOJbIE — DJIEMEHT, YIOBJIETBOPSA-

IOIUI COOTHONIEHNIO 72 = 7. ByIeBo KOabmo —— KoabIo (KOMMyTaTHBHOE,
C eVHUIEN), T e JI0OOU DIeMEHT SABIACTCSA UIeMIOTEHTOM.
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3ameuanmne 14.14. OrMmeruM, 9T0 B OyJeBOM KOJbIE BBIMOJTHEHO COOTHO-
menue 2x = 0 gas ao6oro . JercTBATEIBHO,

O=(+1)?—2—-1= (2% —2)+ 22 =2z.

ByseBnl kKoabla 9pe3BEYANHO BaXKHBI B JOIMKe U WHGOPMATUKE, 10O Ka-
TeropusA OyJIeBBHIX KOJEIl DKBUBAaJEHTHA KaTeropuu OyJeBHIX aarebp, TO eCTh
aJare0p JOrM4IeCKUX BBHICKA3LIBAHUI.

Onpenpeneunne 14.15. Ilycts A — MHOXeCTBO, HajJeJeHHOE OMHAPHBIMA
onepanuamu A (koubrouknus, "u”), V (qusbonknusa, "uin” ), u - (Heramnus,
"ue”), u BegeneHsl daeMeHThl 1 ("mpaBxa”’) u 0 ("aoxb”). A HaswBaercsa
Gy/ieBOM aire6pomn, ecay BLINOIHEHbI CAeyOIne yCIOBUA.

acconmaTuBHOCTE: a A (bAc)=(aANb)Ae, aV (bVe)=(aVb) Ve
KOMMYTATHUBHOCTL: a ANb=b0Aa, aVb=0bVa

aucTpubyTuBHOCTB: aA(bVe) = (aAb)V(aAc), aV(bAc) = (aVb)A(aVc)
a6copbmusa: aV (aAb)=a, aA(aVb) =a

JAOMOJHUTEIBLHOCTL: ¢V ~a =1, a A —-a=0.

3ameuanme 14.16. OTuM yCIOBUAM, OUYE€BUIHO, VIOBIETBOPAET JO0O0U Ha-
60p JOTMYeCKUX yYTBEPKIEHUN, KOTOPBIE MOI'YT NMPUHAMATEL 3HAYEHUA HC-
7 7 7

TuHHO” u “n0xkHO” . Jlormveckue onepauun ("u”, "uwiu”, "He” ) npespamanoT
Takou HabOp yTBepxkaeHun B OyJeBy aarebpy.

3ameuanme 14.17. Ilycte A — OyaeBa anre6pa. 3agagum Ha A ymHOXE-
HUe ¥ CJIOXKEHUe caefyomuM obpasoM: a-b:=aAb, a+b:= (aVb) A—(aAb)
(cyMMa COOTBETCTBYET ” CHMMETPUYECKO PA3HOCTH , WM, 9TO TO XK€ CaMoe,
"uckmovatomemy win” ). [lonydeHHbe onepanuu yI0BJIeTBOPAIOT aKCHOMAM
KOJIbIIA (3TO ACHO U3 ACCONUATUBHOCTU, KOMMYTATUBHOCTH U JUCTPUCYTHUB-
nocTu; nposepwbTe). Homb u 1 urpator poas 0 u 1, a coorHomenue a’ = a
ClefyeT U3 aKCUOMBI JONMOJHUTEJIBHOCTH ¢+ —a = 1, KoTropas (moc/e JOMHO-
KEHUs HA @) BAEYET
aNa+a—-a=a

npumenuB a A —a = 0 (IONOJHUTEIBLHOCTE), 06peTeM a? = a. MBI HOdyInIn
dyukTOp F' M3 KaTeropum OyneBBIX aaredp B KATEropuio OyJeBBIX KOJEII.
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Teopema 14.18: DT0T (PYyHKTOP — DKBUBAJIEHTHOCTH KATETOPUN.

HokazaTeabcTBo: UT006BI M0Ka3aTh, 4TO F': C — (C; DKBUBAJIEHTHOCTD,
HAJ0 TIOCTPOUTDH 00paTHBIN (PYHKTOP (G, TO €CTh U3 KaXKI0TO OyI1eBa KOJIBIA
npoussecTu OyJeBy aarebpy. /[lesaercs 5To BecbMa IpocTo: eciu A — 6y1eBo
KOJIBIIO, omepanuu —, A, \V onpeneasioTcsa dopmyramua —a = 1 —a, a ANb = ab,
aVb = ab+a+b. Akcromsl GyJieBOM aareOphl MPOBEPAIOTCA HEIOCPEICTBEHHO
(mpoBepbTe ux), a B3auMHasg 06paTHOCTH F' u G 04eBUIHA U3 KOHCTPYKIUH.

[
Ilpumep 14.19: Ilycte M — m1060e TOMOJOTWYECKOE TPOCTPAHCTBO, a
R = C(M,Fy) — koabLo HenpepuBHBIX (yHKumME HA M €O 3HAYEHUAMU

B nose [Fy m3 nByx saemenToB. Torga R — GyneBo koabito. OHO HAa3BIBAETCA
KOJBIIOM OTKPBITO3aMKHYTBHIX IIOJMHOXKECTB M, a COOTBETCTBYIOIIAA
Oy.zeBa airebpa — aare6pou OTKPBITO3aMKHYTBIX IIOJMHOXECTB.

Caenyromas npocTas JeMMa u3BecTHa u3 Jlekiuu 9.

Jlemma 14.20: Ilycte R — 6yneBo koawno, a I C R — MakCUMaJabHBIA
unean B R. Torga R/I = TF,.

MoxazaTeascTBo: [lockonbky R cocTouT u3 uaeMnoTenTos, noxe R/I To-
K€ COCTOUT U3 UEMIIOTEHTOB. JTO 3HAYMUT, YTO BCE €r0 DJIEMEHTHI ABIIIOTCS
KOpHAME MHoroueHa 2 — x = 0. ITo Teopeme Besy, MHOrOWwIeH cTeneHEn m
B IOJe He MOXEeT MMeTh OOJbIle M Pa3HBIX KOpHeH, 3HaduT, R/I cocTout
73 IBYX DJEMEHTOB. W

3ameuanme 14.21. [loxoxui apryMeHT JIOKa3BIBAET, YTO KAXKIBIH IIPO-
cTou maeaa B OyJeBOM KOJbIE — MAKCHMAJALHBIA. [eMCTBUTEILHO, MYCTh
I ¢ R — upocrou ugean. Torga R/I — xoxbno Ge3 jgeruTencd Hy.s,
BCE DJIEMEHTHl KOTOporo — uaeMnoredThl. [las mo6oro x € R/I, umeem
z(1 —z) = 0, 3naunr, win z win 1 — z pasus 0.

14.4. CnekTp 3apuckoro ajsa OyJjeBa KoOJablla

Omnpegenenne 14.22. Ilycrs R — GyaeBo koab10, a Spec(R) — MHOXeCTBO
MAKCUMAJIbHBIX (MIM MPOCTHIX; B CUly 3amedanus 14.21, Bce npocTeie uaea-
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Jbl B R MakCHMaJbHbL) UAeaI0B B R, CHA0XKEHHOE TOMOJIOreN 3aPUCKOT 0.
HamomuuwMm, 910 6232 OTKPBITHIX MHOXECTB B TOIOJIOT AU 3APUCKOT'0 COCTOUT
N3 MHOXECTB

Ay = {m € Spec(R) | f ¢ m},

rge f € R — kakou-to snement R. IIpocrpancrso Spec(R) HaswiBaeTcs
CIIEKTPOM, WIX MPOCTPAHCTBOM 3apUCKOI'0 KOablla K.

3ameuanne 14.23. g moboro f € R, umeem Spec(R) = Ay [[ Ai_f. Jei-
crBuTensHo, f ¢ m paBrocmabHO (1 — f) € m, moromy uro R/m = Fy.

3ameuanme 14.24. U3 >T0r0 HeMeIT€HHO BBITEKAET, 9TO BCE MHOXKECTBA
A OTKPHITO3aMKHYTHI, 1 3Ha4UT, Spec(R) BIOJIHE HECBA3HO (LOKAXKUTE).

3ameuanue 14.25. Ecau x # y € Spec(R) — MakcuMaJbHbIE WA, HAN-
xerca f € z, f ¢ y. Barowm cayqae, Af, A;_j — HemepeceKalomuecs OKPeCT-
HOCTHU ¥ U Y. Msl moxyuumau, 1ro Spec(R) xaycaopdoso.

Jlemma 14.26: [Iycts R — xoab1o, a Spec(R) — ero npocTpascTBO 3apuc-

koro. Torga Spec(R) kOMIakTHO.

MoxkasarenscTBo: [lycte M = |J, Ay, — noxpeirme M = Spec(R). s
TOKa3aTelIbCTBa JIeMMBI focTaTo4HO yOeauTwes, 4To B |J, Ay, HamgeTcsa
KOHe4HOe NoAnokperrue (nmposepbre). O6o3naunm Vi := M\Af. D10 MHO-
KECTBO COCTOUT U3 BCeX uaeanon, comepxkammux f. [Ilycts I — ugean, mopo-
X JeHHbIN BceMu f,. O4eBuIHO,

M:UAfa <~ mszfQ.

[TosToMy HUKAKOU MAaKCUMAJIBLHBINA U €A He COJNEPXKUT BeeX f,. SHauuT, [ He
COMEPXKUTCA B MaKCUMAJbHOM maeate, u mostomy 1 € I. U3 sToro caenyer,
49T0 1 BBIpaXaeTCA B BUIE JUHEMHON KOMOMHAIIMY KOHEYHOT'O YHUCAA fo:

1:§iMﬁ,&eR.
i=1

M&r moaygaeM, 9T0

0=z
=1
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a mosromy M = (JI_, Ay,. Mer gokasamu, uro M = Spec(R) KOMIakTHO. m

3ameuanue 14.27. Mur gokasamu, uro Spec(R) auas mo60ro GyieBa KOabua
— xaycA0pd0OBO, KOMIIAKTHOE, BIIOJHE HECBA3HOE TOIMOJIOIMIECKOe IIPOCTPAH-
ctB0. OHO Ha3bIBaeTca nmpocTpancTBO CToyHa OyieBa KOJIbIa.

3ameuanue 14.28. CooTBeTcTBUE
R — Spec(R)

3a/]aeT KOHTPaBapUAHTHLIA (PYHKTOpP U3 KaTeropuu OyJeBHIX KOJeI B KaTe-
ropuio poctpancts Croyna' (gokaxuTe 5T0).

OxaspiBaeTcs, 4TO Kaxaoe npocTpancTBo Croyna M MOXHO HOJYIUTH
TakuM o6pasoM. M3 Yreepxaenus 14.32, 1oka3aHHOTO HUXKE, CAETYeT, 9TO
M romeomopduo cnekrpy koabua C'(M,Fsy) nenpepoiBubix gyukiun na M
co 3Hadenusmu B Fy = {0,1}.

Jlemma 14.29: ITycts M — npocrpanctso Croyua, a R = C(M,F,). Ilycts
m ; R — mekoropein naeana. Torga Bce pyHknum f € M UMEIOT OOIIUN HYIb
B M (TouKy, Te Bce 5TH QYHKIUN 3aHYIAOTCS).

HokazareabcTBo. Illar 1. Eciu y m #Her obiero Hyas, To

M=]r'aq).

fem

Mgs1 noryunnu oTkpeiToe nokpeitue M. [lockoabky M kKoMIakTHO, U3 HETO

MOXHO BBIOPATH KOHEYHOE MOANOKPHITHE. [[05TOMY eCTh KOHE€YHBIX HAOOD
o n -1
fis o, fn € m makon, uro M = J;_, f; (1).

IMMar 2. Kax i onement f € R umeer Bug xp, rae U = (1), a xu —
xapakTepuctudeckasa pyaknua U. [loaToMy ecTh Takoll HaOOP OTKPBITHIX
muOxkecTB U; ¢ xp, € m, aro M = |J_, U;.

!'HamomumM, uro mpoctpancTBa CToyHa — XaycIopdoBhl, KOMIAKTHLIE, BIOJHE He-
CBA3HBIE TONOJOI'MIECKUE IIPOCTPAHCTBA.
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ITar 3. xpuv = xv + xv + xXvXxv- llycTs Temeps W = UZ.":1 U;. Bocmoan3o-
BABIIUCH WHIYKI¥EH, HOLyIuM, 9T0 Xw = P(Xv,, Xty ---), TAe P — noaxunom
6e3 ¢cBOOOTHOTO WIEHA.

ITar 4. Met noxyuwiu, uto 1 = xu = P(Xvy, XUss ---) = P(f1, f2,-.-). To-
sromy 1 nexut B ugeate m. [IporuBopedne! 3uadur, y m ecTh 00muUT HYIb.
]

Jlemma 14.30: IIycte M — mupocrpauctso Croyna, a R = C(M,Fy) —
KOJIBLIO HempephBHBIX GyHKuui Ha M, co 3nadenusamu B Fy = {0, 1}. Ilycrs
m C R — makcumaabHBIA ugeat. Torga y ¢gyskmun f € m eCTh eUHCTBEH-
HBIM O00WMY HYJAb (TOYKA, D€ OHU BCE 3AHYIAIOTCH).

[MoxazarenncTBo: CymecrBoBanue obmero uys caegyer us Jlemmor 14.29.
[IycTh ecTh nBe HECOBHAMAIOMINE TOYKY X1 # Ty € M Takme, 9To BCe f € m
BaHYIAIOTCA B T1 U To. [loCKOIBKY HepephIBHBIE (DYHKIUYU Ha M pa3aensioT
TOYKU, TOMOMOPPU3IM

R -5 FooTFy, o(f) = (f(m), fa2))

ciopbekTuBer (gokaxwure). C apyrou cropossi, ¥(m) = 0, IOCKOJIBbKY BCe
DIEMEHTHI M 3aHYJIAIOTCA B T1, To. DTO JACT CIOPbEKTUBHBLIA TOMOMOP(HU3M
¥ : R/m — Fy@®F,. Ho nockonsky R/m = Fy, 5170 HeBO3MOXKHO. [IpoTuBo-
peune! MBI 10Ka3a/4 € IMHCTBEHHOCTH OOIIEro HyJIA MAKCUMAJILHOTO WAeala.
]

3ameuanue 14.31. Jlemma 14.30 naer 6uexnuio Spec(R) — M, rae R =
C(M,Fy). Jokaxem, uro sTa 6Guekuus — romeomopdusm. Basza Tonosoruu
Ha M 3ajaeTca OTKPBITO3aMKHYTBIMU MHOXKECTBAMHU, TO €CTh MHOXKECTBAMHI
BUJIA

Ar={z e M| f(z) =1}
Te xe camele Ay 3aga0T 6a3y OTKPHITHIX IOAMHOXKeCTB B Spec(R).

Mgl 10Ka3aau Takoe YTBEPXKJIEHUE
Yreepxgerue 14.32: Ilycts M — npoctpanctso Croyua, a R = C (M, Fy)
— KOJBIIO HempepHIBHEIX (yHKuun Ha M, co 3nadenusvu B Fy = {0, 1}. Torga

M romeomopduo Spec(R). m
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3amedanme 14.33. AnajoruvHbiu, HO 60J€e MPOCTOUW, APIYMEHT JOKa3hI-
BAET, YTO KOJBIO HEMPEPHIBHLIX, Fo-3HauHbIX (pyHKIuMi Ha Spec(R) um3o-
Mopduo R. [lenctsurensuo, orobpaxkenue (f,m)— f/m € R/m = F,

3ajgaeT romomopdusm kouaen R =, C(Spec(R),Fy). Tlockoabky kaxnas
HeNpephIBHAA (YHKIUA CONEPKUTCA B uaeane, U 5TO BIOKeHUE (IOKAKU-
re). HempepeiBuble gyukiuu Ha Spec(R) MOPOXIEHBI XapaKTePUCTHIECKY-
M GYHKIUAMI OTKPBITHIX IOAMHOXeCTB Ay (10oKaxuTe), a Bce Takue GpyHK-
UK IoaydaroTca u3 R mo gpopmy.e

xXa; = Y(f).

Marshall Harvey Stone
(1903 — 1989)

[Moay4aercs, aro pyukropst M — C(M,Fy) u R — Spec(R) B3auMuO
06paTHEL. MBI J0Ka3a17 CleIyIOIyI0 TeOPEeMY.

Teopema 14.34: (reopema CroyHa 0 mpecTaBUMOCTU OyJEBBIX aare6p)
dynkTop R — Spec(R) 3aj1aeT 5KBUBAIEHTHOCTH MeXJIY KaTeropuen Oy-
JEBBIX KOJEIl U TBOUCTBEHHOU KATETOPUN K KATeTOpun XaycaopdOBBIX, KOM-
MAKTHBIX, BIIOJIHE HECBA3HBIX TOIOJOTUYECKUAX IPOCTPAHCTB. W

3ameuanme 14.35. ByueBnl aare6psl u OyJI€BHI KOJIbIIA TOXE HDKBUBAJIECHT-
ubl (Teopema 14.18).
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14.5. ByaeBbl aare6pbl: UCTOPUsA, 3aMeYaHUA

3aKOHBI JOTUKU, KOTOPHIE JEKAT B OCHOBE ONpeneeHus OyJeBOU aireOpsl,
copMyaupoBanbl anraunckuM Marematukamu [[xxopmkem Bymem (George
Boole) B 1847-m u Asrycrom ne Mopranom (August de Morgan) B 1860-m.
Akcmomarudeckoe ompenesenne OyIeBbIX aare6p TPUHAIIEKUT XaHTHHITO-
Hy (Edward Vermilye Huntington, 1904), Ho cepbe3no usydars GyaeBbl aj-
reGpBl CTAJIU TOJBKO TOcHe (dpyHIaMeHTaabHbIX pabor Mapmasmra Croyra
(1930-e). B 1960-e rojbt GyJeBsl aareGpsl HALLIY MIXPOKOE IIPUMEHEHUE B JIO-
TUKe, I'Jle ¢ UX IOMOIIBIO JOKA3bIBAETCA HEBBIBOJUMOCTD PA3HBIX TEOPETUKO-
MHOX€eCTBEHHBIX TUNIOTe3, TAKNX, KAK AaKCHOMa BEIOOpA U KOHTUHYYM-TUIIOTE3A.

Teopema Mapmasara Croyua 6ykBaabHOro 06006menus Ha 6oaee obmue
(ne GyseBnl) Koabla He uMeeT. Ho B OCHOBaHMM anre6pandeckon reoMeTpun
JEXUT BECHMA TOXOXKWUH apTyMeHT, TPUHAAIex)amui [')poTeHInKy, KOTOPHIT
MO3BOJIAET UHTEPIPETUPOBATD aaredpandeckue 00beKTH (KOJbIa) KaK reo-
MeTpudeckue (IpPOCTPAHCTBA 3aPUCKOr0) U HA0GOPOT.
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Jlekniua 15: ddynagameHTaIbHAsA
CPYIIa

15.1. I'omoTOoIHBIE OTOOpPaXK€EeHUA

Omnpegenenune 15.1. Ilycrs fo, fi : X — Y — wenpepoiBaBIEe 0TOOpa-
xenusa. FomoTonmen fy B f; HA3BIBAETCA HEIPEPLIBHOE OTOOpaxKeHue f :

X x[0,1] — Y Taxoe, aro f| = fo, [, o = 1-

3ameuanme 15.2. ['omoTomHBEIE OTOOPAXKEHUA — OTOOPAXKEHUA, KOTOPHIE
MOXHO HeIPEPBhIBHO NPOAepOpMUPOBATH OJHO B IPyroe.

3ameuanme 15.3. Ilycts fjy, fi npuHaLIEKAT KAKOMY-TO BBIIETEHHOMY KIaC-
cy oToOpaXeHuu, HampuMep, K Kaaccy C-IUNIMANEBEIX 0TOOPAXKEHUN U3 Me-
TPUYECKOTO TpOocTpaHcTBa X B MeTpudeckoe nmpocTpancTso Y. ['oBopurcs,
gro f : X x [0,1] — Y romoronmsa B kiacce A, eciu s ai060ro t,

oTrobpaxenue f; := f : X — Y npunamrexur kiaaccy A.

X x{t}

3ama4a 15.1. Ilycts f,g : R™ — R — rragkue ¢pyuknuu. /JoxaxwuTe,
9TO f M g TOMOTOIHBI B KJIACCe TIATKAX OTOOPaXKEHUH.

Cuaenymolee yTBepX IeHUe BIOJHE OYE€BH JHO.

Yreepxk geuune 15.4: [lycrs fy, f1 : X — Y — romoronubie oro6paxe-
uud, a g : P— X, h: Y — Z — HenpepwiBHBIE 0TOOpaxenus. Torma
fo o h romoronuo f; oh, a go fy romoTOmHO g O f.

HMoxazareascrso: Ilycts f @ X X [0,1] — Y — romoronus fy B fi.
Comoronuto fyoh B f1 0h crpoum kak komnosumuio foh: X x[0,1] — Z
(mpoBepbTe, 4TO 5T0 roMoronus). [omoronuio g o fy B g o f; moay4um, B3sAB

koMno3unmio g X Idp 0 P x[0,1] — X x[0,1]m f: X x[0,1]] — VY. =

CJIG,Z[YIOIIIGG YTBEPpXK OICHUE TaK2XK€ TPUBUAJBHO, HO B€CbMa IIOJE3HO.
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YrBepxk aenue 15.5: Ilycts fy, f1, fo : X — Y — HenpepwiBHBEIE 0TOOpA-
XKeHus, mpudeM fy romoronHo fi, a f; romoromuo f,. Torga fy romoTomnno

Ja-

TMokasareascrso: Ilycrs f : X x [0,1] — Y — romoromua fy B f1, a

f: X x [1,2] — Y — romoronus f; B fo. Paccmorpum orobpaxenue
f: Xx[0,1] —Y

Foay = [ LN, eom A<

f(2)), ecm > (15.1.1)

N N

Ecau f menpepbIBHO, OHO, OU€BUIHO, ABIACTCA TOMOTONUER fy B fo, OITO-
MYy IJIsA T0Ka3aTelbCTBa YTBepxkaeHus 15.5, nocTaTodHo yoeauThes, 4To f
HETPEPBIBHO.

Jlerko y6emnuThbcs, 4T0 oTOGpaxkenue ¢ : A —— B HempepHIBHO, €Cau
nna xaxgoro Z C A, 06pas ¢(Z) saMblkanus Z 1exXuT B 3aMbiKaHuu ¢(7)
(mpoBepbTe 3T10).

[Iycrs Z C X % [0,1] — HEKOTOPOE MOAMHOXECTBO, IPUIEM

Zi=ZN0Xx[0,1/2] m Zo=2ZNX x[1/2,1].

Jlerko BugeTs, uT0 £ = Z; U Zy, COOTBETCTBEHHO

f(2) C f(Z1) U f(Z5) € f(Z1) U f(2>)

(mocnenHee BKIOYEHUE CJEAYET U3 TOrO, YTO OTPAHUYEHUs f Xx0.1/2]

u f Xx[1/2.] HenpepwiBHL). [losToMy f HempepwsiBHO. YTBepXaerue 15.5 mo-
Ka3aHo. m

3ameduanme 15.6. [Ipensiaymiee yTBepXaeHWe O3HAYAET, YTO TOMOTONUM
MOXKHO ”CKJIEMBAThL MeXIy COOOU: MPUKJIEHB rOMOTONHNIO m3 fy B fi K ro-
Moronuu f; B fo, MBI moayuum romoronuio fy B fo. IlepBoe oTobpaxenue
HEIPEPBIBHO J1e(OPMUPYETCA BO BTOPOE, BTOPOE B TPEThe, U B3fAB DTU JBE
nedopManuu OgHy 33 APYTOU, MBI TOJLYYaeM, YTO HePBOE MOXKHO HEIPepPhIB-
HO MpO1e(pOPMUPOBATH B TPEThE.

3ameuanme 15.7. U3 YrBepxaenus 15.5 creayer, 4To oTHomenue “f ro-
MOTONHO ¢” Tpau3uTuBHO. OHO TaKXKe PEeMIEKCUBHO U CUMMETPUIHO (IIPO-
BepbTe). MHOXKECTBO KJIACCOB SKBUBAJCHTHOCTH OTOGpaxkenun f: X — Y
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C TOYHOCTBHIO IO TOMOTOINWHU HA3BIBAETCA MHOXKECTBO KJIACCOB T'OMOTO-
MUYIEeCKON 3KBUBAJIEHTHOCTH OTOOPaXKEHUM, WIN XKe MHOXKECTBO I'O-
MOTOMUYIECKUX KJIACCOB OTOOPAKECHUMN.

3agaga 15.2. Ilycrs Ob(C) — kaacc Bcex TONOJOrNIECKUX IPOCTPAHCTB, &
Mor(X,Y) — MHOXeCTBO FOMOTONMYECKUX KJIACCOB HENPEPBIBHEIX 0TOODA-
xeuun w3 X B Y. /lokaxuTe, 9T0 TaKUM 0OPa3OM IOJYIaeTCA KATErOPUs.
OTa KaTeropus Ha3bIBaeTCA TOMOTONNYECKAA KATEropus, a n3oMophus-
MBI B HEl — I'OMOTONNYECKUMHA SKBUBAJIETHOCTIMM.

B nanbrenmemM HaMm MOHAIOOUTCA CICAYIOMIAsS TPUBUAIBHAA JEMMA.

Jlemma 15.8: Ilycrs fy, fi HenpepbiBHbIE OTOGpaXkeHus U3 oTpeska [a, b
B 0Tpe3oK [c,d|, npudem f;(a) = d/, fi(b) = V. Torma f, romoronuo f; B
KJIacce 0TOOpaXKeHun, TepeBoaammx a B a’, b B b'.

Caenyiomee oTo6paxkeHue OCYIIECTBIAAET UCKOMYIO T'OMOTOINIO
f : [a';b] X [Oa 1] - [Ca d]: f(xat) = tfl(x) + (1 - t)fO(‘,L.)

(zpoBepbTe 3T0).

15.2. KaTeropusa oTMe4eHHBIX IPOCTPAHCTB U
IPOCTPAHCTBA METENb

Omnpeaenenune 15.9. Ilapa
<Tononoruqecxoe npoctpancTBo M, Touka m € M )

HA3BIBAETCA OTMEYEHHBIM MPOCTPAHCTBOM, oGosnadaercsa (M, m). Or-
MEYEHHOE [POCTPAHCTBO HTO TOIMOJIOIMIECKOe IPOCTPAHCTBO, B KOTOPOM BbI-
OpaHa TOYKA.

Omnpegenenne 15.10. HenpepbiBHOE 0TOGpakKeHUE OTMEYEHHBIX
npoctpascTs ¢ : (X,z) — (Y,y) — HempepwiBHOe oToOpaxenue uz X
B Y, KoTopoe mepeBoauT T B Y. Bo mzbexaHuwe mMyTaHUIBI, HEIPEPHIBHBIE
0TOOPaXKEHNA OTMEYEHHBIX IMPOCTPAHCTB HA3BIBAIOTCA MOP(MU3MaMMU OT-
MEYEHHBIX IIPOCTPAHCTB.
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Hamomuum, uro kaTeropumen C HaswiBaeTcsa Habop o6bexkToB Ob(C),
Takux, 9To A kaxgou napsel X, Y € Ob(C) 3agano muoxecrso Mor(X,Y)
mopdu3moB n3 X B Y. Ha mopdusmax 3amano orobpakeHne KOMIO3UIIAN

Mor(X,Y) x Mor(Y, Z) — Mor(X, Z),

KOoTOpoe accouuaTuBHO. B kaxnom mHoxkectse Mor(X, X) Bbigenes To-
X gecTBeHHBIN Mopdu3M |dy, npuuem kommnosunus 1060ro MopdusMa ¢
C TOXJIECTBEHHBIM PaBHA ¢

3ameduanume 15.11. Jlerko BUAETDH, YTO oOmMeUEHHbIE NPOCMPAHCMEA 00PaA-
3Y0Mm Kame20pu0: KOMIO3UIUA MOP(PU3IMOB — CHOBA MOP(hU3M, KOMIIO3UIINUA
0Y€BUJHO aCCOLMATHUBHA, a TOXAECTBEHHOE OTOOpaXeHue

ldxz) 0 (X, 7) — (X, 2)
ABJsAETCA MOP(MU3IMOM OTMEYEeHHBIX MTPOCTPAHCTB.

Onpegenenne 15.12. Iycrs fo, f1: (X, 2) — (Y, y) — Mopdusmer oTme-
YeHHBLIX NpOoCcTpancTB. [oMoTonmen mopduaMa f, K [ HasLIBaeTCsA OTO-
opaxenune f: X x [0,1] — Y raxoe, uro f(z,t) =y aas moboro t € [0, 1].

Omnpegenenne 15.13. Ilycte M — Tomoaorumydeckoe npoctpancTBo. Harmo-
MHEUM, 9YTO myTeM U3 T € M B y € M Ha3pIBaeTCA HEMPEPHIBHOE 0TOOpa-
xenue 7y : [a,b] — M u3 orpeska [a,b] B M Takoe, urto y(a) = z, v(b) = y.

Onpegenenne 15.14. Ilycts (M, m) — OTMEYEHHOE TOMOJIOTUIECKOE TIPO-
crpancrBo. Paccmorpum MHOXkecTBO myten v : [0,1] — M u3 m B m.
Takue myTu HazwiBatoTca meTaaAMu B M. MuoxecTBO Bcex merenab 0003Ha-
qaercs Q(M, m).

Ecau M — wmerpudeckoe npocrpancTso, Ha (M, m) BBoAMTCA SUp-Me-
TPUKA, 33JaHHAA POPMYION

d(v,7') = sup d(v(t),7'(t)).

t€[0,1]

[Tpocrpanctso (M, m) HasbiBaeTca mpocTpaHCcTBOM neTensb aui M. Ec-
au M merpusyemo u JIOKaIbHO KOMIIAKTHO, Tonojorus Ha (M, m) e 3aBu-
cut ot BbiOopa MeTpuku Ha M (Jlekmua 11). B Takon curyaiuu Mbl paccMa-
TpUBaeM MPOCTPAHCTBO meTeab (2(M,m) Kak TOMOIOrWYECKOe MPOCTPaH-
CTBO.
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3ameuanue 15.15. Paccmorpum okpyx)HOCTH S ¢ OTMEYeHHON TOYKOW.
Jlerko Bugets, 4o awbou nyTh 7y : [0,1] — M u3 m B m 3amaer Mmopdusm
(S',0) — (M, m), u TO COOTBETCTBHE B3aMMHO OJHO3HATHO. B nambHeN-
meM, Mbl OyaeM paccMaTpuBaTh $2(M,m) Kak MHOXKECTBO MODP(MU3IMOB OT-
meuennbix npocrpancts (S, 0) — (M, m).

3amedanme 15.16. TepMmunosorusa Teopun KaTeropui B IPUMEHEHUN K OT-
MEYEHHBIM TPOCTPAHCTBAM MOXET MOKa3aThbCA M3OBITOYHOU. IJTO HE TaK:
A3BIK TEOPUU KATETOPUU CYIIECTBEHHO DKOHOMUT BpeMs W MO3BOJAET u3be-
XKATb ABYCMBICTEHHOCTEU. KCau BBl MCOBITHIBaeTE AUCKOMGpOPT OT Teope-
TUKO-KAQTErOPHOTO S3BIKA, BCAKAU Pa3 3aMeHAnTe ~MOP(PU3IM OTMEIEHHBIX
MPOCTPAHCTB’ Ha ~HENPEPLIBHOE OTOOpaXeHue, IepPeBoIAllee OTMEeIeHHYIO
TOYKY B OTMEYEHHYIO TOUYKY , U TOCTHUXEHUEe TOomoJoruu OymeT Mmenee 60-
JI€3HEHHBIM.

15.3. dyHaMeHTaJdbHasA rpyIna

[Iycts (M, m) — 0TMe4YeHHOE TOMOJOTNIECKOe IIPOCTPAHCTBO. B cury YTBep-
xpaeHusa 15.5, roMoTONMA 3amaeT OTHOINEHWE DKBUBAJEHTHOCTH Ha MHOXKe-
crBe Beex Mopduamos (St 0) — (M, m), uam, 9TO TO Xe camoe, MyTel 13
m B m. MHOXeCTBO KJIaCCOB MOMOTONMYECKON DKBUBAJEHTHOCTH IyTeW U3
m B m obo3uadaercs w1 (M, m).

Ecau v, : [0,1] — M — gBa nyTu u3 m B m, 0603Ha4UM depe3 y7y' :
[0,2] — M nyTb, KOTOPHIA NOJIY4eH IO (HOPMY.Ie

ﬁ’()\) _ fy/()\), ectm )\ <1
Y(A—=1), ecam \>1.
HenpepbIBHOCTL 3TOr0 MyTH MOKA3LIBAETCA TEM XK€ CAMBIM apryMEHTOM,
KOTODBIU WMCIIOJb30BAJICA NPHU NOKA3ATEIbCTBE YTBepKaeHus 15.5 (0To6pa-
xenue f: X — Y HempepwIBHO, ecau 3aMbIKaHue obpasa awoboro Z C X
colepKUT 06pa3 3aMbIKaHuA 7 ).

Omnpenenum npoussenerue vy dopmyaon vy (A) = ﬁ/ (2)).

Caenyromas JeMMa yTBEPXKIaeT, 9YTO DTO IPOU3BEAEHUE IEPEBOIUT [O-
MOTOIHEIE IIyTH B TOMOTOIIHEIE. DTa JeMMa TPUBUAJIbHA, 1 HHTYUTUBHO OUe-
BUaHA. B camoMm mere, mpousBegeHne myTen — 3T0 06x01 M BIOJIb OJTHOTO
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MyTH, TOTOM BIOJb APYTOT0; €CIN MbI HEIPEPBIBHO MPOAe(POPMUDPYEM IIep-
BBII IIyTh W BTOPOW, TO NPOU3BEJEHME MyTEN TOXKe NPoaedOPMUPYETCH, a
3HAYUT, OyJeT TOMOTOITHO MCXOMTHOMY NMPOW3BEIEHUIO.

Jlemma 15.17: Oupegenennas Boiue onepaius Ha (M, m) nepesoaut ro-
MOTOINHBIE [IyTH B TOMOTOIHBIE: €CIH Yo TOMOTOIEH Y1, & Y, TOMOTOIEH 7},
TO 7o'y TOMOTOIIEH 71 7Y;.

HokazaTeanbcTBOo: [lycTh
v [071] X [071]—>M: 7/: [071] X [071]—)M

— FOMOTOIINHY, COEJUHAIONINE Yy U Y1, & TaKke 7Y, # vy;. lomoTonnu myren
5TO OTOOpaXKeHus w3 KBajapara B M, a TO, 9TO KOHIIBI IyTH OCTAIOTCA B M,
O3HAYAET, YTO ABE CTOPOHBI KBAAPATa UAYT B M (OCTAIbHBIE IBE CTOPOHBI
UAYT B 7y, 71 [JAA IEPBOTO KBajapaTa, g, 7, Al Broporo). Paccmorpum
TOMOTOIINIO MEXIY YoYy X Y1), HOLYIEHHYIO 10 hOpMy.JIe

Y(A, 1), ecim A <1

(A1) =
7 (A1) Y(A—=1,t), ecam A >1.

Brimenpusegenusii aprymenT (orobpaxenue f: X — Y HenpepbIBHO, ec-
Ju 3aMBIKaHUe 00pasa a1060ro Z C X comepXuT 00pa3 3aMbIKaHUA Z ) 1OKa-
3BIBAET, ITO HTO OTOODAIKEHUE HENPEPBIBHO, 3HAYUT, OCYIIECTBIIET TOMO-
TOIHIO YY) U Y171 LoMOTONNA Y)Y, 4 17| HOLYIaeTCA U3 HTOrO, HOCKOIBKY

YoYo ¥ Y17y HOLyHeHBI U3 Yo7y, U Y17 PeHapaMeTpusanuei. m
W3 srou meMMBbI caeayeT, 9TO IpousBeaeHue 7,y — vy — KOppeKTHO
OIpeJeNeHHas onepalusa Ha MHOXecTBe 71 (M, m) KIaccoB rOMOTONNYIECKON

JKBUBAJEHTHOCTH HYTeﬁ n3 m B M.

Teopema 15.18: OnpeaeneHnas BHIIIE ONEPAIIUA
w1 (M, m) x w1 (M, m) — w1 (M, m)

3ajaeT CTPyKTypy rpymns Ha 71 (M).

[ oka3zaTeabcTBO: HyXHO MpOBEepUTH BHIOJHEHNE TPYIIIOBLIX aKCHOM. PoJb
emuaunel ¢ @ [0,1] — M wurpaer oro6Gpaxkenue [0,1] B Touky m € M.
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Jra meris HasbiBaeTcA TpuBMaabHOM. O603HauMM 3a ¢g : [0, 1] — [0, 1]
oro6paxenne t — max(0,2¢t — 1), 3a ¢; : [0,1] — [0, 1] oroGpaxkenue
t — min(1, 2¢).

1r
0.8 - 08 -
0.6 - 06 -
0.4 - 04 -

0.2 - 0.2 -

0 0

' ' . ' ' ' ' s
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Ipaduk dysxmun ¢o(t) I'paduk pysakumu ¢ (t)

Jlerko BumeTh, 9TO YL = ¢Pg 0y, a 1y = ¢1 0 y. B cuny Jlemmnr 15.8,
(YHKIUY ¢y U g TOMOTONHEL APYT APYTY M TOXKIECTBEHHOMY OTOGpaxke-
HUIO ¥ — T B KJIacce pyukuun, coxpausommx 0 u 1. Komnosumnus ysaxaer
romoronuio (Yreepxjaenue 15.4), ciegoBarenbHO, IyTh YL TOMOTONEH LY U
COMOTOIIEH 7.

O6paTHErd nemMeHT Y~ ! k myTm y crpouwrca Tak: Y L(t) = (1 — t).
Pacemorpum dyskmuio & : [0,1] — [0,1], ®(¢) = min(2¢,2 — 2t),

1

0.8

0.6

0.4

0.2

0

0 0.2 0.4 0.6 0.8 1

Ipaduk pynxmum d(t)

Jlerxo BugeTs, 9T0 7y~ ' = ® o 7. [lockoapky ® romoTonen oTo6paxe-
uuio t — 0 B kaacce ¢pyukun, mepesoammx 0 u 1 B 0 (Jlemma 15.8), myTsh
vy~t = ® 0y rOMOTONIEH TPUBUATLHOMY.

OTy TOMOTONNIO MOXHO YBUAETDH M3 CAEAYIOMIEN KAPTUHKM.

Jlexkuuu u 3348494 N0 TOMOJAOrUH - 295 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Yactb II1. JIEKIMK IO TOHNOJOI'MA

-

1

e

Crarusanme meTu Yy~ ! B TOUKy

Haxonern, acconmaTuBHOCTb YMHOXKEHWA BUJHA U3 CJEIYIONIEro paccy-
—_—
xaenus. IlycTsb 7y, 1, Yo TPW myTw U3 m B m, a Yy1y2 : [0,3] — M —
eTJIsA, OnpeaeJeHHas (hOPMYJIOn

Yo (), ecim 0 <)\ <1
oA = {m(A—1), ecm 1<A<2,
Y2(A—2), ecmm 2<\<3.

PaccmoTpuMm dyukiuu 1, Y, @ [0,1] — [0, 3] 3agauubie ¢popmyramu

1 (t) = max (2t,4 (t — 1/4)), o(t) = min (4¢,2 (¢ + 1/2))

Dyuknum 1) u Yy — KyCOIHO-TUHEUHBIE, UX TPADUKHA COCTABIEHBI U3 JIBYX
IPAMOJUHEMHBIX OTPE3KOB. Y 1y nepBbin oTpe3ok coeaunser (0,0) u (1/2,1),
BTOPOK 0Tpe3ok coenuuseT (1/2,1) u (1,3). Y 1)y mepBbIN OTPE3OK COCAUHAET
(0,0) u (1/2,2), Bropou orpesok coegunsier (1/2,2) u (1,3).
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25 - . 25

05 - 05

0 0
0 0.2 0.4 0.6 08 1 0 02 0.4 06 08 1

I'padux pyskmmm 9y (t) Ipadux dyskmmm ¢o(t)

Jlerko BuAETS, UT0 Yo(1172) = %1 0%0772(A), T (Yom) 72 = %2 0707172(A)
(mposeprwre). [lockoabKy 1 U ¥y TOMOTOIHBL, U3 TOrO CIEAYET, YTO TOMO-
TonHbL neTaun Yo(y172) u (Yoy1)Ye- Mbl mokasanu, uro w1 (M, m) sro rpyunna.
]

Omnpeaenenne 15.19. I'pynna 7 (M, m), onpenenenHas BbIllle, HA3BIBAETCS
dyHAAMEHTATLHON IPYIION TONOJOTMYECKOro npocTpancTsa (M, m).

3ameuanme 15.20. IlycTs
(X.2) £ (V)

— MOpGU3M OTMEYeHHBIX NpocTpaHcTB. [asa moboro nytn v € Q(X,x),
kommosunus 7y o f 3agaeT nyth B (Y, y). [loapsysacs Tem. 9To kommozunus f
€ TOMOTOIHBLIME OTOOpaXeHusAMYU roMoTonHa (YTBepxaenue 15.4), MbI mo-
JydaeM, 9T0 Y — 7 o f ompegeiseT 0TOOPaXKeHNe HA KIACCAX DKBUBAICHT-
woctu nerens (X, ) — m(Y,y). s koHCTpYKIMU 5TOr0 0TOOpAKEHUS
cpasy SCHO, 9TO T0 romMoMopdusMm rpynn. OTobpaxeHue QyHIAMEHTAIb-
HBIX TPYIN, UHAYIUPOBAHHOE f, 9aCTO 0603HAYAETCA TOU XKe CaMou OYKBOMU.
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3ameduanme 15.21. Hamomuum, uTto pyukTop u3 kareropuu C; B Co 3a-
naeTcsa 0ToOpaXKeHneM

F: Ob(Cy) — Ob(Cy)
7 0TOOpaXeHuAMNI
F: Mor(X,Y) — Mor(F(X),F(Y)),

ompenereHHbIME A1 mo0bix X, Y € Ob(C), nepesogamumu ldx B ldp(x) n
COBMECTUMBIMHE C B3ATHEM KOMIIO3UIIUM.

3ameuanme 15.22. Basarue pyHIaMEHTAILHON TPYIILI ONpeaeIseT (hyHK-
TOP U3 KATErOPUH OTMEIEHHBIX TPOCTPAHCTB B KATETOPUIO IPYIII (IIPOBEPh-
T€ HTO).

3ameuanne 15.23. Ilycts fo, f1 © (X,2) — (Y,y) — romoromnusie 0To-
6paxenus. Torga coorBeTCTByIONINE TOMOMOP(MU3MBL (PYHIAMEHTAJbHBIX TPYIII
conagaior. B camom nerne, ecim fiy romoTonHO fi, TO Yo fi TOMOTOIHO Yo f1,
s mo6on nerau v € Q(X, ).

15.4. CraruBaemble IPOCTPAHCTBA, PETPAKTHI,
rOMOTOIINYECKAA DKBUBAJIEHTHOCTD

Omnpegenenne 15.24. Ilycrs (X,z) — OoTMe4eHHOE TONOJIOIUYECKOE TPO-
cTpaHcTBO. PaccmoTpuMm oTobpaxenue 1, : X — X, mepeBoasmiee Bce TOY-
ku X B z. [IpocTpancTBo X HazbIBaeTCsS CTATMBAEMBIM, €CJH L, TOMOTOITHO
TOX IeCTBEHHOMY OoTOOpaxeunuio Idx.

ITpumep 15.25: I[Iycts (X, x) — moamuOXkecTBO R™. DTO 1MOAMHOKECTBO
HA3bIBAETCA 3BE3AYaThIM, ecau 1ias ao6on Touku &' € X, orpesok [z, x|
neaukoM JexuT B X. PaccmoTrpum oTobpaxeHnue

X x[0,1] = X,
nepesopamee (z',t) B £ ———t(x —1z'). Jlerko BugeTh, 40 ¥ 5T0 TOMOTONUSA

ldx u ¢, (moxaxuTe 510). MBI MOMYYWIM, ITO JTH060€ 3BE3IIATOE MO IMHOKE-
CTBO CTATHBAEMO.
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3ameuanwme 15.26. ITycrs (X,z) — craruBaemoe mpocTpaHcTBO. Jlerko
BUJETh, 9TO OTOOpaxkeHue (, : X — X 3aJaeT TPUBUAIBLHBIX TOMOMOD-
duzm

m(X,z) = m(X,x)
(Bce naemenTn rpynnsl 7 (X, z) nepexoaar B 1). ITockoabKy oToGpaxkeHue
Ly TOMOTOITHO TOX IE€CTBEHHOMY, a I'OMOTOITHBIC OTO6pa)KeHHH TOIIOJOIr!m4ae-
CKWX TTPOCTPAHCTB WHIYIUPYIOT OTUHAKOBLIE OTOOpaKeHus (PyHIaMEeHTAIb-

Id
HBIX TPy, TOXAecTBeHHOe orobpaxkenue 7 (X,z) — m(X,z) paBHO
oToGpaxkenuio, nepesosmemy Bee saeMenTsl B 1. [Tosromy m (X, z) = {1}.

Omnpegenenne 15.27. Eciu 7 (X,z) = {1}, ormedennoe mpocTpaHcTBO
(X, x) Ha3BIBAETCA OQHOCBA3HBIM. B DTOU cUTyanuu eme rOBOPAT, 9TO Y
(X, z) nHyneBaa dyHIaMEHTAILHAA IPYNIA.

Omnpeaenenune 15.28. Ilycts X C Y — moamuoxectBo. IIpeamomoxum,
vy

9TO CymecTByeT oTobpaxenue ¥ —— X, ToxaectBennoe Ha X C Y, u ro-

MOTOIIHOE TOX IeCTBeHHOMY oToOpaxenuio ldy. B arom ciyuae X HaswiBaeT-

ca medopmanuoHHBEIM peTpakToM Y. 'omoronus V¥, u ldy maswiBaercs

pedopManmuoHHON perpaknuen Y ma X.

IIpumep 15.29: Ilycts Y — MHOXeCTBO BCeX HEHYJIEBBIX BEKTOPOB B R",

v
a X CY — emummunas chepa. PaccmoTpum oToGpaxkenme Y — X,
v—> ‘z—‘ Orobpaxenne ¥ TOMOTOMHO TOXIECTBEHHOMY:
v
U(v,t) = —
(0.0) =

ocymecTBasger romoronuio Vi u ¥y = Idy.

3ameuanue 15.30. OTmedenHOE TPOCTPAHCTBO (X, Z) ABIACTCA CTATUBA-
eMBbIM TOI'[a U TOABKO Toraa, koraa {r} — nedopmanuonssii perpakt X.

Omnpeaenenune 15.31. OTobpaxenune X .V wasmmaercs romoToms-
YeCKOM 3KBUBAJIEHTHOCTBIO, €CJIU CYIMECTBYIOT OTOOpaXeHUA

9,9 1 Y — X rmakue, 9yro g o f romoronno Idy, a f o ¢’ romoronuo Idy.
AnanoruvdaeiM 00pa3oOM OMPEIeJSAeTCS TOMOTONMYECKASA DKBUBAJEHTHOCTD

/
orMedeHHBIX pocTpancTs: (X, z) —— (Y, y) romoronuveckas S5KBUBAIEHT-
HOCTB, ecau ecthb ¢,9" ¢ (Y,y) — (X,z) u g o f romoronuo Idy, a f o g’
romoTonuo ldx xak oroOpaxkeHue OTMEIYEHHBLIX IPOCTPAHCTB.
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J o
IIpumep 15.32: Ecmm X < Y — nedopMalmoHHBIA pEeTPaKT, TO IMPO-
cTpaHCTBO X TOMOTONNYECKH DKBUBAJEHTHO Y . /[leMCTBUTEILHO, €CTECTBEeH-

Hoe Biaowkenume X <& YV B KOMIIO3UIINKA C Y X naer ldy, a xkommozu-
nusa ¥y o j romoronHa ldy, mo ompexnenenunio nepOpMaIMOHHOTO PETPAKTA.
B gactrOCTH, MH060€ CTATHBaEMOE MPOCTPAHCTBO TOMOTOIUYIECKN DKBUBA-
JEHTHO TOYKe.

3ameuanune 15.33. Ilycrs (X, ) 4, (Y,y) — romoronuyeckas >KBUBA-

f
JEHTHOCTHh OTMedeHHBIX mpocrpancTs, a m1(X,z) —— m(Y,y) coorser-
cTByIoIIee 0TOOpaXeHue ByHIaMEeHTAIbLHBIX Ipy. Torga cymecTByoT MOp-
dusmel g, ¢', Takue, uTo g o f romoronHo ldy, a f o ¢’ romoronuo Idx. 3Ha-

qut, y 71 (X, x) A, m1(Y, y) HeT axpa (moToMy 4TO Ha (QyHIAMEHTATLHBIX
rpynnax f o ¢' = ldr, (x,s)). C Apyroi croponsl, mockoabky g o f = ldr (v,

!
orobpaxenue (X, z) — m(Y,y) clopsexkruro. MBI f0Ka3aaM, 9TO 3TO
n30MOphU3M I'DYHIL.

CregcrBue 15.34: Ilycts (X, z) u (Y,y) — roMoTONUYECKHM HKBUBAJIEHT-
Hble OTMe4eHHbIe npocTpancTBa. Toraa m (X) = m(Y).

15.4.1. HcTopus, 3amevaHusn

[lousiTue romoTonuu u (PyHIAMEHTAIBHOU T'PYyNOBI OBLIO BIEPBHIE CTPOTO
onpeaenero Ilyankape, B 1895-m roxy. ['omoTonube yTr 1 pyHIaMEHTAID-
HyI0 rpynny onpexeut B 1866-m roxy Kamuas 2Kopaan; snpoiem, 2Kopaan
B paGoTax MO TOIOJOTUHU He MOJb30BAJICA MOHATHEM IPYNNbl (KOTOPOe OH
cam xe u BBea, Toxe B 1860-x, crenya [arya, B paborax o paspemumocTn
anre6panyeckux ypaBHEHWN ).

dyngaMenTaNIbHAS TPYINA €CTh MEePBBIU (M CAMBIM MPOCTON) aarebpa-
MYIeCKUU WHBAPUAHT TOMOJOTUIECKUX TPOCTPAHCTB. CyIIecTByeT HemaJo
(PyHKTOPOB AHAJOTUIHOU TPUPOABI: TOMOTONUYECKUE TPYIIBI, KOTOMOJIO-
run, K-Teopus, KoGOpAU3MBL ¥ T.J. DT KOHCTPYKIMU M3YYAIOTCA B AJdre-
Opamv4ecKOu TOIMOJOIMH, METOJaMK TEOPUU KATErOpPHUHu.

Crporoe u3yvenne TOMOJOTUY 3aTPY/THEHO TATOJIOTUIHOCTHIO OOIIUX TO-
MOJOTUIECKUX MPOCTPAHCTB. Alrebpanieckue TOMOJOTY MO GOJIBINEN YaCTH
orpannduBatorcsi CW-komnaekcamu, TPOCTPAHCTBAMU, KOTOPbHIE CKJIEEHBI
13 CUMILIEKCOB (MHOT'OMEDHBIX TeTPas’ApOB) HAMOI00ME MHOTOI'DAHHUKOB.
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Marie Ennemond Camille Jordan
(1838 — 1922)

B GoabmmmHCTBE KypCOB TOMOJOI MY, HUKAKKME IPYTHe MPOCTPAHCTBA, KPO-
Me CW-KOMILTEKCOB, He paCCMATPUBAIOTCA, WK MIPAKTUIECKY HE PACCMATPH-
Baforcsa. OrpaHnvuB TaKuM 00pa30M KIACC U3YIAEMbIX IPOCTPAHCTB, MOXKHO
MEPEBECTHU HA A3LIK KATErOPHUH JI000€ TeOMETPUIECKOE YTBEPXK ICHUE.

B Tou (1ocTaTouHo 0061Ier) reOMeTPUYECKON CUTYAIUN, C KOTOPOU MMe-
10T JIeJI0 B METPUIECKON MeOMEeTPHUH U AHAJIN3€e, CINTATDH alreOpandecKne nH-
BapPUAHTHL IIPOCTPAHCTB YPE3BLIYANHO 3aTPyAHUTEILHO. [0 pTou mpudunne
npeaMeT aaredpamvdecKor TOMOJOTHM MPAKTUIECKA HUKAK HE COOTHOCUTCSA
¢ mpeameToM o6mier Tonoaoruu. C Apyrou CTOPOHHI, 6€3 MOHUMAHUA OCHOB
001IIer TOTOJOT MY 3aHUMATHCSA TeOMETPUEN U TOTOJOTHEeR MPOOJeMATHIHO.

OcHoBHBIE TOCTHXEHUA MaTeMaTUKd XX BeKa OTHOCUIUCH K ajrebpan-
YeCKOHU TOIIOJOTUHU U AIreOpanvdecKOl reOMeTPUN; Ha MPOTAKEHNN CTOJeTHA
OTHU IBe HAYKM MapailelbHO W YPe3BBIYaNHO WHTEHCUBHO Pa3BUBAJINCDH, HC-
MOMB3YA A3BIK KATETOPUH W TOMOJOTMYECKOU alre6phl, CIeNualbHO pa3pa-
OOTAHHBIA IJIA1 TAKOU IEJIN.

Kanounueckum y‘IeﬁHI/IKOM a.HFe6paH‘IeCKOﬁ TOIIOJOI'NU ABJACTCA KHNXK-
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ka Pykca, Pomenko, " Kypc romoronuaeckon Tomogoruun” . [lns apyrux ue-
aen moanesed ToMm Ceurnepa ” Anrebpandeckas TOMOJOTHA: TOMOTONUY U T'O-
mosorun” . Teopun kareropun nocssmen yaeouuk Mak Jlbuna ” Kareropun
st paboralomero maremMaTuka’ . ['oMooruveckas aarebpa n3JaoxeHa B Ipe-
kpacHou kuure " Meroael romogorundeckon aareopsr”’ [eandanga-Manuna.
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Jleknua 16: HakpreiTua I'anxya

16.1. dPakTOopnpocTpaHCTBA

Omnpeaenenune 16.1. Ilycts M — TomoJjorudeckoe MpOCTPAHCTBO, & ~ —
OTHOIIEHUE DKBUBATEHTHOCTH. [1oaMuO)ecTBO U C M/ ~ MHOXECTBa Kiaac-
coB M/ ~ Ha3BIBA€TCA OTKPBITHIM, €CJIu ero npoo6pas B M oTkpsrT. [Ipo-
BEpbTe, 4TO HTO ompejgenseT Tomonoruioo Ha M/ ~. Takas Tonomorus Ha-
3BIBAETCA (PpaKTOPTOMmOJOruen, a npocrpanctso M/ ~ — dakrTopmo-
CTPAHCTBOM.

Omnpeaenenune 16.2. IlycTs 3amano maoxectBo M. Jlerko BugeTh, YT0 MHO-
wectBo 6uexkuuit Bij(M, M) us M B M o6Gpa3syer rpynmy ¢ omepanuen KoM-
nosunuu. Hamomunm, uro rpynna G gemcTByeT Ha MHOXecTBe M, ecin
3ajaH romomMopdusm u3 G B rpynny 6ueximu Bij(M, M). nade roops, ais
kaxjgoro g € G, m € M, sanana Touka g(m), npu aToM g(g1(m)) = gg1(M),
IS J00BIX g, g1 € G.

Omnpeaenerne 16.3. B Takon curyanuu, op6uTon Touku r € M Ha3bIBa-
eTCcs MHOXKECTBO

Gr:={ye M |y=gz,9 € G}

BCEX TOYEK, KOTOPhIE MOXHO MOJAYIUTh U3 T meurcTBueM G.

Omnpeaenenune 16.4. IIycts M — Tomosoruieckoe mpocTPaHCcTBO, a G —
rpymna. Mer rosopum, 9ro G AeMCTByeT Ha TOIOJOTMYECKOM IIPO-
crpancTtBe M, wiun G HenpepbIBHO AencTByeT Ha M, ecau G 1eiCcTByeT
Ha M, mpudeMm auasa Jaio6oro g € (G, oToOpaxkeHue m — ¢m HeIpPepPhIBHO.

3ameuanme 16.5. AnajormduasiM 06pa3oM ONPeReIseTcs ITeUCTBHE CPYII-
nsl G Ha o6bekTe Kareropuu C. JeucrBueMm rpynnsl Ha X € Ob(C) Ha-
3eiBaeTca oTobpaxkenune G — Mor(X, X) Takoe, 94TO TPOU3BEICHUE DJIE-
MEHTOB T'PYINLI MEPEXOIUT B KOMIO3UIIAIO MOP(DUIMOB.

Omnpegenenne 16.6. Ilycrs G — rpymnma, IeMCTBYIOMAS HA TOIOJOTHYE-
ckoM mpocrpancTBe M. PaKTOPIPOCTPAHCTBOM IO IEHCTBUIO I'PYIIILI
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HA3bIBAETCA MPOCTPAHCTBO KJIACCOB DKBUBANEHTHOCTH M/ ~, TIe x ~ y, ec-
Jau x Uy Jexar B oguon opoure G. Takxke (pakTOPIPOCTPAHCTBO HA3BIBAIOT
MPOCTPAaHCTBO opOuT geuctsus G.

3agaua 16.1. Ilycts M xaycmopdoBo, a (G — rpymmna, HEIPEPLIBHO Ieu-
crBytomas Ha M. Beerga qm daxropnpocrpancrso M /G xaycaopdoBo?

3ameuanme 16.7. Ilycts G — rpynma, IeUCTBYIOMIAA HA TOMOJOTHYIECKOM
npocrparcree M. Torga ecrecrennas npoexmus M —— M/G spasercs
OTKPHITHIM OTOOpaxkeHueM. B camom gene, mycts U — OTKPBITOE MHOXKE-
ctBO, a GU — oObequuenne Bcex Tovek Bujaa gu, g € U, u € U. Torga GU
— 06BeIMHEeHNE OTKPBITHIX MHOXKECTB Bua gU, u oHO OTKpHITO. [lockoabky

7 1(n(U)) = GU, o6pas m(U) orkpwer 8 M/G.

16.2. KaTeropusa HaKpbITUA

Omnpegenenne 16.8. Ilycts M, M — Tomojormyveckume MPOCTPAHCTBA, a
m: M — M HempepbIBHOE O0TOOpaXKeHUe. T HA3BIBAETCA DTAIBHBIM, €CIU
y Kaxaou ToYku T € M ecTh okpecTHOCTh U 5 I Takad, uTO

7T|ﬁ - U —7(0)

T0 romMeoMopdu3M. ITO 0TOOpaAKEHUE HA3BIBACTCA HAKPBLITHUEM, €CIUu y
Kax 0 Touku r € M, ectb okpecrHocts U > x Takas, uyto 7w (U) ro-
meomopduo U X S, rae S — Tomosorudeckoe IpoOCTPAHCTBO C IUCKPETHON

TOIOJOTUER, a OTOOPAKEHNE 7r‘ 7 1(U) — U npu TaxoMm m30MOp-

~L()
¢dusme cosnagaer ¢ npoexmuen U x S — U. Bazon HaKPBITUA HA3LIBACTCA
M, a ero cioeM Han TOYKOW T — mpoo6pas 7 ' (x).

3ameuanue 16.9. Jlerko BuaeTh, 9TO M060€ HAKPHITHE STAJIBHO (IIPOBEPD-
T€ BTO).

3ameduanme 16.10. Ilycts U C X — OTKpHITOE IOIMHOXECTBO, KOTOPOE
He ABIACTCA 3aMKHYTEIM. OTo6paxkenne Baoxenusa j : U — X >TaqbHO, HO
He ABIAETCA HAKPHITHEM (IIPOBEPHTE).

3aga4a 16.2. [lycts M — cBs3mHo, a 7 : M— M- HakpbITHE. [/loKaxmn-
Te, 9To ok m 1(z) paBHOMOmEH T ! (y), Aua d00LIX T,y € M.
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Ipumep 16.11: OTox aecTBuM OKPykRHOCTH S' ¢ 0AHOMEpHEIM TOpOoM R /27 7.
EctecrBennas npoexuusa R — S! aBrgeTca HaKpBITHEM (moxaxwure). IIpo-
extusa R"™ ua rop T" = R"/7Z" Takxke ABIAETCA HAKPHITHEM (JOKAXKUTE 3TO).

Omnpegenenune 16.12. Ilycts G — rpymnmna, [eUCTBYIOMIAS HA TOIOJIOTUYE-
ckom mpocrtpancTee M. l'oBopurcs, 4ro gerucrBue (G BIOJHE Pa3pBLIBHO,
ecan y Kaxjgoun Touku £ € M ects okpecTtHOCTh U Takas, aro U N gU = ()
s aoboro g € (G Takoro, YTO g AEUCTBYET He TOXKJIECTBEHHO B OKPECTHO-
cru U.

YrBepxaeunme 16.13: Ilycrs G — rpymnma, BooaHe Pa3phIBHO IEUCTBYIO-
e

mas Ha TomoJorudeckoM npocrpanctse M. Torga npoektua M — M/G

ABJISAETCSA HAKPBHITUEM.

HoxazareabcTBo: [lycts x € M — mo6asa Touka, a U S £ — OKpecTHOCTS,
yaosaersopsomas U N gU = () gaa mo6oro g € G Takoro, 4to g(x) # x.
[Tockoabky 7 orkperTo, U := 7(U) — okpecrrocTs 7(x). EcrecTBennas npo-
ekiua 7 : U — U 1o mocTpoennio 6MeKTUBHA U HempepbiBHA. [[ocKOabKY
KaXkJ0e OTKPEITOe noaMHOXKecTBO Uy C U moaydaeTca Kak 00pa3 OTKPBEITO-
ro noaMmuoxkectsa Buga GUi, rae Uy C U (3ameuanue 16.7), 7 : U — U
romeomopduam. [losromy mpoexkmma M —— M /G sranbha. [ToCKOIBKY
71 (U) — obbeauneHne HeepeceKanmXcs OTKPLITHX MHOXeCTB Buga gU,
rae g € (G, 5Ta TPOEKIUSA ABIACTCA HAKPHITUEM. N

ITpumep 16.14: [Ipumepsl BIOJHE Pa3PBLIBHOIO JAEUCTBHUA T'PYIILI HA TO-
IOJIOTMIECKOM MPOCTPAHCTBe mpuBegeHsl Beme (R — St R™ — T™). Tlo-
TOOHBIX TTPUMEPOB MOXKHO M300peCcTr HEMAJO.

3agaga 16.3. Ilycts M — rpynna BepxHETPEyroabHBIX MAaTpuI (MaTpui,
y KOTODBIX Ha nuaroHanu 1, uuxke gumaronamu 0), a ' — MHOXecTBO Bepx-
HETPEYTOJbHBIX MATPUIL C IeTbiMu Koddduiuenramu. [Jokaxwure, uto [' —
rpynna. Paccmorpum gerctsue I ma M mo dopmyae y(m) = v - m, vae -
0003HaYaET YMHOXKEHHEe MaTpull. /JoKaXuTe, YTO 3TO TEUCTBUE BIOJHE Pa3-
PBIBHO.

!

Omnpeanenenune 16.15. Ilycts M = M, M 5 M — nakperrus M.
HenpemeHoe 0T06pa>KeH1/1e Y M — M’ masbBaercs MOphU3MOM Ha-
KPBITHUHN, ecau ) o ' = 7.
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CooTHommenus Hanogo0ue 1 o 7' = T 9acTO U300PaAKAIT IOCPEICTBOM

I7arpamMM
~ P ~
M——M
x l/ﬂ—/
M
B BEPIIMHAX KOTOPOU CTOAT 0O6HEKTHI KATETOPUHU, a CTPEJOYKN 0003HAUAIOT
Mopdu3mbl. ['oBopuTCA, ¥YTO dTa AMArpaMMa KOMMYTATHUBHA, €CIN MOD-
(pu3M, TTONYHIEHHBIN KOMIIO3UIIMEN CTPENOYEK, UIYIIUX U3 OTHOTO 0OHEKTa B
IPYTOU, HE 3aBUCUT OT BBIOOPA IIYTU MO CTPEIOTIKAM.
B gacrrocTu, guarpamma (16.2.1) koMMyTaTuBHA TOrIa U TOIBKO TOTAA,
Korjaa 1 o = .

(16.2.1)

3ameuanme 16.16. Haxporrus npocrpaucrsa M o6pasyior kareropuioo. O6b-
€KTHI DTOU KATeropuum — HAKPHITUA M, a MOpPU3MBI ONpEIETeHBl BHIIIE.
AcconuaTuBHOCTh KOMIIO3UIIAY MOD(MU3IMOB U CyNIIECTBOBAHNE TOX TECTBEH-
HOT'0 MOP(U3Ma 0YeBUIHEI (IPOBEPHTE ITO).

3ameuanue 16.17. Muoxecrso mopdusmos us M B M’ o6o3nagaerca Mor(M, M').
Korga Hamo mog4epkHyTh 3aBUCUMOCTH OT M, mumiyT

Mory (M, M)
(umraercs " MuOXKecTBO MOpdusmor M B M’ wax M).

Onpenenenne 16.18. Ilycts M =5 M — makperrme. Mbr roBopuM, 9T0
oHo pacmemsgercs, ecau M = M x V, rae V — MHOXeCTBO ¢ JUCKPETHOM
TOIIOJIOTHEHN, U DTO Pa3J0XKeHue COBMeCTUMO ¢ mpoeknuwern B M. Pacmemis-
IOIIEeCs HAKPBITHE TaKXKe HA3hIBAIOT TPUBUAILHBIM.

Omnpegenenne 16.19. Ilycre M — M — naxpoitue. Ecm U € M —

OTKPBITOE MOIMHOXECTBO, TO T 7' (U) — U — Toxe HaKpbITHE

~1(U)
(mposepwre). OHO HasbIBaeTCa orpaHudeHueM HakpwuiTuA m Ha U. Orpa-
HUYEHNE HAKPBITUA 7 HA JOCTATOYHO MaJjoe OTKphIToe MHOXecTBO U C M
TPUBUAJBHO, IO OMPEIEJCHNI0 HAKPHITHA. DTO CBOMCTBO YaCTO BBIPAXKAIOT,
T'OBOpA, YTO HAKPBITHE JOKAJBHO TPHUBHUAJBHO, a 9TOOLI YTOYHUTB, 9TO
JOKAJbHOCTH MMOHUMAETCA KAaK JOKaJIbHOCTEL 10 M — TroBOpPAT, 9YTO OHO JIO-
KaJbHO TPUBHMAILHO IO 6a3e, win JOKAJIbHO TPUBHAILHO 1O M.
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3ameuanne 16.20. Ilycre M casuo, a M — M — TpUBHATBHOE HAKDbI-
Tue M. Torga M=MxS , Tme S — MHOXECTBO CBA3HBIX KOMIIOHEHT M.
B 4acTHOCTH, BCE CBA3HBIE KOMIIOHEHTH M IpoeKTupytorcsa Ha M romeo-
MOp(HO.

3ameduanme 16.21. Ilycte M cBa3no, a 9 : M — M’ — mopdusMm Tpu-
BratbHBIX Hakpbituil M. Torqa M = M x S, u M' = M x S, rae S, S
— MHOXECTBO CBA3HBIX KoMmroHeHT M, M'. O6pa3 cBA3HON KOMIOHEHTHl M
CBA3EH, CIeJOBATEIbHO, JeXKNUT IEINKOM B CBA3HON KommonenTe M. IlycTs
s : S — S’ — orobpaxenue, WHAYIUPOBAHHOE 1) HA CBA3HBIX KOMIIOHEH-
tax. Torga

$(m, s) = (m, Ps(s)).

(mpoBepbTe).

Omnpeaenenune 16.22. [Iycts M — Tomosorudeckoe mpocTpancTso. M Ha-
3BIBAETCA JIOKAJBHO CBA3HBIM, ecin y M ecThb 6a3a CBA3HBIX OKPECTHOCTEH,
1 JOKAJIbHO JTHHEHMHO CBA3HBIM, ecaun y M ecTh 6a3a IMHETHO CBA3HBIX
OKPECTHOCTEH.

3ameuanme 16.23. OrmeruMm, 9TO U3 CBA3HOCTH HE CJEIYeT JOKAJbHAS
CBA3HOCTD, & U3 JUHEUHOUW CBA3HOCTHU HE CJeIyeT JOKAJbHAS JUHEWHAS CBS3-
HOCTh. C IPYrou CTOPOHBL, JOKAJILHO JUHEUHO CBA3HOE CBS3HOE IPOCTPAH-
CTBO JUHENHO CBA3HO (CM. JOKa3aTeabcTBO Jlemmbl 16.26 Huxe).

YrBepxkgenne 16.24: Ilycts ¢ : M — M’ — MopdusM HakpbiTH M,
npudem M JOKaIBHO CBA3HO. Torga 1) »To HakpeiTe M'.

[MokazaTeasLcTBO: JDTO yTBEPXK JeHNe JOKAILHO 110 M, 3HAYUT, MOXKHO IIpej-
IONOXKNUTb, 9TO M CBA3HO, & HAKPHITUS M u M’ pacmennsmiorcsa. B cury 3a-
Medanua 16.21, M = M x S, M' = M x S, a ¢(m,s) = (m,¥s(s)), rae
g — oTOOpaXkeHue, NHIYIAPOBAHOE 1) HA MHOXKECTBE KOMIIOHEHT CBA3HOCTH
M u M'. Ho oro6paxenne (m,s) = (m,1pg(s)) ABIAETCA TPUBHAIBLHBIM
HAKDBITHEM Ha KaXK10# cBasHON kommonenTe M. ITosTomy 1) — I0KAIbHO
TpuBHAIbHOE HAKpEITHE M’ (1IpoBepbTE). m
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16.3. OgHOCBA3HBLIE IPOCTPAHCTBA

Omnpegenenne 16.25. CpsazHoe TONOJIOrTIeCKOe TPOCTPancTBO M Ha3bIBa-
eTcs DTAJIbHO OJHOCBA3HBIM, €cau JI000e HakpbiTre M paciienisercs.

BnocregcTBuyr HaM mOHATOOUTCA CIAEAYIONIAA MPOCTasA JeMMA.

Jlemma 16.26: IlycTs M— M — HAKpBITHE, TpudeM M JIOKAJIBLHO JUHEeH-
HO CBSA3HO, a M cBsazHo. Torma M IuHERHO CBA3HO.

MokasaTenbcTBo: [lockoabky M I0KATbHO IMHEHHO cBasHO, M Toxe 10-
KaJbHO JUHEUHO CBA3HO. OObennHeHNe BCeX JUHENHO CBA3HBIX MHOXECTB,
coepXKammx ToYKy z € M, oTKpeITo B M, B CHIy JOKAILHOH IMHEHHOM
cBa3HocT M. Dro 3a1aer pasbuenue M B KOMIOHEHTHL JMHEHHON CBA3HO-
CTH, KOTOPBIE OTKPHITHL. A MOCKOJIBKY M CBA3HO, TaKasgd KOMIOHEHTa BCEro
OJIHA. W

Teopema 16.27: Jlio60e BBIIyKIOE, 3aMKHYTO€E MTOAMHOXECTBO B R™ sTaiab-
HO OJHOCBS3HO.

,HOKaaaTeJILCTBo HTar 1: [Iycte M — BBIIYKJIO€, 3aAMKHYTOE TI0 IMHOXKE-
crBo R, a M - M — HakpsITHe. [Tockonbky M 10OKanIbHO CBA3HO (mo-
kaxuTe 510), M mokarsro cBasHo. [losromy M — HecBs3HOe 06beqUHEHHE
CBOUX KOMIIOHEHT CBA3HOCTH. [l MOKa3aTeabCTBa TATHHOM OJHOCBA3HO-
ctu M nocTaTodHO yOeIWThCs, IYTO KaxKaasd U3 dTUX KOMIOHEHT CBA3HOCTH
ABIACTCA TPUBUAILHBIM HAKpbiTHeM M. I109TOMY MOXHO cumraTs, aTo M
CBA3HO.

IMTar 2: TTockoabky M cBsazuo, a M nuHenHO cBsizHO (gokaxure), M aunen-
HO CBAI3HO, B cuay Jlemmer 16.26.

IITar 3: Paccmorpum M Kak MeTpPUYECKOE IPOCTPAHCTBO, C €BKJIMJIOBOU
MeTpukou, wHaynupoBanuou w3 R™. JlioOwie e Toukm =,y € M MOXHO
COEUHUTDH My TeM

v [a,b]—>M,

noromy 4ro M mumHe#nO cBsasHo. OmpeseruM LIMHY IIyTH I(v) xkak maumy
ero o6pasa v, := yom B M. Eciu ase Touxm (t),y(t + €) conepxarca B
okpectHocT U C M, KoTOpas roMeoMopdHO NPOEKTUPYETCS Ha BBILYKJIOE
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noamuoxecTBo U C M, MoxHO 3aMeHuTh yaacTok (Y(t), y(t+€)) myru v Ha
npoo6pas orpeska, coeauusiomero Touku m(7y(t)), 7(y(t + €)). Ilo onpeaeme-
HUIO HAKPBITHUS, Y MOKPHIBAETCA TAKAMU OTKPHITBIME MHOXECTBAMU I[EJIU-
koM (mposepwre 510). [Tockoabky 7([a, b]) KOMIaKTeH, €ro MOXKHO IOKPHITH
KOHEIHBIM HAO0POM TAKUX OTKPBITHIX MHOXKECTB. 3AMEHUB KAXK bl CEIMEHT
(v(t),v(t + €)) HA HIpAMONMHENHBIN, KAK YKA3aHO BBIIIE, MBI [HOLYYUM IIyTh
7, KOTOPBIA NPOEKTUPYETCA B JOMAHYIO Y, : [a,b] — M. CaegoBarensHo,
M00bIe B TOYKM MOXHO COEJWHUTH IyTeM KOHeYHOU nauHbl. Ompegeaum
MeTpuky Ha M 10 dopmy.e

d(z,y) = igfl(v),

rje nHGUMyM GepeTcs IO BCeM Iy TAM, COeJUHAIONMM X 1 Y. JIerKo BUAETD,
4T0 dTa (popMyaa 3ajgaer Ha M MeTpuky (mOKaxkuTe).

IMlar 4: Merpuka d 3agaeT Ha mpocTpamcTBe M TONOIOTHIO, B KOTOPO
HEGOBIION OKPECTHOCTHIO TOUKK & € M Oyzer CBA3HAA KOMIOHEHTA MPO-
o6pasza 7~ (U), rae U 3 7(z) — okpecrrocts 7(x). CregoBarensto, d corma-
COBAHA C UCXOLHOM Tomomoruei Ha M.

ITar 5: /lokaxem, 9TO M ¢ Takoit METPUKOU TOJHO. JIerko BUAETH, 9TO
d(z,y) > d(n(x),7(y)) (noxaxure). [losroMy A1s TOGOI MOCIEJOBATEIHHO-
ctu Komu {z;} B M, ee o6pas {m(z;)} — mocreosarersuocts Komm. ITo-
ckoabkKy M moano, {7m(z;)} cxoguresa kx Touke x € M. IloaTomy mouru Bce
“WIEHBI TOCAEN0BATENbHOCTH {T; } comepxkarca B ' (U), ans 10601 OKpecT-
Hoctu U S z. Be3 orpanwdenus o6IIHOCTH, MOXHO CYMTATh, 9TO U BHI-
6paHO OOGpAHMYIEHHBIM, CIeJOBATEILHO, 3aMbIKaHne U KOMNAKTHO. Br6pan
U TOCTATOMHO MaTbIM, MOXHO CIUTaTh, uTo 7~ ' (U) — o6beannenue Here-
peceKarmuxcs KOMIakToB (koMnoHeHT cBsa3nocTu m 1 (U)), roMeoMOpghHBIX
U. DTi KOMIIOHEHTHI CBA3HOCTH OTCTOAT APYT OT APYTa HA MOJOKHUTETLHOE
PacCTOsHUE, & 3HAYUT, MOYTH BCE DIEMEHTH nocaeoBareabnoctu Kommn {z;}
COEPXKATCA B OJHOM M3 CBA3HBIX KOMIOHEHT (gokaxkure). OGO3HAYUM DTY
cBsa3uy0 komnoHeHTy 3a Uy. [lo mocrpoennto, Uy nzomerpuieckn mpoOeKTH-
pyerca ma U. CregoBarersno, {z;} cxogurca k 7~ (z) N Up. HMommora M

JOKa3aHa.

ITTar 6: ITo nocrpoenuto, merpuka B M sABIAETCA BHYTPEHHEU (BBHIYUCILA-
eTCs KaK [IIMHA [MyTel), a 3HAYUT, yAOBIETBOPSeT ycaoBuio Xonda-Punosa.

Jlekuuu u 3348494 M0 TOMOJOrUK - 309 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Yactb II1. JIEKIMK IO TOHNOJOI'MA

Taxke 5TO IPOCTPAHCTBO MOAHO (AT 5) U JOKAIBLHO KOMIAKTHO (OHO JIO-
kaabHO romeomoppuo R™). ITo reopeme Xonda-Puuosa, PacCTOsHNE B M
peanm3yeTca reole3ndecKuMEu, TO €CTh ,mﬂ q06bIX T,y € M, d(ac y) =
ecTh m3omerpueckoe Broxkenwe [0,a] —— M.

IMTar 7: Ilycts = € M. Torga = comepxurca B U C M , KOTOpasA Ipo-
extupyerca romeoMopduo B 7(U). 3amenus U Ha OKPECTHOCTH MOMEHbIIIE,
MOXHO cuyuTarTh, 4T0 7(U) Bhmykao (gokaxkure sro). [lia mobon y € U,
umeem d(z,y) = d(n(z), 7(y)), noTomy 4T0 MOXKHO coeguuuTh (1), 7(y) OT-
PE3KOM, a [IOTOM IOJHATH DTOT OTPE30K B M, BOCIOIB30BABIINCH TEM, 4TO
U — m(U) — romeomopdmsm. [loaTomy reonesmieckue M TpOeKTHpPYIOT-
ca B orpeskn npamoit. CregoBarensuo, m: (M, d) — (M, d) — n3omerpus.
Mul foKa3aau, 9TO T 5TO FOMEOMOP(U3M. m

CaeacTBue 16.28: OTpe3ok, KBaapaT, Map 3TATLHO OJHOCBA3HEI.

16.4. IlogHaTHEe HAKPLITUA

Omnpegenerne 16.29. Ilyctrb M —— M — HaxpsiTie, a X N —

d) ~
HenpepsIiBHOE oToOpaxenue. Orobpaxenune X —— M Ha3bIBaeTCA MO THA-
THEM 1), €CIU CIAYIOmas TUarpaMMa KOMMYTATUBHA

Z

X—>M

;

Omnpeapenenune 16.30. Ilycts X &, M, M -~ M - HenpepbIBHBIE OTO-
Opaxenus. PaccMoTpuM 1Mo IMHOXKECTBO X C Xx M COCTOIIIee U3 BCEX Map
(z,7) Takux, aro 1 (z) = 7(M), ¢ Tonoxornel, mHAyIHpoBanHOH ¢ X X M.
DTO MPOCTPAHCTBO HA3HIBACTCA PACCIOCHHBIM mpom3BegeHneM X u M,
u obo3HadaeTca X Xy M.

3agaua 16.4. Ilycts M xaycaopdoso. IIposepbre, uT0 X X s M — 3aMKHY-
TOe MoAMHOXecTBO B X X M.

[IycTs M = M — HaKpbITHE, a X YoM HepepLIBHOE OTO-

opaxenue. [lycte X — paccroenHoe mpousBemenue X u M mag M. O6o-
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3HAYMM 33 Ty mpoekumio m3 X Ha X. B okpecrroctun U > Y (z), paccaoe-
mne 7 pacmenaserca: 1 L(U) = U x S. Hosromy B Ux := ¢ H(U), umeem
75 (Ux) = Ux x S (mpoBepbTe 5T0). 3HAYUT, DTO HAKPLITHE. MBI TOIyImIH
CJEIYIONIYI0 TPOCTYIO JEMMY

Jlemma 16.31: Ilycte M —— M — nakpbitue, a X M — HeIIPephIB-
HOe oToOpaxenme. Torma paccaoeHHoe npousBeaenue X Xy M — HakphITHE

X.

Onpegenenne 16.32. B rakoit curyamun, X X,y M — X HassIBaeTCA HH-
IYIUPOBAHHLIM HAKpbITHEM X .

Caenyiomas Teopema BaXHas, HO mpocTad. Fe Noka3aTernCTBO BIOJHE
OY€BU/THO U3 WITIOCTPAIWN, TPUBEIEHHON HUXKE.

Y
IlogusTure orobpaxenus X —— M HA HAKpPHITHE

Teopema 16.33: Ilycts M - M — makportme, a X YoM — Hempe-
peiBHOE oToOpaxenue. [Ipexmomoxum, aro X >TaabHO OTHOCBA3HO. Torga

P o
cymecTByer moguatue X — M. Boaee Toro, nis arobou Touku r € X u
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moboi Toukn & € 7 (¢(x)), CymecTByeT U eMHCTBEHHO MOAHATHE X v,
M rakoe, uro (x) = Z.

[oka3aTeabcTBo: IlycTts 7x : X—X— VHIYIWDPOBAHHOE HAKPBITHE.
[TockoIbKy OHO pacimemisercs, umeeM X = X x S. Jlas KaxkI0H U3 KOM-
noHeHT cBa3HocTH X C X, ecTecTBeHHAs mpoekuus X — M 3a1aer moj-
uatue ¥ : X — M. Kaxnoe u3 Takux MOZHATHI eIMHCTBEHHBIM 06pa-
30M OTPEIENsIeTcss BHIOOPOM KOMIIOHEHTHI CBA3HOCTH, HO DTH KOMIIOHEHTHI
IapaMeTpU30BaHbI TOYKaMU Tpoobpasa 7 (¥ (z)): Kaxkaaa U3 KOMIIOHEHT
COJIEPXKUT POBHO OJHY M3 TOYEK DTOT'O MHOXKECTBA. M

16.5. HakpbiTua u nyTu

3ameuanue 16.34. Ilycts (M, m) — oTMeYeHHOE TPOCTPAHCTEO, (M , M)
— ero HakpeiTHe, a vy € Q(M,m) — neras. [lockoabKy OTPE30K OIHOCBSA-
3eH, orobpaxenue v : [0,1] — M nogHuMaercs eIUHCTBEHHBIM 06pa3oM
no mytu 7 : [0,1] — M, mpuem 7(0) = . Takolt myTh HABKIBAETCA HOJ-
HATHEM IETJIX Y HA HAKPbITHE. [[OHATHO, 9YTO ¥ — yXKe He IeTaAA: TOIKA
7(0) moxer GerTh He paBHa Y(1).

Yreepxgenue 16.35: IIycts (M, m) — oTMedeHHOE TPOCTPAHCTBO,
(Ma ﬁ'L) - (M7 m)

— ero HakpwiTHe, v, € (M, m) — romoronusle nerau, a 7y, 4 — ux MOLHSA-
tusa. Torga (1) = 7/(1).

MokazareascTro: [lycrs b : [0,1] x [0,1] — M — orobpaxkenue u3 KBa-
ApaTa, KOTOpoe ocymecTBaseT romoromnuio v u 7 . Ilo onpegenenuio, h me-
PEBOJUT JBE MPOTUBONOIOKHBIE CTOPOHEI KBAIPaTa B Y U 7/, a JBe ApyTHe
— B m. [lockoabKy KBajapaT OAHOCBA3eH, h mogHuMmaerca g0 h : [0,1] x
[0,1] — M, Takum oGpasom, uro (0,0) mepexogur B 7. Ha aByx cropo-
HaX KBaJpaTa h MOCTOAHHOE, HO TOJHATHE TPUBUAILHOIO MYTH, OUYEBUIHO,
TpuBKAIbHO. [[09TOMY Ha 5THX ABYX CTOPOHAX A TOXKe MOCTOAHHOE. SHAUAT,

(1) = h(1,0) = h(1,1) = 7'(1).
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Caegcrue 16.36: [Iycts (M, m) — CBA3HOE U JOKAIBLHO JUHENHO CBA3HOE
OTMEYEHHOE MPOCTPAHCTBO, KOTOPOE MMEET TPUBUAJIBHYIO (DYyHIAMEHTANb-
Hyio rpynny. Torga M sTanbHO 0THOCBA3HO.

MokasaTenbcTBo: Pacemorpum maxperrue M —— M. JlocTaTOYHO K0Ka-
3aTh, 9T0 M TPUBHAIBHO, €CIH OHO CBA3HO. IIycTh x1, T3 € 7 (z). ockors-
Ky M J0KAIBbHO JIMHEHHO CBA3HO M CBA3HO, OHO JMHEHHO CBS3HO, 8 3HAYUT,
TOYKM T1, Ty MOXKHO COEIUHUTE myTeM 7. PaccMoTpuM nyTh v := Jom. ITOT
IIyTh T"OMOTOIIEH TpUBHMAIbHOMY, noromy 4ro (M, m) = {1}. [logusarue
TPUBUAIBHOTO TIyTH TPUBUAIBLHO, a 3HAYUT, 00a €ro KOHIA coBmanaioT. B
cury YTBepxkaeHua 16.35, TO e BepHO U A7 7y, 3HAYUT, T1 = To. W

O6paTHOe yTBepXKIeHNe TOXe BEPHO, XOTA U B 60Jee OrPaHNINTEIbHBIX
IPENOJIOKEHUAX.

[ast 10Ka3aTeIsCTBA DTOrO MOME3HO U3Y4NTh, Kak 3asucut 1 (M, m) or
rouku m € M. Ilycrs z,y € M, a £ — nyTb u3 = B y. [Jaa Kax 101 MeTIN
v € Q(M,y), paccmoTpuM myTh €L, onpeneneHHBIA IO HOpMYyJIe

£(3N), ecim 0 < )\A<1/3
EvETTN) =< y(BA—1), ecmm 1/3<\<2/3,
E(3—N), ectm 2/3 < A<1.

(mpoxogum w3 z B y mo &, 06XOAUM Y TIO 7y, U BO3BpAIlaeMcA B T B 00paT-
Hyio cTopory 1o £). Jlerko BuaeTh, uTo £yy'E~! romoromno £yETTEYETE
(moxaxute). IloaTomy v — €1 3agaeT roMoMopdusM rpynm

m (M, y) — m (M, ).

DTOT rOMOMOP(MU3M, O4€BUTHO, OOPATUM (JOKAKUTE), & CIEIOBATEILHO IPYII-
na 7 (M, y) nzomopdua 1 (M, z). Herpyano ybeaurbces, 9T0 5TOT U30MOP-
(U3M 3aBUCAT OT BLIOOpA IyTH .

O6o3nauum 3a m1(m, ) MHOXKECTBO MOMOTONMYECKUX KJIACCOB IyTeH u3
m B x. ToT Xe aprymeHT, YTO U BBIIIE, TO3BOJAET MOCTPOUTH OUEKIUIO
mexay mi(m,x) u m (M, m).

[Iycts (M, m) — oTMe4eHHOE IPOCTPAHCTBO, CBA3HOE U JOKAILHO JTUHEH-
HO cBs3HOe. [Ipexmonoxum, uTo y M ecTh 6a3a TOMOJOTUHU, COCTOAIIAS U3
muoxectB U ¢ m(U) = {1}. 3aduxcupyem rakoe U, ero To4Ky T, 1 myCTh 7y
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— nyTs w3 m B . O603Ha4nM 3a U, MHOXKecTBO Beex map (y,vy € mi(m,y)),
rae y € U, u cymecTByeT nyTh V U3 Y B T, HeJuKoM Jexamuit B U u Takou,
4ro 7'vy~! romoTonHo HyJ0 (TpuBMATLHOMY MyTH). IlOCKOIBKY BCE MyTH
u3 T B Yy, aexamue B U, TOMOTOIHEI, ecTecTBeHHas npoexknua u3 U, B U —
roMeoMopdusM (IPOBEPHTE DTO).

Ilycrs M — MHOXecTBO Beex map (x,7y € m(m,x)), ¢ Tonoxorueir, 6asa
KOTOPOU 3ajJaHa MHOXecTBaMu Bujaa U,. Jlerko BugeTs, 9TO mepecedeHue
TAKNUX MHOXECTB UMeEeT TaKOI/I XK€ BUI, 1 TIO3TOMY Z/{ 3aJacT TOIIOJOI'MIO Ha
M. EcrecTBenHas IIPOEKITNA M — M »TarbHa 10 IIOCTPOEHNIO, a MOCKOJIb-
Ky 7 H(U) — obbenunenne U, 11 BCeX FOMOTONMIECKUX KIACCOB IIyTel U3
m B x € U, ™ 9T0O HaKpLITHE.

Haxkonen, mycrs v € m1(M, m) kracc, HErOMOTOIHBI HYJIIO, IMyCTh 7
— ero moguarue B M, raxoe, uro v(0) coorsercrByer mape (m,7q), rae
Ym — TPUBHAIbHBLIN myTh. Toraa (1) coorseTcTByeT mape (m,y), 3HAYUT,
Haxpoitae M — M HeTPUBHAIBHO.

M&1 moaydunu ciaeayiomee yTBEPXK IeHUE

Yreepxgenue 16.37: Ilycts (M, m) — oTMe4YeHHOE MPOCTPAHCTBO, KO-
TOPOE CBA3HO W JOKAJBHO JUHEWHO CBA3HO. [Ipexmomoxum, uro y M ecth
6asa romosoruu, cocrosmas u3 Muoxecrs U ¢ m(U) = {1}, u M sraxsuo
oprocessuo. Torga m (M, m) = {1}.

"

3ameuanue 16.38. Vcropuuecku, oguocBsa3HocTh M o3uadaer w1 (M, m) =
{1}. B GonpmuHCTBE KHAT IO TOMOJIOTWA OTHOCBA3HOCTH ONPENeIAI0T UMeH-
HO Tak. B mpenmonoxenuax Yreepxaenus 16.37, (M, m) = {1} Torga u
TOIBKO TOTJa, KOUa J6oe HAaKpeITHe M pacuieraseTcs, 3HAYAT, B DTOU
CUTyalNU dTAIBHASA OJHOCBA3HOCTH PDABHOCUIBbHA OOBITHON.

3ameuanue 16.39. ITycrs m (M, m) # {1}. Hakpsitue M, koTopoe cTpo-
UTCA B MOKa3aTelbCTBe YTBepxkaeHus 16.37, MOXHO MOCTPOUTH ABHO, UC-
HOJIb3yA TOIOJOTMIO HA IPOCTPAHCTBE IIyTel, KOTOPYI0 MBI ONPEeIeINIn B
Jlexkuuu 11. ITycts Q(M, M) — MPOCTPAHCTBO BCEX MYTEH ¢ HAYAIBLHON TOY-
kou m. IIpeanonoxum, uro y kaxgoro nytu y € Q(M,m), Begymero uz m
B 2, €CTh OKPECTHOCTE B Tomosoruu Ha (U(M,m) Takad, 9To BCE e TOUKH
TOMOTOIIHEIL 7Y B KJacce myTed u3 m B x. B mpexmoaoxenusx 16.37 510 Bep-

o (moxaxure). O6oszuauum vy ~ 7', ecau 7,7y — rOMOTOMHBIE TIYTH U3 M
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B 2. O6o3maunm 3a M ¢akropnpocrpancrso (M, m) mo 5TOMy OTHOITe-
HUIO SKBUBaJIeHTHOCTH. EcTecTBennas npoekuus M — M, nepeBoamas 7y
B 2 = (1), ABIAETCA HAKPHITHEM, ¥ DKBUBAICHTHA HAKPHITHIO M, I0CTPOEH-
HOMY BbIIe (poBepbTe). Mbl He Gy1eM MOMb30BATHCA DTUM HAOIIOICHAEM.

16.6. IIpousBeaenne HAKPLITUA

Ompegenenne 16.40. HyCTbM = M,M’ M- nakpeitus M. Pac-
CMOTDPUM DACCIOCHHO® MPOU3BeeHNe M Xy M' C M x M, cocrosmee u3
Beex (,y) € M x M', Takux, uro 7(z) = 7'(y). Torma M ><MM’ Ha3bIBAETCA
MPOU3BEJEHNEM HAKDPBLITHUH.

3ameuanue 16.41. Ilpoussegenne M X M’ sBasercs naxpoituem M. B
caMoM jele, J0kaxbuo o M, M msomopduo S x M, M’ uzomopduo S’ x M,
cregoBaTensuo, M Xy M’ uzomopduo S x S’ x M.

3ameuanme 16.42. Jlerko BugeTh, 9TO A7 JI000T0 HaKkpeiTusa My, nax M,
Mor(My, M x; M') = Mor(My, M) x Mor(M;, M").

Omnpegenenune 16.43. Ilycts ¢ : M; — My — Mopdusm HakpweiTun M.
Paccmorpum mogmuoxkecTso 'y C My X My, cocTosmee 3 Beex map BUJa
(z,¢(x)). DT0 MOAMHOXKECTBO HasbiBaeTCA rpadukoM mMopduszma M.

3ameuanue 16.44. IIpoekmua rpapuka I'y, na M; — romeomopdusm (zo-

kaxure 310). [Tosromy I'y — nakperrue M. Ilockoneky aoxanbHO Mo M
rpaduk 'y — oObeauHeHme HeCKOMBKUX Kommi M, OH OTKPBITO3aMKHYT B
M1 XM MQ.

[Tycts M — M — maxpsiTHe. IT06 NOA1ePKHYTH aHAIOTHIO C T€OPUEH
Tamya, Mbr Gyem 0603Ha4aTh ero kak [M : M].

Onpeaenenne 16.45. Ilycrs [M : M| — nakpbitue. OHO HA3LIBAETCA CBA3-
HbBIM, ecau M u M CBA3HBI U JOKAJIBHO CBA3HHI.

YrBepxkgenue 16.46: Ilycts [M : M| — maxpeiTue, npudem M CBA3HO
¥ JOKaJbHO cBA3HO. Torga M ABIAETCA HECBABHBIM OOBEIMHEHHEM CBOKX
KOMIOHeHT cBasnoctu M;. Boaee Toro, kaxgas u3 kommnorenT M; apiserca
CBA3HBIM HakpeiTHEeM M.
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[oka3aTeabcTBO: [lockorbky M JT0KaIbHO CBA3HO, a M II0KAIBHO rOMeo-
MopdHO M, OHO TOXe JOKAJHHO CBA3HO. [loaTOMy Jar00as cBA3HAA KOMIIO-
nenra M orkpeira (goxaxwure 510). 3Hauur, M — HecBA3HOE 00BEUHEHHE
CBOMX KOMIIOHEHT cBa3HOcTH. [IycTh Teneps U C M — cBsi3HOE OTKPBITOE
10 IMHOXkECTBO, HaJ kKoTopsiM M pacmemnaserca. Torga 7~ (U) — mecBss-
HOe 00BequHeHne HecKoabkux kKommu U. Kaxjas w3 oTuX KOmMU Heaukom
JeXWUT B OJHON U3 CBA3HBIX KOMIOHEHT M;, CIeJ0BATEIBHO, M, N7~ L)
ToXke HecBa3Hoe oObenuHenne konuu U. [losTomy M; — HaxpoiTHe. m

CaexcrBue 16.47: IlycTo [M M] — ceasnoe naxpoiTue. Torga rpaduk
1106010 MopdusMa ¢ € ./\/lor(M M) — cBa3Has KoMIOHeHTa B M X M.
Cassras komnonenra M’ C M X, M sBasercs rpacdukom MopdusMa ¢ €
Mor(M, M) Torga u ToIbKO ‘TOT /T2, KOT/[a TTPOEKIIHS M’ Ha mepByIO KOMIIO-
HeHTY 3agaeT mzomopdusm M — M.

[MokazaTeascTBo: Ecim M’ — rpaduk, on oTKpEITO3aMKHYT B M X5 M
(T0 JOKATBHOE yTBEPKAEHUE, a JOKaIbHO M’ — 00heanHeHre HECKOJIbKUX
komnoueHT M X M). [loaToMy OH ABISETCA CBA3HOW KOMIIOHEHTOM.

O6paTHoe TOXe BepHO, IOTOMY 4TO 1100as CBA3HAA KOMIOHEHTA ABJIAET-
sl HAKpbITHeM, a ecan M’ ToMeoMopdHO IPOEKTUPYETCS Ha M, IIPOEKIN
Ha BTOPYIO KOMIIOHEHTY 3a/a€T MOP(U3M HAKDBHITHY U3 M= M / na M. Tlo
IOCTPOEHUIO, M’ sBasercs rpaukoM 3TOoro MoppusMa. m

3ameuanme 16.48. Ilycts [M : M] — cBasnoe makpsiTze. PaccMoTpum
M X s M xak HaxpsiTae M OTHOCHTEIBHO IPOEKIUA HA MEPBYI KOMIIOHEH-
Ty. Toraa

Mor; (M, M xp M) = Morpy (M, M).
B camom gene, Mmopdmambr Mor g (M, M Xy M) B3aMMHO 0THO3HATHO COOT-
BeTCTBYIOT KoMnoHeHTaM M X,y M, kxoTopble n30MOP(MHO TPOEKTUPYIOTCA

Ha M, HO B CWIy TIpEIBIAYIIETO CJAEACTBUA DTO TO XK€ CaMOe, ITO MOPMU3MBI
u3 M B cebs.
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16.7. HakpbiTusa I'anya u rpynna I'anya

Onpegenenne 16.49. Ilycrs [MJ M] — casnoe naxpuiTHe. OHO Ha3BIBA-
eTca HakpweiTueM l'amxya, ecaiu M X,y M — M pacmeniseTcs.

3amedyanme 16.50. OTmerum, 9TO
Mor (M, M x 3 M) = Mory (M, M).

(3ameuanme 16.48). Tlosromy [M : M| sBasercs maxperruem [anya Torga n
TOIBKO TOT/IA, KOTa Kaxaas mapa (z,y) € M X M npumasrexut rpadu-
Ky Mopdusma v. U3 coobpaxkenun cummerpun, rpaduk [', mpoexTupyercsa
130MOPGhHO Ha 06a COMHOXKUTEA M, 3HAYUT, U 5TO U3OMOPGHU3M.

W3 sToro 3amedanus cpasy BBITEKAeT CJAeAyIONee IIOJe3HOe yTBepXKIe-
HUE.

YrBepxkaenne 16.51: Ilycts M = M — casnoe HakpbITHE. Torma
CJeIYIONNe YTBEPXK IeHUA PABHOCUIbHHI.

(i) [M : M] — makpsiTze anya

(ii) ana mO6BIX TOTEK T,y € M, Takux, uaro m(x) = m(y), cymecTByer
aBTOMOpGU3M M, TIePeBOAALAN T B .

Omnpegenenune 16.52. Ilycte G — rpynna, AeucTBYOMAs HA MHOXECTBE
M. [levicTBue I'pyIIBl HA3BIBAETCA CBOOOAHBIM, €CaM A JI000r0 Heeau-
HuaHoro ¢ € (G m mo6oro m € M, umeem gm # m. [lericTBue rpynmnb
HA3BIBAETCSI TPAH3UTUBHLIM, eciu M COCTOUT U3 OMHOU OPOUTHL.

3ameuanue 16.53. Tlycrs [M : M] — cBasHoe maxperrue. O603HAIMM 32
Aut[M : M] rpymny asromopdusmos M maxg M. Torga Aut[M M] cBo-
6omuo meucTByeT Ha M. [lercTBUTENbHO, MyCTh g € Aut[M : M| — aze-
MeHT, coxpanstomui & € M. Torga rpadux I'y mepecekaerca ¢ rpapuxom
TOX IeCTBEHHOTO oToOpaxenus ['q. Ho mockoarky rpaduk aBromMopdusma
ABIAETCA CBA3HON KOMIOHEHTON M X 3y M, OHE COBIAIAIOT:

T, =Dy
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HanmomuuMm, 9T0 C10€M HAKPHITHA T : M — M Ha3BIBAETCA MHOXECTBO
n 1 (z), rae x € M.

Crenymolee yTBEpXKjIeHHEe HEMEJIJIEHHO caenyeT w3 YTBepxkaeHus 16.51
(mpoBepbTe 5T0).

Yreepxkaenne 16.54: Crasuoe nakpeirue [M : M| aprserca HakpsrTiem
larya Torma m Toabko Torma, Korga gercTsume Aut[M : M] ma mo6owm cioe
[M : M] TpaH3UTHUBHO.

u

Omnpepenenne 16.55. Ilycrs []\7[ : M| — nakpwrrue anya. Torga rpynma
aBroMopdusmoB Aut[M : M| nazbiBaercsa rpynnou l'asya HakpbITHA.

3ameuanme 16.56. [lycts 3agaH0 BonHE HECBA3HOE peucTBme rpynnel G
Ha CBABHOM, JOKAJBHO CBA3HOM TONOJOrMYeckoM mpocrpancrse M. Toraa
[M : M/G] — maxpsrrue Darya. OGpaTHOe TOXKE BEPHO: MI000€ HAKPHITHE
Tanya umeer sug [M : M/G], rae G — rpymna Daaya [M : M| (zoxaxure
5T0).

16.8. Teopusa lanya A HAKPBITUN

Caeayromas JeMMa BIOJHE O49eBUAHA (IOKAXKUTE ee).

Jlemma 16.57: [Iycte W, — Wy — Wy, — maxperTus, npudem W, — Wy
UHBEKTUBHO, a [Wy : W3] pacmenasercsa. Torga Wi @ Wy Toxe pacmeniser-
cA.

YrBepxkaenue 16.58: Ilycte M, — My — M3 — HakpbITHA, TPUYEM
[M; : M3] — makperrue [anya. Torma [M; : My| — Toxe makpwiTue ['anya.

lokazaTeabcTBO: PaccmorpuMm mocieqoBaTeibHOCTh HAKPBHITAR
M1 X My M1 —>M1 X My M1 —>M1.

Haxpsrrue My X p, M7 — M pacmemnisiercs, noromy 9o [M; : Ms] Hakpei-
tue ['axya, a ecrecTBenHoe BaoxkeHue My X, My — My Xy, My uHBEK-
TUBHO [0 MOCTPOEHUIO (IpOBEephTe). B cuily mpeabiayIien JeMMbI, U3 DTOTO
crenyet, 94To My X, My — M, pacuenaseTrcs. m
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YrBepxkageane 16.59: Ilycts M; — My — M3 — HaXpbITHA, TIpUYeM
[My : M) — umaxpuirue anya, u [My : M3] — makpeirue Laxya. Torga
[M; : M3] — roxe nakpeirue [axya.

HoxkazaTeascTBOo: PaccMorpum mzomopduszm
M1 X M3 M1 = M1 X My (MQ X Ms Mg) X My Ml.

B cuny Toro, uro [My : Mj;| — nakpweitue [axya, umeem My Xy, My =
[,e; M2, ana xaxoro-To Ha6opa MHAEKCOB I, U IODTOMY HMeeM

Ml X M3 M1 :M1 X My (MQ X Ms MQ) X My Ml

:M1 X Mo (HMQ) X My M1:HM1 X My Ml.

acl acl

[Tocneamee BBIpaXKeHMe €CTh HECBA3HAsA CyMMa HeckKoabkux komuu M. Ilo-
stomy [My X My @ M;] pacmenasercs. m

3ameuanne 16.60. ITycrs [M : M] — maxperrue Taxya, a G = Aut[M :
M] — ero rpynna laxya. Ormernm, uTo G BHOIHE Pa3PHIBHO JEWCTBYeT Ha
M (mpoBepbTe 5T0), 1 modTOMY A m06oi moarpynnsl G’ C G, onpegeseHo
daxTopmpocTparcTBo M /G’, KOTOPOe TOXKe ABIAETCA HAKPHITHEM.

Ompegenenne 16.61. IIycrs [M : M| — cBasuoe HakpeTHe. (PaKTOP-
HakpeiTueM [M : M| nassBaercs HAKDBITHE [M’ : M] Takoe, 4ro 3a1an
CIOPbEKTUBHBIM MOP(PU3M HAKPBITUY M — M.

Teopema 16.62: (OcuoBnas Teopema Teopuu [anya)

Mycrs [M : M] — nakpsitue Tanya, G = Aut[M : M] — ero rpynmna Tanya,
a G’ C G — mobas nogrpymmna. Torga M /G’ — nakpsirie M. Boaee Toro,
11000€e (haKTOPHAKPLITHE [M : M| momydaeTcs TakuM 00pa3oM.

HoxazarenscTso: IlycTs [M "1 M| — daxropHaKpbITHE [M M]. Torga
M—M—M NOCTeI0BATENLHOCTh HAKPHITHHM, TIPIIeM [M : M] — na-
kpuiTue [anya, 3Ha9uUT, [M M ] — moxe makperrue lamya (YTBepxgenue

16.58). Tostomy M’ = M/G/ rre G' — rpynna aBTomMopdusmoB M Hax
M. TIocKOIbKY Kak IBIi TaKOl ‘ABTOMOPGU3M ABIALTCA ABTOMOPHUIIMOM M
nag M, G’ — nogrpynma Aut[M : M]. Mbl IOy <iLIa B3auMHO-0 JHO3HAMHOE
COOTBETCTBHE MeXIy (PaKTOPHAKPLITHAME M IIOACPyNOaMu rpynnsl [adya.
m
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16.9. YHuBepcaibHO€ HAKPbLITUE

Omnpepgenenne 16.63. Ilycrs [M : M| — cBasuoe Hakperrue. OHO HA3HIBA-
eTCA DTATLHLIM YHUBEPCAILHBIM HAKPLITUEM, ecau M 3>TaibHO OIHO-
CBABHO.

3ameduanme 16.64. YuuBepcaabHOe HAKPHITHE ABJIAETCA HakKpbiTHeM ['a-
aya. [leucTtBurensuo, pa3 M sraabHo oxHOCBA3HO, TO M X3 M pacmen-
asercsa Hag M.

3ameuanme 16.65. YHuBepcaabHOE HAKPBHITHE €IUHCTBEHHO C TOYHOCTHIO
A0 n3omopdusma. [lencTBUTeNbHO, TYCTh M, M' — xBa yHUBEPCATHHBIX Ha-
kpbrrus. ockonbky M u M’ 5TalbHO OIHOCBA3HBL, JI00AS CBA3HAA KOMIIO-
HEHTa WX MMPOU3BeIeHUA M Xy M’ pAaCIIenIaeTCsa HaTl M u HAT M , BHQYNUT,
ABJAAETCA TPADUKOM U30MOPDU3MA.

Onpegpenenune 16.66. JlokanbHO CBA3HOE TOMOJIOTMYECKOE TPOCTPAHCTBO
M Ha3bIBAETCSA JIOKAIBHO DTATLHO OJHOCBA3HBIM, €CIN Y KAXK IO TOIYKA
€CTh CBA3HAA, DTAJIHHO OTHOCBA3HAA OKPECTHOCT.

Onpegenrenne 16.67. IIycts {M, —+ M} — Ha60p HAKPEITHI JOKAILHO
ATAJBLHO OTHOCBS3HOTO MPOCTpaHCcTBO M. Ecau Bce 5T HaKpHITHUSA pacIIen-
aaorcs, My, = So X M, onpegerum [ [, My xax M < [[ S,. B obmem cay4ae,
BO3bMEM B OOBIKHOBEHHOM npoussenenuu | [ M, noaMHOXeCTBO, cocTosmIEee
u3 To4YeK ||z, ¢ To(Se) = T, W BBejeM HA HEM TONOJOIHUIO, B3fB B Kade-
cTBe Gasbl OTKpBITHIe moaMHOKecTBa B U X [[ Sy, rae U C M — orkpeiToe
MHOX€ECTBO, rje Bce M, pacmenasoorcea u umeoT Bug 7, (U) = U x S,,.

3ameuanme 16.68. Ormerum, 9TO MPOU3BEJIEHNE HAKDHITUU HE SBISAETCS
PaCCIOEHHBIM IIPOU3BeneHueM B cMbIcae TmxoHOBaA. B camoMm nerne, mpou3Be-
JeHNe KOHEYHBIX HAKPBITUU KOMIAKTOB He 00A3aTEIbHO KOHEYHO, 3HAYUT,
MOXKET He ObITh KOMIAKTOM (IpUBEIUTE IPUMED, KOT'a MPOU3BEIEHIE KOM-
MAKTHBIX HAKPHITUN HEKOMIAKTHO).

B nokaszarenabcTBe CymecTBOBAHUA YHUBEPCAJLHOTO HAKPBHITUA HAM ITO-
HATOOUTCA CIEIYIOMAS JeMMa,

Jlemma 16.69: Ilycrs [M : M] — cmasuoe maxperrue. Torga M — dax-
TOPHAKPBEITHE HAKPHITHA [axya.
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MoxazaTenscTBo: Mbl Gygem crpouTh HakpeiTue lanya [Mg : M| xax
KOMIIOHEHTY npousBefenus |[,, M,, rae Bce M, mzomopdusr M.

IMar 1: IIycts Mg X 5 M pacmenasercsa kak HakpuiTue M. Torga Mg —
»To HakphITHE [arya. B camom gene, M¢ aT0 KomnonenTa B [ [, M, HO pa3
Mg Xy M pacmenaserca Hag Mg, 1o u Mg X 5 [ [, Mo pacimenisercs Hax
M. CrenoBarersno Mg Xy M pacmennaerca man M.

ITar 2: [Iycts 1 € Mg BeIOpanHas To4YKa, a + — ee obpa3 B M. I[Ipex-
TIOJIOXKUM, 9TO I KaXKI0ro y € M B cloe HAX T, CyWIECTBYeT MOPQU3M
nakpeiTiii ¢ € Mor(Mg, M), nepesogsammit z; B y. Torga cioil mpoek-
wun Mg x M — Mg conepxurcsa B 06BeIuHEHNE IPABUKOB BCeX MOPhU3-

MoB Mory (Mg, M). TlooToMy 00beIuHeHre BCEX TAKUX TPAMUKOB PABHO
Meg x ;7 M, a 3raant, Mg X5 M pacmennaerca vHag M.

IITar 3: Bo3sMmeMm mpousBegeHne

[[Ma, acF,
M

TPOWHIEKCUPOBAHHOE BCeMU TOYKaMu caod F, Han x, u nycTb Mg — KoMTO-
HEHTA, KOTOPas COJAEPKUT TOUKY L1 = Hye , Y- O003HAINM 3a Ty TPOEKIUIO
[1,; M, ma xommorenTy, coorsercrytomyto y € F. Torma my(z,) = y. Cae-
IOBATEILHO, 1 060U Touku iy € M B cioe HAJ T, CyIIeCTByeT MOPQpU3IM
HAKDBITUW, MEPEBOIAIAN L1 B Y. B cuiy mara 2, u3 5TOro ClIeayer, ITO
Mg x ;; M pacmenaserca Hal Mg, a B cury mara 1 — uro Mg aT0 pacmu-
penue [anya. m

YHuBepcaabHOe HAKpuITHE M CTPOMTCA KaK MPOU3BEIEHUE HAKDPBITUU
Tanya [[,; Ma, rae M, npoberaer Bce Kracchl n3oMopdu3ma HakpeTui [a-
aya. YTob >T0 Mpou3BeIeHne UMeJ0 CMbBICH, HYXKHO CHaYaaa yOeauThCs, 9TO
KJaccel m3omopdusma HakpeiTun ['anya M o6pasyior mHOXecTBO. CBA3HOE
nakpsrtie [M : M| 3agaeTca HaGOpOM MHOXKecTB & = {Us C M}, nax xo-
TopsIME M paCIIeILIAeTCs, IMest BT Upg x Sg, n msomopduamon Sg = S, n1a
mo6bix nepecekatomuxca Ug, U, € &. [lockoabky M cBs3HO, rpymIa, IOPO-
XKJeHHaA TAaKUMU M30MOp(hU3MaMu, JeUCTBYeT Ha Sg TPaH3UTUBHO. IlosTo-
My MOLIHOCTH Sp He MoxeT ObTH Ooabime N X |G| (mpoBeppre), a 3HAYHT,
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MOIIHOCTb Sg orpaHmndena N x 2IM[_ TIoCckOIBKY MOIIHOCTH MHOXKECTBA KI1aC-

cOB m30MOpP(pU3Ma, HAKPBITUU [agya OorpaHMYeHA MOIIHOCTHIO MHOXECTBA
o ol M| xnx2l Ml

BCEX TONOJOrud Ha Sg X M, 3Ta MOIIHOCTE He 60abIIe 2 (mpoBepb-

Te 5T0). A KOJb CKOPO 5Ta MOIIHOCTH OPAHUYEHA, KJIACCH U30MODPMU3MA

HakpeiTuu ['anya M o6pas3yioT MHOXECTBO.

Teopema 16.70: [Iycts M — cBA3HOE, JOKAIHHO DTAJBHO OTHOCBA3HOE TO-
TIOJIOTMYIeCKOe NPOCTPAHCTBO, a My — CBA3HAsg KOMIOHeHTa B | [,, M,, r1e
M, mpoberaeT Bce Kaacchl uzomopdusma HakpeiTuu Lamya M. Toraa Mg
— yHuUBepcaJbHOe HaKpbuiTue M.

Moka3zareascTBo. Mlar 1: [Iycts [M; : M| — nakperrue Laxya, a M(, —
npousBefeHne HakpuITUU [anya M mo BceM KiaaccaM m30MOpP(pU3Ma HAKPHI-
Tuu, kpome M. Torga

T Mo xas My = M, 50g My x 3 My
M

[Tockoabky M Xy M, — HecBsA3Has cymMMa HECKOJIbLKUX Komuu My,

HMO‘ XMMl
M

— HeCBA3HAA CyMMa HeCKOIbKuX Komuit | [, M,. CrenoBarensHo,

T Mo xar My
M

pACIIeNIACTCA HAJ KX IO CBA3HOM KOMIOHEHTOU |[,, M,, a 3Ha4uT, Ha-
KPBITHE

MG’ XM Ml — MG
Toxe pacueniaerca. [na mo6oro HakpeiTusa (M : M¢|, npoussegenne Me X pr,
M, sBasercs noguakperTueM (06pa3soM BJAOXKeHUs HAKpwITUN) B Mg X 5y M;:

Mg X Mg M, — Mg xp My,

3HAYUT, OHO TOXe paciemiasercs. [loaromy aoboe nHakpeiTue axya M, pac-
memnasercsa Hag Mg.

IMTar 2: ITycts My — n060e HakpbiTue Mg (He 06A3aTEIbHO HAKPHITHE
laxya). B cuny npenyaymen aemmbr, Mo sBaseTcs GaKTOPHAKPHITHEM Ha-
kpuitus Laaya [M; : Mg|, koropoe pacmenaserca. [losromy My Toxe pac-
MenAeTcs (IOKaXuTe). m
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16.10. JTanbHasa PyHIaMEeHTAIbHAA T'PyTIINa

[Tycte M n0KaJBHO TUHEUMHO CBS3HO, M= M— YHUBEPCAJbHOE HAKPHI-
tue, a © € M. [lna kaxpgoro nytu v € (M, ), paccMOTpUM TOTHATHE 7
B M. ockoasky Aut[M : M| geiicrByer TpamsuTusHO Ha 7 '(z), Tpymma
Aut[M : M| meicTByeT TpaH3WTUBHO Ha MHOXKECTBE TOIHATHE 7y. Paccmo-
TpuM dreMent g, € Aut[M : M], xoroperit nepesout 7(0) B 4(1). Mockomrs-
Ky IEUCTBUE Aut[M : M| TpaH3WTMBHO HA MHOXKECTBE MOJHATUU MYyTH 7,
DJEMEHT (., He 3aBUCUT OT BHIGOPA MOAHATHA. MBI HOCTPOMIN OTOGpaKEHNE
(M, x) — Aut[M : M].

[Mycts 7,7y €€ Q(M,z) — nyru, a 4, Y — UX NOTHATHUA, TPUYEM 7
COENUHAET Y1 U Yo, a 7 coenuusaeT Yo u y3. OdueBUAHO, Y TMOTHUMAETCS
10 TIyTHU, KOTOPHIA COEMUHAET Y U Y3. I109TOMY MOCTPOEHHOE 0TOOpaKeHUe
T (M, 2) — Aut[M : M] — romomopduam. Ecau w1 (M, y,) = {1}, xracc
romoronuu nytu vy € (M, r) OZHO3HAYHO 3aJAETCS BTOPHIM KOHIIOM o
noguaTua 7, ecaa 7(0) = yy. Hockorsxy Aut[M : M] geiicrByer cBOGOIHO
¥ TPAH3UTHBHO HA T (), B Taxoi curyamumn 7 (M, x) — Aut[M : M] —
OmMeKIu.

Onpenenenune 16.71. Ilycrs M M— VHUBEPCAJbHOE HAKPHITHE.
Ipynna Fanya Aut[M : M| maseiBaeTca 3TaTbHOM (PyHIAMEHTAILHON
rpymnnou mpocTtpancTtsa M.

3ameuanme 16.72. B ycrosuax Yreepxenus 16.37, m(M,y) = {1}, u
rpynna Aut[M : M] pasra 7, (M,z). B oToit curyanun sranbHas GyHIa-
MeHTAJIbHAA TPYIINa PaBHA OOBITHOM.

B cuny ocuoBHOM Teopembl Teopuu ['anya, Hakperrus [M; : M| omxHo-
3HAYHO COOTBETCTBYIOT IOATPYINAM DTAJIbHOU (PYHIAMEHTAJHLHON I'PYIIIHL.

3agaga 16.5. Yoeaurech, 94T0 HakpbiTue [M; : M| ABAsgeTCA HAKDPHITH-
em [alya TOrga m TOJIBKO TOrJa, KOTJa COOTBETCTBYIOMIAA €My NOArPYIIIa
Aut[M : M| sopmaabHa.

16.11. UcTopusa, aamedaHus

dynnamenTaabHas T'PYINa BIepBHE MOABUIACH B AuccepTanuu Pumana B
1851 roxy. Puman uaTepecoBaics mpoao/KeHreM roJoMOPQHBIX (KOMILIEKC-
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HO AuddepeHnupyeMbrx) GYHKIUNA B KOMILIEKCHOU 06aacTu. Puman o6HApY-
XKW, 9T0 ToJoMopdHaAs (PYHKIUA OJHO3HATHO IPOLOKAETCA BAOIb JIOOOT0
Iy T, KOTOPBIA HE MEPECEKAETCA C MHOXECTBOM €€ MOJCOB, HO DTO PO IO0I-
2K€HUE MOXKET 3aBUCETH OT BbI60pa, IIyTH. SaMeHI/IB KOMILIEKCHY IO 00J1aCTh HA,
ee HaKPBLITHE, MOXHO JOOMTHCA TOTO, YTOOBI MPOAOMXKeHNe (DYHKIUU OBLIO
onHO3HAYHO. TakuMm 06pa3zoM B MaTeMaTHUKe MOABUINCH PUMAHOBBI ITOBEPX-
HOCTHU (MHOr006DA3UsA BEIECTBEHHOU PA3MEPHOCTH 2), HAKPBITUA U (PYH1a-
MeHTAaJbHasA I'PyNOa.

Georg Friedrich Bernhard Riemann
(1826 — 1866)

Hagunas ¢ 1860-x rooB, TOMOJOIMI0 PUMAHOBBIX IMOBEPXHOCTEN HEMAJO
m3yqaau 2Kopgan, Mebuyc u MHOTHe Ipyrue MareMaTuku. PyHTaMeHTAIb-
Hasg rpynna Oblia onpegeneHa (Kak MHOXECTBO, M JOBOJBHO HE(DOPMAIBHO)
2Kopmanom, a I[Tyankape B 1895-Mm roay omnpeneaunn ee cTporo, u OIHOBpe-
MEHHO OOHAPYXWJI, YTO 3TO I'PyHIA.

Ca3b QyHIaAMEHTAIbHON TPYIIBE C HAKPBITHAME TPOCJIEXKWBAIACH CO
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BpeMeH Pumana, HO uges onpeaenuTh GyHIaMEHTAJbHYIO TPYINY B T€PMHU-
HAX HAKPBITUU TPUHALIEXUT ['DOTEHINKY, KOTOPBIM MPUIYyMaT, KaK CTPO-
UTH TOMOJOTUIECKNE WHBAPUAHTHI B AAreOpPAnIeCKOU CUTYAINN.

CoBmectno ¢ Mumenem Peno, I'porenauk B 1961-m roxy omybaumkoBa
uccaegosanue ”Revétements étales et groupe fondamental” (SGA1), nepsoe
B cepuun SGA (Séminaire de géométrie algébrique), rue uccaegosan Qys-
JaMEHTAJbHYI0 TPYIIY ajredpamdecKuXx 00beKTOB B TEPMUHAX HAKPLITHUH.
Oxkaszanock, YTO €CaAu BOCIOJB30BATHCA MOAXOAANIAM TOHATHEM HAKDBITHUA,
MOXHO OIpEeIeTUTDb dTAIbHYIO (PYHIAMEHTAIHHYIO IPYIILY ¥ OCPOMHOTO YH-
cra 06beKkTOB anrebpel u reomerpuu. VIHTEpecHO, 9TO B TeOpUHU, Pa3BU-
Tou ['poTeHIMKOM, JaCTHBIM CaydaeM (PYHIAMEHTAIHLHOU I'PYIIBI ABIAETC
rpynna ['anya anrebpamyueckoro 3aMBIKAHUA TIOJS.

Alexander Grothendieck
(pox. 28 mapra 1928)

[Tpocrenmas curyamus, Korjga 3TOT MOAX0 K (PYHIAMEHTAJIbHOU I'PYIIIIe
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NPUMEHUM Ha MPAaKTUKe, TakoB. Paccmorpum npocrpancteo C\{z1, ...z, } (C
6e3 koHeuHOro Habopa To4ek). [Iycte B C A — KOHEYHBIE IIOAMHOXECTBA
C. Jlerko BuieTh, 4TO €CTECTBEHHOE 0TOOpaXKeHNe

m(C\A) — 7, (C\B)

— nHadoxenue (goxkaxwure 510). Paccmorpum npegen w1 (C\A) no yseamun-
BatormmmMcs koHedHbiM moamHOXkecTBaM A C C. Ilomyumres rpynna, m3o-
Mopduas rpynne [anya aare6pandeckoro sambikanusa C(t). [lokasars 5T0
HEeTPYAHO, €CJM MHTEPIPeTHpoBaTh (Bcaen 3a Pumanom) aareGpawdeckue
pACIIUpPEHNs O/ PAUOHANBHEIX GyHKuun kak Hakpbitusa C\{xy, ...z, }.

B amnoranmu x SGA1 roBopurcs "5>TOT TEKCT maiaraer Teopuio QpyH-
TaMEHTAJbHBIX TPYII B aire6panieckon reoMeTpuu ¢ To4uku 3penus Kpo-
HEKepa, TO3BOJAA ONPEeIeJUTh PYyHIAMEHTAIBHYIO I'PYIILY OJUHAKOBBIM CIIO-
cO60M [ anre6panvdeckoro MHOrooopasus (B OOBIYHOM CMBICJIE CJIOBA) W,
HAIIPUMED, A KOJbIA IEeJbIX YUCeJ B YUCAOBOM mose.” ITo mMeHHO mmen
B BuAy ['poTeHINK, KOTJa YIOMUHAI ~TEOpUIO (PyHIAMEHTAJbHBIX TPYIIL C
Touku 3penus Kpounekepa”’, B SGA1 ue yrouusercs.

[Tepsere nBa ToMa SGA 6bLn nepenabpansl B K TEXe ®pannysckum Ma-
TeMaTudeckuM OOIIECTBOM M MOJOXKEHHI B arxiv.org:
http://arxiv.org/abs/math/0206203 (SGAl) 1 http://arxiv.org/abs/math/0511279 (SGA?)

Boaee coBpeMenHOe M3M0KEHNE TEOPUU ITATHHBIX HAKPBHITUU, DTATbHBIX
KOTOMOJOTHH ¥ 3TAJIbHOU (PYyHIAMEHTAILHON TPYINHI €CTh B KHUXKe Mu-
Ha 7 OTalbHble KOTOMOJOTHK’, HO DTAa KHUXKa TpebyeT XOpOIIero 3HaHUA
aJare6paniecKkou reOMeTPUH.

YpesBbIvalHO JOCTYITHO M3JI0XKEHO BCe TO ke camoe B Kuure B. U. lanu-
aoBa ” Koromosoruu aare6pamtdeckux muoroobpasuu. ”Urorn” BUHUTU,
CIIM, ¢yua. manp., T. 35.
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Jlekniua 17: CBo6oaHBIE I'PYIINbI
u Teopema 3eudepra—Ban Kawm-
IIeHa

17.1. dynmamMeHTaIbHaA IPYNIa U yHUBEPCAIb-
HO€ HAKPbITHUE

HagneMm ¢ moBTOpa TOM YacTH MaTEePHAJIa MPOILION JeKIINKN, KOTOPLIA ITOHA-
TOOUTCA CEeroTHs.

HaxperTus mpocrpancrsa M obpasyior kareropuio. OOBEKTE DTON Ka-
Teropuy — HAKPBITHSA, & MOP(PU3IMBEI — O0TOOpaXKEHUA 1 : M — M, xom-
MyTHPYOIINE ¢ Ipoekiuen B M:

T
M<M’
M

IIycts M — M — nakpsiTae, npudeM M u M CBA3HBL, JOKAJBHO JIMHEHHO
cBASHEL, 1 M OJHOCBA3HO, TO €CTh NMEET TPUBHAIBHYIO (DYHIAMEHTATIBHYIO
rpymmy. Anpuopn, byHIaMeHTaTbHaA Tpymma 1 (M, m) 3aBHCAT OT BEIGODA
Touku m, wo w1 (M, m;) m3omopduo w1 (M, ms), ecm my i My JeXKAT B O THOM
KOMIIOHEHTE JUHEWHOU CBSA3HOCTH (3TO JOKA3aHO HA MPOILION JEKIIUHY).

Taxoe HaKpEITHE HA3BIBACTCA YHUBEPCATHLHBIM.

[lockonbky M OJHOCBSI3HO, OHO sABJIsAETCSA HakphiTHeM lanya. B camom
meJje, MyCcTh M’ =5 M — ceasHOe HakpbITHE, & £ € M — 1106as TOUKA.
[IpocTpancTso M’ TOKAIBHO JIMHEHHO CBS3HO U JMHENHO CBA3HO, A 3HAMHT
cBasHo. IlycTh y1,y, € 7 '(z) — a100bIEe TOYKH, & Y — MyTh, KOTOPBIA WX
coeguusier. O6pas sroro myru m(y) — meras B M, upymas w3 x B T, HO
Takas MeTIA BCerja CTATHBaeMa, TocKoabky 71 (M, z) = 0. IlyTs y apagercs
NOAHATHEM NeTau 7(7y), ¥ KOIb cKopo 7(7y) cTAruBaeMa, y — TOXe IET/IA
(3T0 6bLIO JOKa3aHO B MpeAbIAymen Jdekuuu). IlosToMy Y1 = Yo, U T ' (T)
cocTout U3 ogHOro saeMenta. Caegosareasuo M’ = M, u Bce nakperrus M
PACIIEILIAIOTCA.
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[Iycte M, My — Tomosormdeckue MPOCTPAHCTBA, CHAOXKEHHBLIE HEIpe-
PBIBHBIMU OTOOpaxKenusamu ¢, Yo B M. HanmomuuM, 9T0 pacC/JIO€HHBIM IPO-
u3Begeauem M, na M, nag M uaswiBaeTcs noamMuoxectBo My X My, co-
crosimee u3 Beex map (my,mg) € My X My, Takux, 9ro ¥(mi) = a(my).
M= pacemaTpuBaem M; Xy Mo kak moamuoxecTBo B My X My, ¢ unaynm-
POBAHHOM TOIIOJOIHEH.

Oo6osraunm 3a ¥ : M; x My — M x M orobpaxeHnue

W(mi, ma) = (¥1(m1), a(my)).

Jlerko Bugets, uto M, X5 My = U~H(A), rie A C M x M — auaroHams.
[TosTomy, mna M xaycmopdoBa, paccIOeHHOe MPOU3BeAeHUEe — 3aMKHYTOE
TMOAMHOXeCTBO B M7 X M.

Ha mpenpriayimen Jekiuu ObLTO JOKA3aHO, YTO MPOU3BEAEHUE HAKPLITUI
— CHOBA HaKpHITHE.

Bepremcsi ¥ yHUBepCAJbHOMY HAKPBITHUIO M — M. Jlw6oe HAKPBITHUE
M pacmemnserca. Pacemorpum M Xy M xak maxperrme M, ¢ npoekmnueit
M X M — M, nepeBoaameit (m1, my) B My.

Hanomnwwm, 1To HaxperTue HazpiBaeTcsa HakpeiTHeM lanya, ecm M X
M— M pacuienigeTca. B cuary omHOCBA3HOCTH M M x M M pacIIenis-
ercs, 1 M — HaKpbITHE laxya.

Mockoabky M I0KATbHO CBA3HO, 060 €0 HAKPHITHE JOKAIBLHO CBA3HO.
JlokanpHO CBA3HOE MPOCTPAHCTBO COCTOUT M3 HECBA3HOTO OOBEIUHEHUS CBO-
¥X KOMIOHEHT CBA3HOCTH. [[OCKOIBKY BCE KOMIIOHEHTHI CBA3HOCTH M X 3 M
ABISIIOTCA CBA3HBIMY HAKPHITUAMEA M, OHE eMy H30MOPQHEL.

MBI DONY9UIN, 9TO IPOEKIHA KAXK 10/ U3 KOMIIOHEHT CBA3HOCTH B M X
M B M — romeoMopdu3M, 9TO IO IEPBOMY APTUYMEHTY, 9TO IO BTOPOMY.
CrenoBaTeabHO, KaX1asd U3 DTUX KOMIIOHEHT ABJIAECTCA IPAPUKOM aBTOMOP-
¢du3Ma HAKPHITUA M nag M. [leucrBurenbHo, mycTh X — Takasd KOMIIO-
HEHTA, TOra NPOEKIWH Ha IEPBEI M BTOPOI ApUyMeHT 01,0y : X — M
2T0 roMeoMopdhu3Mbl, a X — rpaduk roMmeomopdusma o; Yoo, (mpoBepbTe
5TO).

I3 BHIIECKABAHHOTO CIELYeT, 9T0 Kaxjad To4ka (z,y) € M Xy M upu-
HAJIEKAT rpaduky aBroMopdusma ¢ € Aut[M : M|, rge Aut[M : M] —
IpYIIA aBTOMOPGU3MOB HAKpbrTusa M max M (oHa eme HA3BIBAETCA MPyM-
nou Tamya makperraa M).

O603HaYUM TPOEKINIO M — M 3a . [na xaxgoro m € M, u a060u
mapel TOYEK T,y € 7 ' (m), HaigeTca aBTOMOPGU3M v, FpaduKy KOTOPOTO
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T, npunagiexur Touka (z,y) € M x5 M. B cury Toro, 4To v mepeBogut
z € M B o3(07 (2,y)), nmeem v(z) = y (npoBepbTe 5T0).

Msr moxyamm, ato Aut[M : M| TpaH3THBHO IeHCTBYeT Ha MHOXKe-
crBe 7 1(m). Tockoabky M X M — oObeInHEHUE HeepeCceKarolmxcsa
rpaduKoB MOpGU3MOB, u3 v (z) = v,(y) crenyeT vy = vy. ClegoBaTenbHO,
G := Aut[M M| nenictByer Ha 7! (m) Tpan3uTuBHO U cBOGOAHO. [TosTOMY
M=M /G, npuiem AGI/ICTBI/IG G ua M cBOGOLHO.

Mycrs g € Aut[M : M] — szement rpymmsi Ialya yHEBEPCAIBLHOIO
HAKpHITHA, mepesogammit © € M B g(z), rae z € 7 (m). Paccmorpum
myTh Y, coeauustomui r u g(x). Takou myTh — €IMHCTBEHHBIN, C TOYHO-
CTBIO O TOMOTONMM, TOCKOAbKY M oxHOCBA3HO (moKaxkure 510). OGpa3
yom: [0,1] — M - sro meras. O6o3radmMm ee kaacc B w1 (M, m) 3a v,.
[lockonpKy TyTh 7 IMHCTBEHHBIH C TOYHOCTLIO 10 TOMOTOIWH, 7Y, 3ABH-
cuT Tombko oT x u g. Ho xoab ckopo Aut[M : M| neiicrByer Ha 7~ '(m)
TPAH3WTHUBHO, OTa T'PYIIA MEePEBOAUT MYTh, COSIUHAONMI I, ¢(), B My Th,
coenuuAtomIl Y, g(y), Te 3a Y MOXKHO B3ATHL MO0y TOUKy B 7 ' (m). Cue-
JOBATEIBHO, Y, € m (M, m) He 3aBUCHT OT BBHIOOPA T, ¥ OJHO3HAYHO OIpe-
IeaseTcss aBTOMOPPU3MOM ¢ € Aut[M : M]. Mer monyuuan oroGpaxkeHue
Aut[M : M) — 7 (M, m).

Eciu g1, o € Aut[M : M], npmdeM g; IepeBOTUT & B ¥, a gy MEPEBOTUT
Y B Z, TO g1 g2 MEPEBOAUT T B z. IIpousBesenne myTen 7y, Yy, HOLYyIACTCA KAK
7(yY'),rae y —nyTbu3 £ BY, ay — myTh u3 y B 2. CleJ0BATEIBHO, Vg, Vg, =
Yg1g2, ¥ TOCTPOEHHOE BhIme oTo6paxenune Aut[M : M| — m;(M, m) — ro-
MOMOP}U3M T'PYyIII.

B npommonn mekuuy Mbr y6eguanch, 9To 310 n3oMopdusm (IpoBepnTe).
MBI TOLYYUIN CACIYIONIYI0 TEOPEMY.

Teopema 17.1: IlycTs M— M — VHUBEpPCAJbHOE HAKPBLITHE, TpudeM M
u M CBA3HBL, JOKAIbHO JMHEHHO CBA3HBL, u M OZHOCBA3HO. PaccMoTpuM
rpynmy Daxya sroro makpsirus, G = Aut[M : M]. Torza M = M/G,
npudeM QyHIaMeHTadbHas rpynmna M uzomopdua G.

[

3amewanwme 17.2. JTa Teopema MO3BOIACT BEIUCIATE 71 (M, m) mis mpo-
CTPAHCTB, TOJYIeHHBIX KaK (HaKTop M /G opmocsasuoro M mo rpymme G,
Keiicryomeit Ha M BnoaHe HeCBA3HO. MBI HOME[ICHHO [OIyIaeM, 9TO hyH-
JTaMeHTadbHaA Tpymnna okpyxuoctu S pasna Z. [leiicteurensno, St = R/Z,
o m1(R) = {1}, Tak kak R craruBaemo. AHAJTOrUYHBEIN APTYMEHT MOKA3bI-
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Baer, uro 71 (1T") = Z", rae T" = R™/Z™ — n-MepHBIE TOP.

3ameuanne 17.3. Iycts M; — M, M, — M, — yHUBepCATbHbIE HAKPHI-
tus, 7 (M;) = G;. Tlockoasky My x My oxmoceasHo (IpoBepbTe 9T0) U Ha-
kpbiBaeT M7 X My (mpoBepbTe), OHO ABAACTCA YHUBEPCAILHBIM HAKPBITHEM
M; x M,. Hooromy My x My/Gy x Gy = My x My, m m(M; x M,) =
G1 X G9. Ml nonyuuau, 910 GyHIaAMEHTAIbHAA TPYNNA IPOU3BEICHUSA TBYX
MPOCTPAHCTB — DTO HPOUW3BeneHue (PYHIAMEHTAJIbHBIX TPYNN DTUX MPO-
CTPAHCTB.

3ameuanme 17.4. IT0T GHAKT MOXKHO MOAYIUTH, U HE MOJb3YSACH HAKDHI-
THAMU: HEIPEPLEIBHOE 0TOOpaxKeHue u3 Ji060ro npocrpaucTtBa X B My X My
— napa orobpaxenunt u3 X B M; u u3 X B M. [losromy TO xe camoe BepHO
[JIsl TeTeMh W s KIACCOB TOMOTONWU TETENb.

17.2. KaTeropusa HakpsITuUu 1 (pyH JaMEHTAIb-
HasA rpynna

[Mycres G — rpynna, a Rep(G,Sets) — kareropus, 060bEKTH KOTOPOH —
MHOXECTBa ¢ geucTsueM G, a MOPGU3MEI — 0TOOPAKEHUA MHOKECTB, COBMe-
ctumble ¢ gecTBueM (G. OTa KaTeropus HA3BIBAETCA KaTEropued MHO-
XKecTB ¢ geuctBuem G.

[Mpeanoaoxum, aro G = Aut[]\;[ : M|, rae []\7[ : M| — ynuBepcaib-
noe Hakporrue M. [lns kaxgoro muoxecrsa S ¢ geucrBueM (G, pacCMOTPUM
npomssegerme M x S, rge G geficTyer 1o dopmyae g(m, s) = (g(m), g(s))
(Takoe IeNCTBUE HA3BIBAETCA JUATOHAILHBIM). B3B MUCKpeTHYIO TOMOJO-
ruo Ha S, MOXKHO cauTaTh, 9T0 M X S — TOIOIOrHYeCKOe IPOCTPAHCTEO.
[Tockonbky meuctBue G Ha M x S BrOaHE Pa3spPBIBHO (mpoBepbTe 5T0), dak-
top (M x S)/G — xayc10pd)0BO TOMOIOITIECKOe TPOCTPAHCTBO.

3ameuanme 17.5. Jlerko sugers, uro (M x S)/G apaserca nakpsiruem M.
B camoM 1ee, 10KaIbHO 1m0 M, M ABIA€TCS TPUBUAILHBIM HAKPEITHEM, H30-
MopdubIM M X G, rae G paccMaTpuBaeTCA KaK TOMOJOTHYECKOe IIPOCTPAH-
CTBO ¢ AMCKpeTHON Tomosorumein. B maxom caygae, (M x S)/G usomopduo
M x X, crejoBareabHo, crasapraoe mokperrue (M x S)/G % —
HakpeITHe. /(15 Kax10u ToUKu m € M, MHOXecCTBO T, '(m) crabxeHo Gu-

exnuen Ha (G x X)/G = X.
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Teopema 17.6: IlycTs ]\;{ — M — yuuBepcaabHoe HakpbeiTue, a G — ero
rpynna [axya, G = Aut|M : M]. PaccmoTpum GyHKTOP

Rep(G, Sets) —— Cov(M)

3 Rep(G, Sets) B kareropuio Cov(M) HakpeiTuin M, HOCTPOEHHBIN BHIIIE.
Torga ¥ — >KBUBAJEHTHOCTH KATETOPUN.

Joxka3aTeancTBo: Bosbmem Touky m € M. O6paTHbil PyHKTOD
Cov(M) — Rep(G, Sets)

cTpouTcs BechbMa mpocTo. lyers M! - M — makpwitme M, a Sy :=
o~1(m) — ero caon max m. Ha muoxectse Sy 3amano geictsue (M),
crenyomuMm obpazom. Ilycre x € Sy — awobas Touka, a ¢ € G — due-
MeHT (dyHJaMeHTAILHOU Irpynnsl. Bossmem nerio v, € (M, m), npexcra-
BIAIONIYIO ¢, U IOYyCThb 7§, — ee MOZHATHE B m', ¢ HAYaIbHOM TOYKOU B Z.
Takoe mogHATHE CYNECTBYET W €IMHCTBEHHO, KAK TOKA3aHO B MPEIbIIyIIen
JEeKIUN, ¥ KOHeYHad TOUKa Y,(1) oJZHO3HA4HO ompefenseTca ¢ u g. Taxum
obpaszomMm, kaxjgoe g € G 3agaer orobpaxenue u3 Sy B Sy Jlerko Bugers,
YTO MIPOU3BEJEHNE JIBYX METENb COOTBETCTBYET KOMIO3UIIMU OTOOPAKEHUH,
3Ha4NT, T — Y,(1) 3agaer geucrsue G Ha Sypy. [Ipn Mopduame HAKpHITHH,
MO THATHA MyTeH NePeXOIAT B MOJAHATUA MyTeHu, crenoBareabno, M — Sy
sagaer ¢pyukrop Cov(M) 2, Rep(G, Sets).

Kommnosunus ¥ o ® mepeBoauT MHOXECTBO ¢ geucTBueM (G B TO Xe caMoe
MHOX€CTBO, ITO SCHO U3 ONMPE/IeJeHUS.

Yr1o6wr yoeauThes, 9To Kommnosuiusa ¢ o U nepeBoauT HaKPHITHE B DKBU-
BaJIECHTHOE€ €My, AO0CTaTOYHO IHIPOBEPUTH 3TO Ha CBA3HBIX HAKPBITUAX. HO
CBA3HBIE HAKPBITHUA MMEOT Bug M /G', mns moarpynn G’ C G (sT0 yTBEp-
XK JeHNe Ha3bIBaeTCA ~OCHOBHasA TeopeMa Teopuu lanya and HakpuITUu , U
OHO J0Ka3aHo B mpomwion Jekiun). [Ipumenenne ¢pyukropa ® x M/G' naer,
ouesn 1HO, MuOXKecTBO ®(M /G') = G /G’ ¢ ecrecrBennnM geiicTsuem G. ITo
IIOCTPOEHHUIO,

U(G/G) = (M xG/G")G =M|G

(mposepbTe 510). 3HauuT, GyHKTOp P 0 ¥ HKBUBANEHTEH TOXIECTBEHHOMY.
[
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3ameuanme 17.7. Kaxnoe HakpbeITHE H30MOPDPHO (HPaKTOPHAKPHITUIO HeE-
CBHBHOﬁ CYMMBbI HECKOJBKUX KOHI/IIjI YHUBEPCAJBHOI'O!

M =]]M/G;
7
B COOTBETCTBHUE Ta,KOMy HaKPBITUIO MOXHO IIOCTaBUTH MHOXKECTBO

s=]]ac/G:

C ecTeCcTBEeHHBIM gercTBueM (. DTO 3a1aeT DKBUBAJEHTHOCTH KATErOPUU
HAKPBITAUA U KATETOPUU MHOXKECTB ¢ genctBueM (G 4yTh 6omee aBHO. /Joka-
XKUTE CAMOCTOATENBHO, YTO DTO Ta XK€ CaMas dSKBUBAJICHTHOCTH KATETOPUH,
9T0 ObLIA TOCTPOEHA, BBIIIE.

17.3. Kak BoccTaHOBUTH PYHJaMEHTAIbHYIO I'PYTI-
IIy [0 KaTeropuu HAKPLITUN

3ameuanue 17.8. [lycrs G — rpynna, a C = Rep(G, Sets) — kareropus
MHOXecTB ¢ geucrBueM (G. Paccmorpum G kak o0bekT C, TO €CTh MHO-
XKeCTBO ¢ peucTBueM G, onpegereHHbIM dopmyaon (g, x) — gx. Toraa Bce
Mopdusmer w3 G B ceba ob6parumel, u rpynna Aut(G) = Mor(G,G) uso-
mopdua G. B camom gene, nycrs v € Mor(G,G) nepesogur 1 B z. Toraa
v(gl) = g(v(z)) = gx. Takoun mopdu3aM, 0OUeBUAHO, OGUEKTUBEH, 8 KOMIIO3Y-
LIS VyVy DABHA V.

Jlemma 17.9: [Tycts G € Ob(C) — 06mexT Rep(G, Sets), KoTopsi 0613, 12T
CIEYIOMUMHA CBOUCTBAMHU

(i) Bce mopdusmer u3 G B cebs ABIAIOTCS H30MOPhUIMAME
(ii) [daa aro6oro X € Ob(C), muoxectso Mor(G, X) nemycro.

Toraa G msomopden G kak 06bexT C.

MoxkazaTeancTBo. IIIar 1: Bee 06bexTr C moaydeHsl 00beIMHEHICM Helle-
pecexkatonmxcsa opout geuctsua G. Kaxpas Takas opoura umeer sug G/G,
rae G’ — crabmiumzarop Touku. HeTpuBmaabubie MOPpGU3MEL U3 OpOUTHL
G/G1 B G/G5 Bo3MOxHBI, TOMBKO ecau Gy D G (IpoBepbTe 5TO).
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IIar 2: [Mockoaeky Mor(G, X) Bcerga memycro, G — 06benHeREE OPOUT
Buga G/G;, cpenu KOTOPHIX X0TA OBl 01Ha u3oMopdhHa G.

IMar 3: Ilycts G cogepxur aBe opbursr Xi, X,, npudem X; m3oMopdHA
G. Pacemorpum MopduaM u3 G B cebs, TOXIECTBEHHBIN Ha BCeX OpOUTAaXx,
kpome X, u orobpaxatoumi X; B Xy = G/G’ (Takon MmopdusMm cymecTByer
B cuny [llara 1). Tako MopdusM He OGMEKTWBEH, 3HAYUT, OH HE MOXKeT OBITH
“30MOPPU3MOM.

MMIar 4: Msr noxy«sum, 9o G COCTOUT W3 0HON Op6uUTH! (THar 3), Tpwaem
»Ta opbuta mzomopdua G (mar 2). dTo gokasbiBaer, 4To G uzomopduo G.
]

3ameuanme 17.10. U3 goxa3aHHOU BHIIIE JeMMBI ClIeayeT, 4To rpymnma G
O/JJHO3HAYHO BOCCTAHABIMBAETCA MO KaTeropuu Rep(G, Sets): ecau karero-
puu Rep(G1, Sets), Rep(Gy, Sets) sksusanenTHs!, To rpynust G, Gy uso-
MODQHBEI.

17.4. CBo6GogHas rpymnmna u cBO60JHOE IPOU3-
BeI€HUE I'PYIII

[Tycrte G, H — rpynnbl. PaccMoTpum MuEOX)ecTBO G * H, cocTosInee u3 1o-
caenoBarenbHocTen (CI0B) BUAA g1higohs...gnhy, Toe g; € G, h; € H. Pac-
CMOTPHUM COOTHOIIEHNE DKBUBAJIEHTHOCTH, TOPOXK TEHHOE

glhlg2h2,gzhzgz+nhz+ngnhn ~ glhnghQ_gng—ngnh’n (1741)
ecan h; =1, n
g1h1g2hs...gihigiinPisn-.-gnhn ~ gih1goha...gihihiinGiva...gnhn  (17.4.2)

ecau gi1, = 1. HpIMuU cjI0BaMu, B KaXXIOM CJIOBE BCE COUYETAHUA BUAA §11gs
MOXHO 3aMEHUTH Ha §1go, & hi1hy Ha hihy. MHOXeCTBO KIaCCOB YKBUBAJEHT-
HocTu Oo6o3Ha4daeTca G x H. CioBa MOXHO YMHOXATh:

/ /

g1higahs...gnhy, - 91h19§h/2---g;'h2' = glhnghQ---gnhngihlgéh;'"g?/z’h’;ﬂ'
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Takoe yMHOXeHUE, 04eBUIHO, acconuaTusHo. U3 (17.4.1) u (17.4.2) nemes-
JEHHO CJeayeT, ITO

91h192h2...gnhnhglggl...h;lgglhflgfl =1,
s3HauuT, G * H 5T0 rpynma.

Onpepeneune 17.11. I'pynna G *x H HaswsiBaeTcs cBOGOJHBIM TPOU3Be-
JEHHEM, WIN XKe aMaIblaMOM, WIN Xe¢ Kompom3BegeHumeM rpynn G u

H.
3agaua 17.1. IIpoBepbTe, YTO DTO NPOU3BEIEHNE ACCOIUATUBHO:
(F+G)«H=Fx(Gx*H).

3ameduanme 17.12. AnajJorudubiM 06pa3oM OMpPEIensIeTcsa CBOOOTHOE TPo-
U3BeJleHNe IpoM3BoabHOTO HaGopa rpynn {G,}, a € I. IlycTh MHOXeCTBO
[[, Ga cocTouT u3 cI0B BHIA §10203-.-Jn, COCTABIEHHBIX U3 OyKB g; € Gl,.
PaccmoTpuM cooTHOMEHE DKBUBAJIEHTHOCTH, TOPOXK IEHHOE

9192---9i9i+19i+2---9n ™~ 9192---9iGi4+-2---Gn

ecan g;1 = 1 (MOXKHO BBHIKMHYTB U3 CJI0BA OYKBY @it1, €CIM g;41 PABHO 1), n

9192.--9i-19i9i+19i+2---Gn ™~ 9192---91'—1(gigi+1)gi+2---gn

ecau g;, gir1 € Go (MOXKHO CrPYNIMPOBATE MOCJAEIOBATEIBHO UIYIME OYKBHI
Giy i1 B (9igit1), ecam oHU 06Ge NPUHALIEKAT OTHOU M TOU ke rpynne G,.
[IpousBenenue u OGPATHBIN DJIEMEHT B

[1G.=][Ga/ ~

ompeJenseTcsa TOU xe caMou opmyaon, uTo u mia G x H; aHATOTUIHBINA
apryMeHT MOKa3bIBAaeT, YTO 5TO rpynna (gokaxkwute 5T0). [IpoBepbTe, 4TO
2TO OompefeleHne I ABYX cOMHOXuTeaen naeT G x H.

Omnpegenenne 17.13. Onpegenennas Takum o6pasom rpymma | [ G, Ha-
3BIBACTCA CBOOOJHBLIM MPOU3BEJIEHUEM, WA XKe aMaJblaMOM, WU XKe
Kompou3BegenueM Hatopa {G,}.
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Onpeaenenne 17.14. Konpoussenenne ZZxZx*...x7Z (n pa3) Ha3bIBAETCA
cBOGO HOM rpymnmou ot n o6pasyiomux. Konponssenenne suga [ [, Ga,
rae sce G, = 7, Ha3bIBaeTCA CBOGOSHOU I'PYIIION.

3amedanme 17.15. Jlerko BugeTh, YTO €CTECTBEHHOE 0TOOpaXKeHue J1060-
I'0 COMHOXUTEIA B cBOGogHOe npomsBenenue, Go — [[, Go, go — go ABIA-
eTCs BIOXKEHWEM (JOKaXKUTe DTO).

17.5. IIpeacTraBumMblie (pyHKTOPHI

[Iycts C — kareropus, a A € Ob(C) vekoTopsint 06HekT. ONpeneanm Xom-
dyskTOp hy: C— Sets dopmyaon ha(X) = Mor(A, X).

[Tycts F': C — Sets — ¢pyukTop u3 C B MmHOXKecTBa. Hanomuum, aro F
HA3BEIBACTCA MPEJCTAaBUMBIM, eI F' DKkBUBaJeHTeH XOM-(QYHKTOPY h4 A1
kakoro-to oowekTa A € Ob(C). B sTou curyanuu, A HaszbiBaeTCA MpeacTa-
BAAIOIMM O00BLEeKTOM A1 pyHKTOpa F.

Omnpeaeaenne 17.16. Ilycrs C,C’ — xareropuu, a Fi, Fy : C — C' pyuk-
topul u3 C B C'. EcrecTBennas Tpancdopmanua GyHKTOPOB

D . Fl — F2
sagaerca Tak. [luas kaxmoro X € Ob(C), sagan Mmopdusm
(DX € MOI’(FI(X), FQ(X),

TakuM 00pa3oM, 4TO CleAyiolas IMarpaMMa KOMMYTATHBHA I JIOGOTO
A€ Mor(X,Y):
Fi(\)

(X)) 2 py(y)

OTMmeTruM, 9TO YaCTHBIM CAYy9YaeM €CTEeCTBEHHOU TpaHcdopManum (PyHKTO-
POB ABJISAETCA DKBUBAJEHTHOCTH (PYHKTOPOB, ONpeaeNeHHas B Jekuuu 14.

Ecmm ® : hy — F — ecrecrBennas Tpaucdopmanus GyHKTOPoB u3 C
B MHOXecTBa, $ onnozuauno onpenensercsa saemenToMm P (ldy) € F(A). 1o

Jlexkuuu u 3348494 M0 TOMOJOTUK - 335 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Yactb II1. JIEKIMK IO TOHNOJOI'MA

MO2KHO BHJIETHh U3 CJIe,ILYIOIIIeﬁ KOMMyTaTHBHOﬁ JuarpaMMBbI:

Mor(A, A) EindiiN Mor(A, B)

o] oo

F(A
F(4) 2 pF(B)
rge A € Mor(A, B) — mo6ou mopdusm. Bepxuss crpenka nepesogur ld4 B
A. I3 KOMMYyTaTUBHOCTH >TOU AUATPAMMBI MOJYYaeM, YTO

Dp(A) = F(A)(®a(lda)),

3Ha4uuT, orobpaxenue ®p : Mor(A, B) — F(B) 1eIukoM OmpenesseT-
csa saemeHToM D4 (ld4) € Mor(A, A). MBL HOIYyYHIN CAEAYIONIYIO TOJIE3HYIO
JeMMy

Jlemma 17.17: (Jlemma WMonens:, Yoneda lemma) Ilycrs C — kareropus,
A € Ob(C) ee o6bexT, hy : C — Sets — xom-pynkTop, a F : C — Sets
eme pyHkTOp. TOraa MHOXKECTBO €CTECTBEHHBIX TpaHChopManui GyHKTOpA
ha B F 6uextusHo ¢ F(A).

Dyukroper F' : C — Sets camu 06pa3yioT KaTeropuoo: 06HeKTH 2TOU
kareropun — GyHKkTOphl F : C — Sets, a MOPQUIMBEL — €CTECTBEHHEIE
npeobpaszosanus. V3 remmur Noneasr Hemeqienuo caenyet, 9to Mor(ha, hg) =
Mor(B, A). Mel noayunnu Takoe yTBEDXK ICHUE.

Yreepxkaenue 17.18: Ilycrs C — kareropus, a J — kareropus mnpef-
cTaBuMbBIX (pyHKTOPOB F' : C — Sets, ¢ MoppusMaMu, KOTOPbIE 33 TaI0TCA
€CTECTBEHHBIMU TPe006pa3oBaHuAME PYHKTOPOB. Toraa KOHTpaBapuaHTHBIN
¢yukTop A — h, 3amaer skBuBaJeHTHOCTH KaTeropuu C — F°.

]

3ameuanme 17.19. B ugacTHOCTH, 00BEKT KaTeropuu, MPeICTABIAONINN
33JaHHLIN (DYHKTOP, ONpenenseTcsa dTUM (YHKTOPOM OTHO3HAYHO C TOYHO-
CTBIO [0 U30MOPPU3MA.

MLI najgaranu JeMmy MOHe,IU)I N 3KBUBAJEHTHOCTH KaTeFOpI/IfI A1 KOBa-
PMAHTHBIX (PYHKTODPOB, HO TO € CaMO€ BEPHO M A1 KOHTPABAPMAHTHBIX
(YHKTODOB, C 3aMEHOU KOBapMaHTHOTO (yHKTOpa ha(X) = Mor(A4, X) na
koHTpaBapuanTHe hS(X) = Mor(X, A).
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Nobuo Yoneda
(1930-1996)

17.6. Jlemma MoHenpl: ucropusa, 3aMedaHusA

Ho6yo Mounena 6wt crygentom Illoku+u WManara (Shokichi Iyanaga, 1906-
2006) B ymusepcurere Tokwmo. B mauane 1950-x Camysiab DunenGepr my-
TemecTBoBal mo Anonun, u Monena, eme CTyJIeHTOM, COMPOBOXIAT €r0 B
KavecTBe TepeBOIYNKa. 3aKOHYUB yHuUBepcuTeT, VloHema oTmpaBuiaca mpo-
IOMXKATEL yIeOy K JDunenbepry B [IpurcTon. B ckopoM BpeMenu mocie 53Tor0,
duen6epr yexan B [Tapux (Dunen6epr 6bL1 yuacTHUKOM rpynnbl Bypbakn),
u B 1954-m rony Uonena moexan B [lapux k dunenbepry. B [Tapuxe Nonera
nven guuaHyo 6eceny ¢ Commepcom Mak Jlbunom (cHauana B kade mepen
l'ap mto Hop, a moToMm Ha BOk3aJe; OHM 3aKOHYUIN PA3TOBapUBATh B IBEPAX
or6rBatomero moesna). Ilox Bnevarienuem sTou 6ecenbl, Mak JIoin HasBax
JeMMy, KOTOPYIO OH y3Haa oT Moneasl Ha Bok3ane, semmvon Mouensr.

Kpome snamennron Jgemmel, VloHena mpuayMaa MHTEPIPETANAIO TPYIII
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Ezt* B TepMuHax pacUmpeHud MOIYIeH, YeM MOJOXKMI HAYAJI0 COBPEMEHHON
FOMOJIOTMYECKOU aareope.

[Tocne BosBpamenus B fAnonuio Nonena ne 3anmmanics mareMaTukon. B
HavaJge 1960-x OH 3aMHTEpPECOBAJICA KOMITBIOTEPHBIMI HaYKaMMU, IO BISHUEM
Hlokwum Usnara, u ObLT OTHUM U3 aBTOPOB A3bIka Aaroa 68, a mocie co3na-
HEA (HaKyJIbTeTa KOMIBIOTEPHBIX HAYK CTAI MPOdEcCOPOM KOMIBIOTEPHOU
HayKu B yHUBepcuteTe Tokmo.

WNurepecrno, uro gemma VoHenbl cemdac BXOAUT B CTAHJAPTHBIM KypC
KOMIIBIOTEPHBLIX HAYK, KOO HA TEOPHUM KATErOpPUU B 3HAYUTEJNLHON CTEIeHU
MIOCTPOEHA TeopeTuUieckas 0CHOBA (PYHKIMOHAIHLHOT'O IPOTPAMMUDPOBAHUA.

[Tomumo Vonenst, Usnara 6511 HacTaBaukoM ['opo Azymas (n3o6perare-
as anre6p Asyman), Kynuxuko Koganpa (OTKPHIBIIEr0 COTHY KIHOYEBHIX Te-
opeM alreGpanveckon u KOMIIEKCHOU reomeTpun ), Kenkuun Bacasa (3ua-
MEHUTOr'0 aBTOpa Pa3iokeHus VBacaBbl M BAXHBIX T€OPEM TEOPUU TUCEN)
u Tcyneo Tamarasa, mpociaBieHHOTO ~yuciaMu TamMaraBsr .

Usnara 6bun yaennkom Tenmxu Takaru (1875-1960), KoTopbinn ObLI CTY-
menToM [laBuga I'manbepra. Takarm ObLI aBTOPOM TECATKOB Y4eOHUKOB,
o6ecrneynB ANOHWIO YHUBEPCUTETCKUMHE YieOHUKAMU 110 BCEM pa3jienaM Ma-
TeMaTUKM. Takaru 3aHuMascsa Teopuen ducen, u B 1898 roxy npugyman ak-
CHOMATUYIECKOe OTPeaeJeHe TOJI.

17.7. IIlpou3sBegeHue U KONMpPpOU3BeJeHUE B Ka-
Teropuu

CB06OIHYIO TPYIILY MOXKHO 0XapaKTepPU30BATh CJCIYIONIIM CBOMCTBOM.

Yreepxkaenue 17.20: Ilycrs G, H — rpynner, G * H ux ¢Bo601HOE TIPO-
u3Benenue, a G <G H , H < G % H — eCTEeCTBeHHBIE BIOKEHU. Toraa

Kaxaas mapa romoMmopduszmos G 2, P, H Y, ps rpynmny P mpomoa-
X)aeTca g0 romomopdusma G x H Y p TaKuM 00pa3oM, UTO CJIeAYIOMasa
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AMarpaMMa KOMMYyTaTHWBHA!

Boaee Toro, romoMmopdusm ¢ * 1) onpenesserca 0OTOOpaXeHuAMu P u Y O-
HO3HAYHO.

HokazaTeabcTBOo: [lycTh ¢ * ) mepeBoauT caoBo BuAa gihigohs...gnh, B
&(g1)(h1)d(g2)(ha)...0(gn)1 (hy). llockonbky 5T0 0TOGPaKEHUE TIEPEBOAUT
JKBUBAJCHTHBIC CJI0OBa B OKBUBAJEHTHELIC, 1 IIDOU3BEACHUE CJIOB B IIPDOU3BEIEC-
HIU€, OHO ABJIETCA TOMOMOP(GU3IMOM. EIUHCTBEHHOCTH TAKOTO ¢ * 1) OY€BU/I-
Ha, moToMy 4To rpynmna G« H mopoxaena obpazavu G u H. m

3ameuanme 17.21. YrBepxkaenue 17.20 Ha3bIBaeTCSA YHUBEPCATBLHBIM

CBOMCTBOM KONpOu3BeAeHuA. Ero MOXHO B3ATH B KA9eCTBE ONPeIeNeHu
G x H. [leiicTBuTENBHO, B CHIy YHUBEPCAABHOrO cBOUCTBa, G * H sABusercs
IPEeACTABIAIIIUM 00beKTOM 15 pyHkTopa P — Mor(G, P) x Mor(H, P)
U3 DPYII B MHOXECTBA, a TAKOW 00hEeKT eIuHCTBEeHHbIN (3amedanue 17.19).

3ameuanme 17.22. IIpousBesenre u KOOPOU3BEIEHNE MOXKHO OIPEIEIUTD
Ha sA3bIKe KaTeropui: mpoussegenue o6nekToB A, B € Ob(C) — o6mbexT,
IpPeICTABIAIMNNA (PYHKTOD

X — Mor(X, A) x Mor(X, B),

a kompomsBenenue 00bekToB A, B € Ob(C) — 06beKT, NpeacTaBIAIMI

dpyHKTOD
X — Mor(A, X) x Mor(B, X).

AHanoruIHEIM 06pa30M OIPEIeIATCA IIPOU3BEeJeHNe U KONMPOU3BEIeHNE JI0-
6oro Habopa 06BeKkTOB. [Ipon3Benenue u KOMpousBeneHNe HE BCeTa CyIIe-
CTBYET, HO ONpeJeNeHO 0 JTHO3HAYHO C TOYHOCTHIO 10 U30MOpP(puU3Ma, ITO Cle-
ayer u3 demmbl Vonens (3amedanue 17.19).
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3ameuanue 17.23. B GoJbIIMHCTBE U3BECTHBIX KATErOPUM (TPYIIIBI, MHO-
XKeCTBa, TONOJOINIEeCKUE IIPOCTPAHCTBA, BEKTOPHBIE IIPOCTPAHCTBA), OIpe-
IeJeHre TPOU3BEJIEHUs COTVIACOBAHO C KATETOPHBIM OIpENeJTeHUEM, MPUBe-
JI€HHBIM BBIIIE (IIPOBEPHTE TO).

3ameduanme 17.24. B kaTeropuu TOMOJOTHIECKUX MTPOCTPAHCTB, KOTIPOU3-
BeJIEHUE — DTO HEeCBA3HAA CYMMa; B KATErOPUU MHOXKECTB, KOTTPOU3BEIEHUE —
HerepeceKawIneecsa oObeIuHeHne, a B KATerOPUY BEKTOPHBIX MTPOCTPAHCTB,
KOTIPOM3BEJeHne — 3TO MpsAMas cymMMa npocTpancTB. [IposepsTe oT0.

17.8. McTopus cBOOGOAHON I'PYIIIILI M KOIIPOU3-
BeeHUN

CB060HYI0 TPYNIIy OTKPBLI HeMenKui MaTeMaTuk BaasTep ¢on [lank, yue-
uuk Kaenna. ®on /lank B 1882-M roay mepBbIM Iaj COBpEMEHHOE OTIpeIee-
HUEe I'PYNNBl ¥ OBLI ABTOPOM TOMOJOTUYECKOU KIACCU(PUKAIUU HEOPUEHTHU-
PYEMBIX PUMaHOBBIX MOBEPXHOCTEN (ABYMEDHBIX MHOI006pa3uil), KOTOPYIO
oH noxyuna B 1888 roxy.

®Pon [anka mHTEpecoBaIM (PYKCOBBI I'PYNNBI ( [UCKPETHBIE MO ATDPYIIIHL
rpynnsl u3oMmerpuil mwiockoctu Jlob6adesckoro). B Tom xe camon pabore
1882-ro roga, B KOTOpOU OH Ompeaeu1 rpynnsl, ¢poH Jauk o6paTmi BHEMA-
HU€ Ha TO, YTO HEKOTOPHhIE (PYKCOBBI TPYIIIHI ABAAIOTCA B HEKOTOPOM CMBICTIE
npocTenmuMy; 370 u Obun ¢cBO6oAHBIE rpynnkl. Eme ¢gou /Jank 661 co3ma-
TeaeM Hemenkoro Mysea Hayku m Texnomorum m m3jgan morHOe cOOpaHme
nuceM Kemepa.

Hassanme ”cBo6oanas rpynna”’ mpunaniexut flko6y Huibceny (Jacob
Nielsen), marckomy mMaremaTuky, yuenuky Maxca [pua (Max Dehn), koTo-
puii B 1924-M roay mokasad, 4To J06ad MOATPYNNa KOHETHO-TTOPOXK TeHHON
¢cBOOOJHOU T'PYIIBI CBOOOTHA.

Kareropnoe onpenerenue cB060HOTO TPOU3BeIeHNA KaK 00BEKTA, Ipe-
CTABJIAKIIET0 (PYHKTOD

X — Mor(A4, X) x Mor(B, X),

npunaniexut Cougepcy Maxk Jlouny koTopsi B pabore ” Groups, categories
and duality” (1948), mamen kaTeropHsle HHTEPIPETAIMA MHOXKECTBY MOHS-
Tun 06men (yHUBEPCAIbHON) aare0psl.
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Walther Franz Anton von Dyck
(1856-1934)

17.9. Teopema 3eudepra—Ban Kamneuna

Teopema 17.25: (teopema 3endepra-Ban Kammena, ”Seifert-van Kamp-
en Theorem”) Ilycte M = X UY — o0GbequHeHNe TONOIOTHIECKUX IPO-
crpactB X n Y, npuwdem X, Y J0KaIbHO CBA3HBIE, JOKAILHO OTHOCBA3HEBIE,
3aMkHyThie B M u cBasuble, a X NY cesasHo u ogHocesasHo. Torga (M)
m3oMopdHO cBo6ogHOMY npousBeseruio m1(X ) « (V).

Moxazareascro. Ilar 1: Kareropus Rep(G * H, Sets) sksusaneHTHa
kareropuu C MHOXECTB, Ha KOTOPHIX 3anaHo gewcrsue G u H (anpuopu,
HUKaK He coraacoBanHoe). Dynkrop uz Rep(G x H, Sets) B C nepesoaur S
B TO Xe caMoe MHOXKecTBO S, rae meuctBue G u H ompegnensercs u3 BIOXe-
Huu G — G« H, H — G x H. O6paTHBU (DYHKTOP ONpeaenseTcsa U3 TOro,
9TO JIA Kaxa0ro MHOXecTBa I ¢ mercrBueMm G m H 3amansl romoMopdus-
Mel G, H — ¥;, roe ¥; — rpynmna 6mekTuBHBIX oToOpaxkenuu u3 [ B 1. B
CUIIy YHUBEPCAJbHOTO cBoucTBa (G * H, Takme roMOMOP(PU3MBI O THO3HATHO
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MPOIOIKAIOTCA 10 romoMopduzma G x H — X7, 910 3amaeT GyHKTOp U3
C B Rep(G * H, Sets), o4eBu1HO, 0GPATHBIN UCXOTHOMY.

ITar 2: B cuay 3amedanus 17.10, rpynna (G 0O1HO3HAYHO 3a1a€TCA CBOEU
kareropuenn Rep(G, Sets). [Tosromy aas mzomopdusma mi (M) = m(X) *
m(Y), mocraTouno y6eauTbes, 9TO KaTeropus HaKpeITHU M SKBUBAIEHT-
Ha Rep(m(X) * m1(Y), Sets). B cuny npexsiaymero mara, sTa KaTeropus
skBuBateHTHa Kareropun C muoxecTs ¢ gercrsueM 71 (X) u m (V). Takum
o6pasoMm, Teopema Jendepra—Ban Kammnena OygeT gokasaHa, €CIM MBI JIO-
kaxeM, 9To kareropus Cov(M) nakpoitun M skBusasenTHa C.

ITar 3: Pyukrop u3 Cov(M) B C mocTpouTh BeCbMa HETpPYAHO. IlycThb
M =5 M — umakpsrrue M. CooTBeTCTBYIOMME HAKPHITHSA

X=01X)—X, Y=01(Y) —Y

HasbBalOTCA orpanumdeHuavu N ma X m Y. [l1a xkaxmounm Touku m €
X NY, mpoo6pasz o~ *(m) C X magenen neiicrsuem 71 (X ) (Teopema 17.6).
[Ipoo6pas o~ '(m) C Y manenen meicteuem 71(Y), O TOM ke CAMOU TIpH-

N - v
anne. M monyymnu, aro M — o~ (m) 3anaer dynkrop Cov(M) — C.
Ocranoch 10Ka3aTh, 9TO HTO HKBUBAIEHTHOCTD.

IMar 4: [Iycrs S € Ob(C) — muoxecrBo ¢ geucrsuem 7 (X) u m(Y),
" ox < gy

aX — X,Y — Y — coorBercTByM0OINE HAKPHLITHSA, CYIIECTBYIOIINE

B CIJIy DKBUBAJEHTHOCTH KATErOPUM HAKPHITUA W KATETOPUM MHOXKECTB C

nerctBueM QysaamenTaabaon rpymusl (Teopema 17.6). ITockoasky X NY

CBA3HO, JOKAJBbHO CBA3HO U OJHOCBA3HO,
o (XNY)=0,(XNY)=XNY xS,

rage S — MHOXECTBO CBA3HBIX KOMIIOHEHT S, [Iycts z € X ,Y € }7, npu-
qeM z € oy (X NY) pager y € 0y (X NY) mpr 5TOM 0TOXJCCTBICHAN.
B rakom caydae Mel HanumeM & ~ y. [lycte M = X [[Y/ ~ — dakTop
10 OTHOIIEHWIO KBUBAJEHTHOCTH, OIPEIETeHHOMY TakKuM crocobom. Jlerko
BIIETh, 9TO €CTeCTBeHHAA npoekuus o : M —s M — maxpbiTue (IpoBepb-
Te 510). [efcTBUTENbHO, IPOEKIWs 0 dTAIbHA, TOTOMY 4T0 M moxydaercs
kak daktop X [[Y no oTHOmeHu0 SKBUBAJEHTHOCT]

m~memeXmeY, m=m'sXnNY,

! Mns moxasaTersCcTBaA DTOrO UCIOMB3YHTE 3aMKHYTOCTE X 1Y B M.
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a mpoo6pas o1 (U) no mocrpoenuto romeomopden U X S, ecin ox, oy pac-
memasercas Har U N X, UNY.

Mer noctponau ¢pyukTop u3 C B Cov(M). JIerko BuaeTh, 9TO 5TOT PyHK-
Top obparen ¥ (mposepbTe 510). [losToMy ¥ — 5T0 SKBUBAJEHTHOCTD Ka-
Teropumu.

Msr gokasanu, uro kareropus Cov(M) nakpbiTun M 5KBUBaJEeHTHA Ka-
reropuu C muoxecTs ¢ gercrsueM 7 (X ) u w1 (Y'). Ha mare 1 65110 1oxasaHo,
uTo C skBuBateHTHa Kareropun Rep(m (X) * m(Y), Sets). B cuny Teope-
Ml 17.6, Cov(M) skBuBanenTHa Rep(m (M), Sets). Ucnmonsays 3amedanue
17.10, MBI BBIBOJMM M3 DKBHBAJIEHTHOCTH KATErOPHUH

Rep(m (X) xm(Y), Sets) ~ Rep(m (M), Sets)

“30MOphU3M I'PyII

7T1(X) >|<7T1(Y) = ’ﬂ'l(M).

3ameuanue 17.26. Ecaun M = ] M;, npudeM Bce YacTUYHBIE T€PECEICHU
M;, N M;, N ... oguocssasHer, TO w1 (M) = (M) * m (Ms) * ... [las koHe4HO-
ro Habopa M; 5TO MOXHO TOJY4YUTh UHAYKIMEN U3 TeOPeMbl Jendepra BaH
Kammnena, moab3ysack acCOMAaTUBHOCTHIO KONpousBeaenus. /s 6eCKOHeIHO-
ro Habopa, MHAYKTUBHLIM apryMeHT He TOAUTCA. BIpodeM, Jerko BUIETH,
YTO NOKA3aTeIhCTBO, IPUBEIEHHOE BhIIE, paboTaeT Iid Jio6oro ducia M;,
[IEHOW HEMMOBEDHOI'O YCJIOXKHEeHUs 00o3HadeHun. [[poBepsTe 5TO caMOCTOsA-
TEJIBHO.

17.10. UcTopusa, aamedaHus

Teopema 3eudepra—san Kammena Obita moaydena Ban Kammenom 1933-m
roay, B 6ojee oOmen curyaunuu, deM onumcaHo Boime. Ban Kawmmen Bwram-
caut (pyHIAMEHTAJIbHYI0 T'PYNIY OOBEIUHEHUS ABYX TOIOJOTHYECKUX IPO-
CTPAHCTB, HE TPEAINOoJaras CBA3HOCTU W OJHOCBA3HOCTH WX IE€PECEYCHWU.
AprymenT, mogoOHBIA BBIMIETPUBEIEHHOMY, B TaKOW CUTyaluun He paboTa-
eT, TIOTOMY HUTO ecau TepecedeHme X # Y HECBA3HO, TO HEMOHATHO, KyJIa
IIOMECTUATH OTMEYEHHYIO TOYKY.

CoBpeMeHHass TOYKa 3PEHUS HA DTOT pe3yJbTaT TpebyeT NpuMeHeHUs
Pyndamenmanvrnozo 2pynnouda. ['pynmon oM Ha3bIBaeTCA KaTerOpHUs, BCe
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Egbert Rudolf van Kampen
(1908-1942)

MOpP(U3MBI KOTOpOU — u3oMmopdusmel. [Iycts M — Tomomorumyeckoe mpo-
crpaHcTBo. PyHAAMEHTATBHBIM TpynnougoM M Ha3bIBaeTCA KaTero-
pus, 06beKTH KOTOPOU — To4ku M, a MOPPU3MBI U3 T B i — KJIACCHI T'OMO-
Tonuu myTen u3 x B y. KoMmosuiusa MOppu3MOB COOTBETCTBYET OOBLITHOMY
YMHOXeHWIO myTer. PyHIaMeHTAIbHBIM TPYIION ] COMEPKUT BCIO HHMDOPMA-
70 0 (PyHIaAMEHTAJLHOU TPYIIe, HO He TpeOyeT HeeCTEeCTBEHHOT'O BHIOODA
6a3oBou Touku. ['pOTEHANK 1O HTOMY TMOBOAY CKA3aJ TaK:

...1100U npusvikau pabomame ¢ Gyndamenmasvnot epynnot, ee 06pa3y-
OUWUMU U COOMHOWEHUAMY, U NPOIOANCAIOM eAamb 3Mo daxce 8 KOHMEK-
cme, 2de maxoti nodrod abcosomuo neadeksamen, Ko2da ACHOE ONUCAHUE
2pynnbl 00PA3YUWUMY U COOMHOUEHUAMY MONCHO NOAYUUMND MOALKO PabO-
mMas 00HOBPEMERHO C Yeaoti Kyueli 6a308b1T MoUek, NPABUALHO 0MOODAHHBLE
— AUO0 NOAYUAA IKEUBAACHIMHOE ONUCAHUIE 8 AA2e0DAUUECKOM KOHMEKCME
epynnoudos, a we 2pynn. Bwuibop nymet, coedunaowur 6a3osbie mouKy, U
ceedenue epynouda Kk 00not epynne, 6e3HaAdeHCHoO pa3pywaem cmpyxmypy u
BHYMPENHUE CUMMEMPUL, NPUCYUWUE 2EOMEMPUUECKOT CUMYAUYUY, NPUBOIA
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% 0e306pa3notl Kyue 00paA3yIoWUT U COOMHOUEHUT, KOMOpPble HUKMO U He
NLIMAEMCA BLINUCATMD, NOMOMY UMO 6CE NOHUMAIOM, YMO HUKAKOT NOAb3bI
MO HE NPUHECEM, U 3ANYMAEM KAPTUKY 8MECMO 020, YMOObL NPOACHUMND
ee. A y3naa 06 amoti mpyonocmu MHO20 Aem HA3G0, 8 CUMYAYUAT TUNG
san Kamnena, xo020a eOuHcmMBEHHAA OCMBICAEHHAS POPMYAUPOBKA 3a0aYUU
MOKHCEM, OBIMb NOAYUEHAE MOALKO 8 MEPMUHAT AMAAL2AMbL 2PYNOUJOE. ..

Teopemy 3endepra-Ban Kamnena MOXHO ¢pOpMYyJIUPOBATE CJIeTYIOIIAM
o6paszomM. Ilyctes U u V — Tomonorudeckme nmpocTpaHcTBa. lorga ¢pyHIa-
MeHTaJabHBEIN rpynmous U UV — 5To paccioeHHOe KonpousBegeHue (pyH-
naMeHTanbHbBIX rpynnougoB U u V' (B3sToe B KaTeropuu rpymnmnoujos). B
TaKOW OOIIHOCTH, JOKA3aTEeIbCTBO TeopeMbl Sendepra—Ban Kammnena mouy-
JaeTCA 3HAYUTEJBHO MPOIIe, YeM MOKA3aTeIbCTBO ee 6omee caabou BepCuw,
IpPUBEIEHHOE BHIIIE.

Ha crpanune Ponambna Bpayna (Ronald Brown)! Boutoxensr ero 0630-
PBI T€OPUU IPYIONIOB U JIOOONBITHASA TTepenucka ¢ ['poTeHmKoM, KOTOPHIT
MHOT'O nIponaraHaupoBaJJ IPUMEHEHUE I'PYIIONI0B B TOIIOJOTUHA.

Teopemy 3endepra—Ban KaMmena TOBOJIBHO YaCTO HA3BIBAIOT ~TeOpeMa
Ban Kammena”. Or6ept Ban Kammen (1908-1942) moay4mn oGpaszoBaHue B
Huneprangax, #Ho B 1931-M roay yexaa B Amepuky, rae corpyaaundan ¢ Ocka-
pPOM 3apUCKUM. 3apUCKM MBITAJICA MOCYATATH (PYHIAMEHTAJIbHYIO TPYIIIY
IOTIOIHEHUA K aarebpamvecKol KpPUBOU, U COBMECTHO ¢ BaH KammeHom [mo-
6unca ycmexa. Teopema 3eundepra-Ban Kammnena noayumnaach Kak m060IHBIN
OPOJIYKT DTOTO COTPYIHUYIECTBA.

Ban Kamnen 6vrn1 ByHIepKUH (OH 3AIMUTII TUCCEPTAIMIO Ha 21-M Toxy
KU3HW), X yMEP BECbMa MOJIOJIBIM, OT PaKa.

http://www.bangor.ac.uk/ mas010/topgpds.html
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Jlekmmua 18: Ilogrpynnel B
CBOOOJHBLIX I'PYIIIIaXx U TeopeMa
Hunscena-IlIpanepa

18.1. dyHaMeHTaJIbHaA rpynia
OykeTa OKPYXHOCTEN

Omnpegenenne 18.1. I'padom HaswiBaeTcs HabOp BepiuH U HaGOp pebep,
npuYeM KaxIoMy peGpy COOTBETCTBYET JBe BEDIIMHBL (BO3MOXKHO, OJUHA-
KOBBIE), KOTOPbIe HA3BIBAIOTCA €r0 KOHIIAMH, WM KOHIIOM M HAYaIoM,
IpUydeM KaxXkaas BepIINHA ABAAETCSI KOHIIOM XOTsA ObI OMHOTO u3 pebep. Ecan
IByM peOpaM COOTBETCTBYET OMHA WM Ta XK€ BepIInHA, 5 TH pedpa HAa3bIBAIOT-
¢ CMEXHBIMH, a BepImHa — 06Ien BepimmHou pebep. ['pad nassBaeTcs
KOHEYHBLIM, €CJIU YUCJIO0 €r0 pebep U BEPINH KOHEYIHO.

3ameuanme 18.2. Oupegenenne rpada 9uCTO KOMOMHATOPHOE: NAHBI IBA
MHOXeCTBa (Bepuma V u pebep E), u orobpaxkenue E — V x V u3 muo-
X)ecTBa pebep B MHOXeCTBO map BepmuH. Ho aaa Toro, 4To6 moayduTh B
rOJI0BE KaKYIO-TO I'eOMEeTPUYECKYI0 KaPTUHKY, IOJE3HO NMPENCTABIATEL cebe
rpad KakK COBOKYNMHOCTH OTPE3KOB, COENUHAIONINX HAOODP OTMEYEHHBIX TO-
Y€K — BepIINH. JTO MHTYUTUBHOE MPENCTABIEHNE MOXHO (POPMAIU30BAT,
TMOJNYYUB TIOHATHE MONOA0UUECKO20 NPOCMPAHCMEQ 2pada.

Onpepenenne 18.3. Ilycte [' — rpad, a S — mHOXecTBO ero pebep. Pac-
cMoTpuM S KaK MPOCTPAHCTBO C AUCKPETHOUM TOMOJOTUed, U MycTh X :=
S x[0,1] — necsszHOe 00BeauHEeHNE S Konmui oTpeska. B arom caygae s x {1}
u s X {0} — Toukm X, cooTBeTCTBYyOIAA HAYaly WIX KOHIY oTpe3ka. Ec-
au y pebpa s; u'y pebpa So uMeeTcs OOMMU KOHEI, HAMWIIEM L1 ~ Ty, TI€
x; = 8; x {1} mmm x; = s; x {0} — coorBercTByomuMe Touku X . Tonosoruye-
CKMM NPOCTPAHCTBOM rpada HasbBaeTca (paKTOPIPOCTPAHCTBO X/ ~
10 TAKOMY COOTHOIIECHWIO DKBUBAJEHTHOCTH.

3aga4ga 18.1. /[okaxuTe, 9TO TOMOJOTUYECKOE MPOCTPAHCTBO rpada Bce-
raa xaycaopdoBO U JOKAJIBHO JUHEWHO CBA3HO.
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3ameuanme 18.4. 3noynorpebisas 0603HaYEHUAMET, MBI Oy1eM 0603HAYATH
rpad u ero TOMOJOIMIeCKOe MPOCTPAHCTBO OTHOU U TOU e OYKBOM.

Omnpegenenne 18.5. ['pad HaszbiBaeTCA CBA3HLIM, €CJIH €0 TOMOJOTHAYe-
CKO€ IPOCTPAHCTBO CBA3HO.

Byxket 4eTwIpex okpyx)HOCTEN

Omnpegenenne 18.6. Ilycrs [ — cBasubM rpad, y KOTOPOro €CTh BCEro
onua BepmuHa u || pe6ep. Ero Tonosoruveckoe npocTpaHCTBO HA3BIBAET-
ca 6ykeroM |I| okpyxHOcTen. OHO MMeeT B DOMAIIKU CACJAHHON U3
HECKOJBKUX (BO3MOXHO, 6ECKOHETHOI'0 YMCJIA) OKPYKHOCTEH.

Y106bI BLIYUCIUTH (DYHIAMEHTAIBHYIO IPYIIy T'pada, IpoIe BCero Boc-
mOJB30BaTHCA Teopemon Jendepra—Ban Kavmnena. [Tycts X — GykeT okpyx-
vocren, a X, Xo,... — cocrasisionme ero okpyxuocrtu. [lepecedenue mio-
60U Maphl Pa3aAuIHBIX X; — eIMHCTBEHHAA BEPIINHA rpada, 1 OHA, OIeBU THO,
ogurocBssHa. [lomygaem, aro m (X) = m (X)) * 7 (Xo)*x = Z+ Z % Z * .... MBI
OKA3aJdu TaKyI0 TEOPEMY.

Teopema 18.7: PynnamenTanapHas rpynmna OykeTa OKPYyXKHOCTe! CBOOOTHA.
]
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18.2. /lepeBbsa

Omnpegenenme 18.8. Koneunnint ¢BA3HbIN Ipad HA3BIBAETCSA KOHEYHBIM JI€-
pPeBOM, ecau y HeTO 71 BepmuH u 1 — 1 pebpo.

[epeBo c 22 sepmmmHaMu u 21 pe6pom

HamomuuwMm, 910 TOmosoruveckoe npocTpancTeo X HaswiBaeTcsa medop-
MAaIlMOHHBIM peTpakToM Y D X, eciau 3aJaHO HEMPEPhIBHOE OTOOpaXKe-

J :
Hue ¥ — X, ToxaectBeHHOe Ha X C Y, mpmyeM j TOMOTOITHO TOXIe-
cTBeHHOMY OoTOOpaxkenuio ldy u3 Y B cebs.

Tomonoruvyeckue mpocTpancTBa X u Y Ha3BBAIOTCA T'OMOTOMHUYECKH

¢
OKBUBAJIECHTHBIMHU, €CIU 33aHbl HeIIpepbIBHBIE 0TOOpaxenus X — Y u

vy 2 x , IPAYeM KOMTIO3UIIUHU 1) O ¢ U () © 1) TOMOTOIHBI TOXK I€CTBEHHBIM.

Herpyauo nokasars (cMm. Jlekuuio 15), 9410 11060€ IPOCTPAHCTBO FOMOTO-
NUYEeCKU DKBUBAJEHTHO CBOEMY Ne(OPMAlMOHHOMY PeTPaKTy, a (pyHIaMeEH-
TaJbHBIE I'PYIIBI TOMOTOMUYECKN DKBUBAJIEHTHBLIX ITPOCTPAHCTB M30MOP(d-
HBL.

Onpegeneuane 18.9. Ilycrs I' — rpad, a [V — rpad, MmHOXKeCTBa pedep u
BEPIIXH KOTOPOI'O ABIATCA MOIMHOXECTBAMHU B MHOXeCTBe pebep u Bep-
muH [, npuyem kouusr corBercByiomux pedep B I u IV Te xe. Torga I
HaswBaeTcsa moarpadowm ['.

3ameuanume 18.10. Ilycrs IV — moarpad rpada I'. Jlerko Bumaern, 9TO
TOMOJOIMYECKOe IPOCTPAHCTBO [ — 3aMKHYTOE IO AMHOXKECTBO B TOIIOJOI M-
9eCKOM TpocTpaHcTBe ['.
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Omnpegaenenue 18.11. BameHTHOCTD BepHInHbI rpada — KOJIUIECTBO pe-
6ep, oT 1 10 00, KOTOpEIE C HeU COoeuHeHLl. Bepmmua BajeHTHOCTH 1 BMecTe
¢ ee peOpOM Ha3BIBACTCA BUCIYUCH.

L ¢
r r

I'pad, nonyIeHHBIN BHIKUIBIBAHUEM BUCIYIEr0 pebpa

Jlemma 18.12: Ilycrs [V C I' — moarpad, nmoaydennnn u3 I' BeIOpachBa-
HUEeM BUCAYEro pe6pa [ u oqHou BepimuHel (cM. pucyHok). Torga IV asasercs
neOpMalMOHHBIM peTpakToMm ['.

[MoxazaTeascTBo: [IycTh s — BTOpOU (HEBHIKMHYTHIN) KOHeI peGpa [. Pac-
cMoTpuM oTobpaxkenue 1) : [ — IV mepeBoasmee | B s, U TOXIeCTBEHHOE
Ha [V. OueBngHO, OHO HempepBIBHO. UTOOLI yOEIUTHLCA, YTO 3TO AedopMa-
[IHOHHAA PeTPaKiusA, mocTpouM romoronuio u3 ¢ B ldp. [Ipeamonoxum, aTo
0 ma ! coorBercTBYeT S, a 1 COOTBETCTBYeT BHIKMHYTOU Bepimmue. [lycTh
Yy mercTByeT ToxaecTBeHHo Ha IV, m mepesoauT A € [0,1] = [ B tA € .
Jlerko BumeTh, 9TO 1, HENpPEpHLIBHO, Yy = 1, a ¥; = ldr. [losTomy IV —
ne@OPMAIMOHHBLIN PETPAKT. M

3ameuanme 18.13. U3 5Tou 1eMMBbI, MBI TIOJYYUIN, ITO JIOH60U Tpad TOMO-
TONMYEeCKN DKBUBAJEHTEH CBOEMY MOATpady, MOIyIeHHOMY BBIKWTHIBAHUEM
BUCSYEro pebpa.

YrBepxgenue 18.14: Konednoe gepeBo cTAruBaeMo (T.e. TOMOTONNYECKH
DKBUBAJEHTHO TOYKE).
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NoxazarenncTBo: Bocnonbsyemcs nngyknuen. [lycrs [ — nepeso m3 n+1
BepiuH u n pebep. [lockoabKy BaleHTHOCTH KaXJIOU BEPIIMHBL > 1, a Bep-
muH 6oablne, YeM pebep, HalIeTCs BEPUIMHA ¢ BAIEHTHOCTHIO 1 (mpoBepbTe
570). CooTBercrByOmEee pedpo — Bucsdee. O603umauuM 3a [ rpad, moay-
YeHHBIN €r'0 BBIOpachIBAHHEM. Y 5TOro rpada n BepmmH U 1. — 1 pe6po,
3HAYUT, DTO JepeBo. B cuiy mpensiaymen JeMMbl, [ TOMOTONNYECKA DKBU-
BaseHTHO [V, a B cmiiy mpennosioxenus nHAyKuu, I/ crarusaemo. m

Omnpegenenne 18.15. Cpasubiil rpad HA3BIBACTCA JEPEBOM, €CIN J0O00U
€r0 KOHEYHBIU, CBA3HBIA TOATPad ABIAETCA KOHEIHBIM JEPEBOM.

ITpumep 18.16: I[lycts [' — rpad, BepImHBI KOTOPOTO — KOHEYHBIE IO-
CJIe0BATEeNbHOCTU HATYPAJbHBIX YUCEN, a pedpa COemHUAIT JI00yI0 IOCTe-
noBaTeIbHOCTE A m An, rae An moaydeno u3 A nmobasienuem n. /[lokaxure,
gro [' — 5T0 Oepeso.

YrBepxkaeaune 18.17: I[lycre I' — nepeBo. Torga I' ognocBsasHO.

HokazareabcTBo. IIlar 0: OTMeTuM, 9TO A1 JOOLIX IBYX TOYEK T,y B
', coequuenusix pe6pom [z, y|, Takoe pe6po eIuHCTBEHHO. [[eMCTBUTEIbHO,
mHade B ' 6bL1 ObI moarpad ¢ BepIIMHAME =,y W AByMsA pebpamu, cOoemu-
HAOIIIME DTU BEPIIUHBLI, HO TAKOUW rpad mMeeT 2 BepIIMHEL, 2 pebpa, u He
MOXkeT ObITh nepeBoM. [losTomy oGo3HadeHwe [x,y| A1 COCETHUX BEPIIMH
T,y OTHO3HAYHO 3a1aeT pebpo.

ITar 1: [Iycts v € Q(T',m) — neras B I, a vy, v, 3, ... — Pa3IUIHBIE BEP-
mmHbl rpada, KoTopeie nocaenoBaTeabuo 06xoaut . [lycts 0 < ¢ < 1y <
ty < ... <1 — mocrenoBaTEIBHOCTD Ymcel Takux, 910 v (v;) = t;. [lockoabky
MOCJeJOBATEIbHOCTD {{;} MOHOTOHHA, OHA CXOAUTCA K Mpejery ¢, HO TOTIa

y(limt;) = v(t) = limv;,

B CUJIY HEIPEPBIBHOCTH Y. DTO BO3MOXHO, TOJHKO €CJIH IMOCJAe[0BATEIbHOCTD
v; KOHEYIHA.

IITar 2: Jlerko BUA€TH, 9TO MyTh, UAYIIAN II0 JePEBY W3 BEPIIUHLI T B Bep-
MIAHY ¥/, He 3aX0IA HU B KAKYIO APYT'YIO BEPIIUHY, TOMOTOIEH My TH, UAYIIEMY
no pebpy [z,y]. U B camom gexe, mycts 'y, — rpad, cocToAmmy u3 Beex
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pebep I' ¢ xornom B x u B y. [lockomeky I' 510 nepeso, I'; , — Toxe gepeso,
1 Bce ero pebpa, kpome [z, y|, Bucsauume. [losromy [z, y] — nedopmanunonubin
perpaxr [';,. B3gs xommozunuio y ¢ perpaxuues, NOIYyIUM IyTh, UIyIIUA
10 pebpy [z, y], ¥ TOMOTONHBIN 7.

HTar 3: Mur monyuwmau, 4to mawobas meTas nmo [' roMoTonuyecku >KBUBA-
JEHTHA [eTJe, KOTOpas 00X0ANT BEPUIMHBL V1, Vg, U3, ..., Uy, 10 PeGpaM [vg, o],
[vg, V3], ... 3HAUMT, JMH06aAsA TETJA TOMOTOIHA METIe, KOTOpas 06X04UT KOHed-
e moarpad ['. Ho koneunswie, cBasuble moarpadet [ cTAruBaeMsr, 3HAYIUT,
BCe TaKue TEeTIU TOXEe CTATUBAECMEL. M

18.3. YHunukandeckue rpadnl

Omnpegenenne 18.18. Koneunnin, cBasubin rpad [' HasbiBaeTcs yHUITH-
KJANYEeCKHUM, €CJIU Y Hero n BepuiuH u n pebdep.

3ameuanme 18.19. Ilycts I' — cBa3uBIM rpad 6e3 BUCAYUX BEPIIUH, UMe-
o n pebep u m BepimH. [lockonbKy Kaxaoe pe6po coeIuHAeT IBe Bep-
IIVHBI, U K KaXIOW BEPIIWHE MPUCOEIUHAIOTCA KAK MUHUMYM 1IBa pebpa,
uMeeM N > M, IpUYeM PABEHCTBO UMeeT MeCTO, TOJLKO €CIH BCe BePIINHBI
[ mmetoT BasteHTHOCTH 2.

M&1 moay4yuiu CaeqyIonyo ieMMy

Jlemma 18.20: Ilycts I' — KOHEYHBIN YHUIIUKIXYIECKUN rpad 63 BUCAIUX
BepmmH. Torga Bce BepmuHLL [' nByxBaseHTHBIE. Boaee Toro, I' romeomop-
heH OKPYKHOCTHU.

HokxasaTenbcTBo: Bocnonbsyemcs mugykiuen. [lycrs [ — yuunukinge-
ckui rpad 6€3 BUCAYNX BEPIIWH, & § — €0 BePIIMHA, K KOTOPOU TPUMbIKAIOT
pebpa [z, s| u [s, y]. Jlerko BugeTs, uTo I' romeomopdeHr rpady, moryIeHHO-
My u3 ' BEIKMIBIBaHWEM BepIIWHEL S U 3aMeHOU pebep [z, s u [s,y| Ha [z, Y|
(cM. KapTHHKY).

Bocnonb3oBasmmcs nHAyKIUeR, noayduM, 970 I romeoMopden yHumu-
KIMYecKoMy Tpady ¢ OJHOU BEPUIMHOU U OJHUM PeOPOM, TO €CTh OKPYKHO-
CTH. W
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Yannukiangeckuu rpad 6e3 Bucauux pebep us n pebep, n BepIIMH roMeoMopden
yHIDuKIndeckomy rpacdy u3 n — 1 pebep, n — 1 Bepmun

CaencrBue 18.21: [lycts ' — koneuynwit yuunukangeckuu rpad. Torga I’
TOMOTONWYECKN DKBUBAJIEHTEHTEH OKDPYXHOCTH.

[MokaszaTeascTBo: [lycTes [V moayden us I' BLIKMBIBAaHHEM BHCAYErO pPe-
6pa. Torpa IV asigerca gedopMannoHHEIM peTpakToM [, 3HAYUT, TOMOTO-
nuyvecku skBuBasteHTeH ['. Byaem BeIKuARIBATEH BucA4Iue pebpa, MOKa OHU HE
KOHYATCS, TOJYIUM YHUIUKJINIECKUN Tpad, TOMEOMOP(HBIN OKPYXKHOCTHU. B

3amedyanue 18.22. AHaJOrMYHBIA APIYMEHT JOKA3BIBAET, YTO CBA3HBLIN I'pad,
y KOTOpOro 7 Bepuiud u 1 + k pebep, TOMOTONUYIECKY DKBUBAJIEHTEH OYKeTY
k 4+ 1 okpyxkHOCTEH.

YrBepxkaenue 18.23: Ilycts 'y — aepeso, norydennoe u3 rpada [ Bo-

KuabiBaHueM ogHoro pebpa. Ilpemmomoxum, aro I' — me mepeso. Torga
T (P) = 7.
HokazareascTBo: [lockorpky ' — me gepeBo, B I' comepxurca KoHed-

b noarpad 'y, y koroporo n Bepmuu u n + k pebdep, k > 0. [lockoasky
BBIKUIbIBaHUE OAHOTO pebpa [ mpepamaer ['; B mepeso, £ = 0, u rpad
I'y — yaunukmuyeckun. [Iycrs T'\l, T';\l — rpadsr, noaydennse us I', T';
BeikugbiBanueM [. Torga [' monyden o6wequnenuem 'y u ['\[, mpuyuem ux me-
pecedenne ['1\| aBaseTcs nepeBoM, CJIeIOBATEIBHO, OJHOCBA3HO. [IpuMeHus
Teopemy 3endepra-an Kamnena, noayuaum, aro m (I') = w1 () * m (T\0).
[Mockomeky I'\l gepeso, ono oguocssasno, 3nadut, m (L) =m () =Z. »

Omnpegenenme 18.24. Byaem maswBaTh cBs3HbIM Tpad [ yHUNUKINIE-
ckuwMm, eciu m (I') = Z.

Jleknuu m 3a3a4M IO TOMOJOTUM - 352 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



Jleknua 18: lloarpynnsl B CBOOOAHBIX I'PYIIIIAX

18.4. dyHgaMeHTadbHaA rpymnna rpada

Omnpegenenune 18.25. Ilycts I' — cBasuwim rpag. OcToBoMm [' HaszwBatoT
MakcuMaabHBI noarpad IV C I') koTopeIl ABIAETCA AePEBOM.

3ameuanue 18.26. C10Bo MAKCMMAILHBIA B 3TOM OIIPEICJCHAN HAIO0 IIO-
HUMaTh Tak: npu gobasienun awoboro pe6pa uz ['\[V x I’ on mepecraer
OLITH nepeBoM. [IpumenuB aemmy llopHa, Jerko yoeauThesa, YTO y KaXkKA0TO
rpada eCcTb 0CTOB (IPOBEPLTE TO).

Teopema 18.27: ITycts [' — casuwiu rpad. Torga rpynna 71 (I') cBo6oaua.

MoxkazaTenncro. Illar 1: [Iycrs IV C I' — ocros I', nonyvyennnn us
I' BeikmabIBaHMEM pebep [, IPOMH JeKCUPOBaHHBIME MHAeKcamu o € 1, a Iy
— o0weaunenue [ u [,. B cuny Yreepxenus 18.23, m([,) = Z.

Mlar 2: ' = {J,., ['i,, npuaem nepecedenne I';, NT; , ana mo6bx o # o
paBro [V, caenoBaTensHo, 0AHOCBA3HO. [IpuMensas Teopemy 3endepTa—BaH
Kamnena, moydaem

m@) =[[mT.) =[]z

acl ael

3ameuanme 18.28. [lockoabky koHeunbn rpad [ ToMoTOmUMIecKkn HKBUBA-
JeHTeH OykeTy cdep, cBob6ogHocTh (') mas koHEIHOTO rpada HEMeIIeHHO
clefyeT U3 mojcdeTa (pyHIaMEHTAJLHOU TPYIILI OyKepa cdep, TPOBeJIeHHO-
'O BHIIIIE.

W3 npuBeneHHOrO BHIMIE TOACYeTa (PYHIAMEHTAILHOU TPYIILI Tpada BhI-
TeKaeT CJAefyollas BaxKHasd TeopeMa.

Teopema 18.29: (Teopema Hunncena-IlIpanepa, ” Nielsen-Schreier theorem”)
[Iycts F' — cBoGoguas rpymnmna, a G C F' — ee moarpynna. Torga G cBo-
00HA.

[dokazarenbcTBo: ['pynny F' MOXHO IMONYyYUTh KaK (PyHIAMEHTAIbHYIO
rpymnmy mpocrpancTsa M, romeomopduoro 6ykery okpyxuocren. [lycts M

— YHEBepcaibHOe HaKpeiTue M, cHabXKeHHOe eCTeCTBeHHBEIM jJencTBueM F) a
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Mg = M/G ero daxtop no G. Jlerko Bugers, uTo Mg 510 rpad (mpoBepbTe
5710). [Tockoabky M — Mg — yHEHBepCAIbHOE HAKDBITHE, m(Mg) = G.
Suaunt G — QyHIaMeHTadbHAsA Tpymnna rpada, a Takas rpymnmna cBOOOIHA
10 TPEIBIAYIIEeN TeopeMe. m
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JIncTok 0. BemecrBennnie dmcaa

JIncTrok 0. BelriecTBeHHBIC YHCTIA

[lns 5TOrO MUCTKA TPEOyeTCsa 3HAKOMCTBO ¢ moHATHeM noJsa. OupegeaeHus u
331241, TPUBEJIEHHBIE HIXE, 3HAKOMBI OOJBITUHCTBY CTYAeHTOB. 2Keratomnme
OCBEXWUTH IIKOJBHYIO IPOrPAMMY WM BCIOMHUTH OCHOBHEIE OIIpeIeTeHU
MOT'YT IIOCMOTPETH TOT JUCTOK M MPOPENIATh 33a494. B Tomomornm MoXHO
060UTHCH 6€3 BElmeCTBEHHBIX YUCET, HO MOHATHE BEIIECTBEHHOI'O UUCAY —
KJII0Y€BOE B METPUYIECKOU TeoMeTpuu; HOJIBIIOe YUCI0 TPUMEPOB TOIOJIOT U~
9eCKUX IPOCTPAHCTB CTPOATCA HA OCHOBE BEIIECTBEHHBIX YMCEJ.

0.1. dyHgamMeHaATbHBIE TTOCJE0BATEILHOCTMH.

OO6BIMHO BeleCTBEHHBIE YNCIa MPUOIMKAIOT PAINOHAILHBIMU — HAIPUMep,
PACKIAIBIBAIOT YUCIO ¢ B 0€CKOHEYHYIO IeCATUYIHYIO npoOb ag,A1ds. ..,
pPacCMaTPUBAIOT Pa3HBIE KOHEYHBIE OTPE3KHU (g, A1d3 . . . d ITOU APOOU KaK
Bce 6osee TodHbIE mpubamxkenusa a. [Ipm sTom HekoTOpBIE TPOOU OOBABIA-
I0TCA DKBUBaJeHTHBIME, HampuMep, 1,00000... u 0,9999.... OkasbBaeTcs,
YTO CTPOrO ONPENeNATh apupMeTUIeCKrue OMepPAIui Ha BEIeCTBEHHBIX YH-
ClaX W JOKA3bIBATH WX CBOMCTRBA MPOIIE, €CIU PACCMATPUBATEL HE KOHKPETHO
IecATUYIHBIE IpOoOHU, a BOOOIIE JI00BIE MOCTeIOBATEILHOCTH PAMOHAILHBIX
quces, TpuOINKAIONIe TaHHOe BelleCTBeHHOe Yuchao. [Ipm aToM cHOBA HA IO
VIUTHIBATH, YTO Pa3HbIE MOCIEIOBATEILHOCTH MOTYT OBITH 3KBUBAJEHTHEI
(mpubaukaTh OHO U TO XK€ Yuca0). C JOruIecKOU TOYKU 3PEHUs, IPOIIE BCe-
0 IPOCTO OO'BABUTH BEIIECTBEHHBIM YUCJIOM MHOXECTBO MPUOIMKAIOIINX
er0 TOCJIeJOBATEILHOCTEN PANMOHAJILHBIX Yuces. Ha 3ToM ocHOBaH moaxo
Kommmu x cTporomy moctpoeHuo MHOXECTBA BEIIECTBEHHBIX YUCE.

Onpegenenne 0.1. Byjxem roBoputh, 9T0 HEYTO BEPHO AIsA HOYUTH BCEX
DJIEMEHTOB MHOXECTBA, €CIM OHO BEPHO [JIS BCEX DIEMEHTOB, KPOME KOHEY-
Horo ux wmcaa. Ilycrs {a;} = ag,a1,az,... — HOCIEIOBATEIBHOCT pally-
oHAJbHBEIX ducea. [osopsar, ¥ro {a;} — dyHFamMeHTaIbHAsA HOCIEOBa-
TEJbHOCTD, UIM MOCAEJ0BATEILHOCTDb Kommm, ecau 1s J060r0 panu-
OHAJBHOTO € > () CyIIecTBYeT OTPEe30K [x,y| AIMHEL €, KOTOPHIU COLEPKUT
noutu Bee {a;}.

3amaya 0.1. Ilycts a — panmonaabpHOe 4Yucao. [JokaxuTe, 9T0 MOCTOAHHAA
OCJIeTOBATEJIbHOCTD @, @, ... — IIOCIe0BATEIbHOCTL Komm.
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Taxyio mocaeI0BaTeILHOCTh MBI Oy1eM 0603Ha4aTh Yepes {a}.

3agadga 0.2. Ilycrs {a;} — mocrenoBarensHocTs Kommu. [TepecraBuM B mpo-
M3BOJBHOM TIOPATKE DJIEMEHTHI a;. [[okaXwTe, YTO TOJYIUTCA TOCTETOBA-
TeJIbHOCTH Kormm.

3agaga 0.3. [laHa moCaeI0BATEILHOCTL {a;} PAIMOHANLHBIX YUCEN, TPU-
Hauexamux orpesky I = [a,b], a,b € Q. [Joxaxure, uro u3 {a;} MOXHO
BLIGPATH I10ATI0CAEJ0BATEILHOCTD, KOTOPas ABIACTCA MOCICA0BATEILHOCTHIO
Kormm.

Yxazauue. Paszgeaum orpesok [y = [a,b] momonam. B oxHoun u3 momosun
(o6o3ua4uMm ee I;) comepkuTcs GECKOHEYHOE HYUCIO DIEMEHTOB MOCJIeI0Ba-
TenbHOCTH. Boikunem u3 {a;} BCe nreMeHTHI, KpOMe ag, KOTODHIE HE JIEKAT
B I;. Paznenum I; nmomonam, u T.1. B orpeske [, moaydenrHom Ha k-M mia-
re, COJIEPKATCA BCE DJIEMEHTHI TIONYIeHHOU TOCIET0BATEIbHOCTH, HAIUHASA C
k-TO, ¥ DTOT OTPE30K UMEET MJIUHY ”Q_—k“

3agaga 0.4 (!). [Jana MOHOTOHHO BO3PACTAIOMIAA OCJIEJOBATEIBHOCTD 4] <
ay < ag < .... U3BecTHO, 9TO BCE @; OrPDAHUYEHBI CBEPXY HEKOTOPOU KOH-
craaron C: a; < C. [lokaxure, 9T0 3TO IOCIEI0BATEILHOCTL Kormn.

Yxkazauue. Bocnoib3yuTech MpeIbIIyIen 33, axen.

Omnpegenenne 0.2. Ilycrs {a;}, {b;} — nocaegoBareasrocru Komu. Onu

Ha3bIBAIOTCSA DKBUBAJIEHTHBIMH, €CJ1 OCIE0BATEABHOCTS ag, by, a1, b1, as, b, ...

— IOCJeI0BaTEeIbHOCTE Komm.

3agaga 0.5. Ilycrs a, b — aBa panmonagbHbix 4ucaa. [Jokaxure, uro {a}
SKBUBAJEHTHA {b} TOrma m Toabko Torma, koraa a = b.

3agaua 0.6. [Joxaxwurte, ITO MOCTEJ0BATEILHOCTD KON DKBUBAJEHTHA, JTFO-
60U CBOEH IIO/III0C/IEI0BATEIHLHOCTH.

3agaua 0.7. [lokaxwure, 4yTo ecau {a;} sksuBanentHa {b;}, To {b;} »xBu-
BaJeHTHA {q;}.

3agaua 0.8 (!). Iycrs {a;}, {b;} — nBe HEePKBUBAIEHTHBIE OCIELOBATENb-
vHocTu Komm. /lokaxwuTe, 9YTO CymIECTBYIOT IBa HEMPECEKAIOMWXCA MHTEP-
Baaa I, I, Takme, 9TO mMOYTH BCe q; JexkaT B I, a mouTu Bce b; — B Is.

Jlexknuu u 3a3a4M IO TOMOJOTUH - 358 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



JIncTok 0. BemecrBennnie dmcaa

Yxkazanme. [Ipumenute onpenenenue nocaenoBaresbuocT Komum K € = 2%
LIS BCEX M.

3agaga 0.9 (!). Jokaxure, 4TO ecau MOCIEJOBATEILHOCTH {a;} DKBUBa-
JeHTHA nocaegoBarenbuoctu {b;}, a nocaenosarenbHocTh {b;} DKBUBAJIEHT-
Ha mocaegosBaTeabHocTu {c¢;}, To {a;} sxBuBamenTHa {c;}. (DTO CBOMCTBO
BBIPAXKAIOT CAOBAMHU ‘DKBHBAJEHTHOCTH IMOCIeAoBaTeabHocTen Ko Tpan-
3uTuBHA”.)

Onpeaenenne 0.3. Ilycts {a;}, {b;} — nBEe HePKBUBaKEHTHBIE IOCIEIOBA-
reasroctu Komm. Tosopsr, aro {a;} > {b;}, ecam a; > b; pas mourm Bcex
l.

3agadga 0.10. Ilycrs {a;}, {b;} — ABe HesKBUBaIEHTHBIE TOCJELOBATEb-
noctu Komm. [Tokaxwure, aro wm {a;} < {b;}, mm {b;} < {a;}.

Yxkazauue. Bocnoawsyurecs 3anaden 0.8.

3agaga 0.11. ITycrs {a;}, {b;} — ABe HePKBUBATEHTHBIE OCIEI0BATEIBHO-
ctu Komn, u {a;} < {b;}. [Jokaxure, 4T0 CymecTBYIOT [IBa PAIUOHAILHBIX
qucaa ¢, d rakux, 910 {a;} < {c} < {d} < {b;}.

Ykaszaame. Bocnoan3yuTech IpeabIIyIINM YKA3aHUEM.

3agaua 0.12. IIycrs {a;} < {b;}, a {b;} sxkBuBazenTHo {¢;}. Jokaxwure,
9T0 {az} < {Cz}

Ykazanme. Bocnoab3yuTech IpeabIIyINen 3a1a9el, i OpefeJIeHueM 10 CIe-
posarenbHocTu Komu nus ao6oro € < ¢ — d.

3apgaua 0.13. Ilycrs {a;} — mocrenosareasrocTs Komm, a ¢ € Q — pa-
IOTUOHAJBHOE YINCJO. rZ[OK?:L}KI/IT'G, 9TO Ccjlaeayrmwoiiue CBOfICTBa JKBUBAJEHTHBI

a. {a;} PKBUBaJIEHTHA MOCJIELOBATEIBHOCTH {C}.

6. B m060M OTKpHITOM OTpe3Ke |z, y[, comepkaieM ¢, COTePKUTCA Gec-
KOHEYHO MHOT'O DIEMEHTOB MOCJAeI0BATEIbHOCTH {a; }.

B. B 11060M OTKPEITOM OTpe3Ke |z, Y[, cogepKaIIeM ¢, COAepKATCA IOUTH
BCe DIEMEHTHI [OCAeI0BATEIBHCTH {a; }.
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Omnpegenenne 0.4. Eciu 11060€ u3 BBIIEYKA3aHHLIX CBOWCTB BHIIOJHEHO,
MBI TOBOPUM, 4TO {@;} CXOAUTCA K C.

3agaga 0.14. TTycts {a;}, {b;} — nocaemosareabnocTu Kommu. /Tokaxure,
1o {a; + b;} u {a; — — — b;} — nocaegoBaressuocTr Komm.

3agaga 0.15. Ilycrs {a;}, {b;} — mocaegoBarensuocTu Komu, npudem b;
cxogures K 0. [lokaxwure, 9uro {a;} sxkBuBasenTHa {a; + b;}.

3agaga 0.16. ITycts {a;}, {b;} — nocaemoBareabnocTu Kommu. /Tokaxure,
410 {a;b;} — nocaegosareabrocTs Komrm.

3agaga 0.17. [lokaxure, 9To ecau {b;} cxomurcsa x 1, To {a;b;} >kBuUBa-
JeHTHA {a;}.

3agaga 0.18. Ilycts {a;} — nocrenosarenrsaocTs Ko u3 HeHyIE€BEIX Yu-
cem, koTopas He cxoautea x 0. lokaxure, 9T0 {a; '} — mOCIEIOBATETBHOCTE
Kommn.

Yxazauue. /lokaxure, 9TO CyIIeCTBYET TAKOU He comepxkarmuu () 3aMKHY-
THIN OTPE30K |2, y|, 4T0 mouTu Bee {a; } conepxkarcs B [z, y|. [IycTs mouTu Bee
{a;} comepxarca B orpeske I C [r,y] nmuw e. Jokaxure, aro Bce {a; '},
KpOMe KOHEYHOT'O ucaa, cofepkarca B orpeske I~ pmunnt €(min(|z|, [y|) .

Omnpegenenne 0.5. Kiaccom skBUBAIE€HTHOCTH TOCIe10BaTeabHOCTH Ko-
mn {U,Z} Ha3bIBa€TCA MHOXECTBO BCEX HOCJIG,Z[OB&TGJILHOCTGIZ KOH_II/I, JKBU-
BaJICHTHBIX {a,} MHuoxecTBO KIaCcCOB BKBI/IBaJIeHTHOCTefl Iocae [0BaTEJIbHO-
crei Komm Ha3BIBACTCA MHOXKECTBOM [JEMCTBUTEILHBIX IHCEI U 060-
3Ha"aeTcA depe3 R.

3agaga 0.19. [loxaxwure, 9T0 COOTBETCTBHE ¢ — {C} 3a1aeT UHBEKTUBHOE
oTobpaxenue u3 MHOXKecTBa (Q Bcex panmoHaJbHBIX ducea B R.

3agaga 0.20 (!). [JoxaxwuTe, 9TO YeTHIpE APUPMETUIECKUAX ONEPAIUH, KO-
TOpble MBI onpenenuan Ha R B 3agadax 0.14- 0.18, zagaior Ha R cTpykTypYy
TOJIA.
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0.2. [leageKnHIOBBI CEYE€HUA.

['1aBHBIM HETOCTATOK OMpeNeNeHus MeMCTBUTETbLHBIX YHCcen depe3 QpyHIa-
MEeHTAJbHBIE TOCJIeIOBATENBHOCTH — DTO TO, YTO DKBUBAJEHTHBIX (DYHIA-
MEHTAJIBHBIX MOCICJOBATEILHOCTEN OYeHb MHOT'O: OIPEJIeNeHNe MOJyIaeTCsa
0YeHb HEABHBIM. TPYyJIHOCTH DTa CKOpee TCUXOJOTruYecKas. 1eM He MeHee,
ecTh crnocob ee mpeogoJeTb — OoJee HaIVIATHOE ONIpefej]eHNe BelleCcTBEeH-
HBIX 9HCeN, KOTOPOe MPEeITOXua /lemeKuH.

Omnpegenenne 0.6. I[Iycte R C Q — moagMHOXECTBO B MHOXKECTBE pallu-
OHAJLHBIX YHCET, KOTOpoe HemycTo u He paBHO Bcemy Q. ['oBopsar, uto R
— ceuyenue [lemexkunpga, eciu u3 a € R u b < a cregyer, uro b € R.
Cedenne [legekuuga R Ha3bIBaeTCA 3aMKHYTBIM, €CJIH CYIIECTBYET TaKoe
paluoHaIbHOE YuCIO0 a, 9TO0 b € R Torga m Toipko Torga, korga b < a. B
OPOTUBHOM caydae R Ha3hIBaeTCA OTKPBITHIM.

[Mycrs {a;} — nocaegoarersnocTs Komu. O6o3natmm depes Ry,,} MHO-
KECTBO TAKUX pauuoHaIbHBIX 4ucea b, aro {b} < {a;}.

3aga4a 0.21. [okaxute, uT0 Ry, — ceuenue [lemexunna (T.e. ecam b €
Ris), ac<b, to c € Rg,y). [lokaxure, 9T0 DTO Cee€HIe OTKPHITO.

3agaua 0.22. Ilycrs {a;} u {b;} — DKBUBAIEHTHEIE MOCIEIOBATEIHHOCTH
Komm. /lokaxure, 9T0 Ry = Ry,

3agaga 0.23. Ilycrs {a;} u {b;} — HEPKBUBATEHTHBIE TIOCIEIOBATEILHOCTH
Komm, n {a;} < {b;}. Jokaxure, 910 R{e;1 C R{3,}, HO 5TH MHOXeCTBa He
COBIIAJAIOT.

Yxkasauume. Paccmorpure Touku mnHTepBana [c,d| us 3agaun 0.11; kakomy
13 MHOXECTB Ry4;1, Ry} OHU IpHHAIEIKAT?

3agaga 0.24 (*). Ilycrs {a;}, {b;} — aBe mocaenosarersrocTu Komu. [o-
Ka)KUTe, 9T0 OHM DKBUBAICHTHBI TOIIA ¥ TOIBKO TOI/A, KOrAa Rigy = R,y

Ykazauue. Bocnoassyurecs 3agaden 0.10 (1 npebIymmmu 3a1a9aMu).

3agadga 0.25 (*). I[Iycre R C Q — otkpeiToe cedernne [lemexunna. [Joka-
xuTe, 9T0 R = Ry,,} 114 KaKOH-TO (pyHIaMEHTAIBHOM IIOCIeJ0BATEILHOCTH

{ai}.
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Yxazauue. Paccmorpure unrepsan [y = [a, b] Takou, uTo a aexur B R, a b
— mer. [logemure ero momosam, BeIGepuTe MOJOBUHY [; C T€M XK€ CBOUCTBOM.
[ToBTOpHUTE NIpOLIECC, ¥ BO3BMHUTE B Ka9€CTBE a; JI00YI0 TOYKY WHTEpBaaa I;.

Mgl BuAEM, 9TO MHOXECTBO KJIACCOB DKBUBAJEHTHOCTHU IMOCTEI0BATENb-
mocren Komm — 3T0 TO %€ camoe, 9TO MHOXKECTBO OTKPBITHIX cedeHuu [le-
nekuuaa. [lopTOMy HeMCTBUTENbHBIE YMCIA MOXKHO C TEM XK€ YCIEXOM OIIpe-
IeJsaTh Kak cedenus /lenexkunga. B nanpHenmeM moap3yuTeCh TEM U3 OIpe-
IeJeHn, KOTOpOe BaM yaIo0Hee.

3agaga 0.26 (**). Oupegeanre apudmerwdeckue onepauuu Ha R HEmo-
cpeacTBeHHO 4epe3 cedenus [lemekumuga, e mpuberas K MOCIEI0BATEIbHO-
ctam Komm. IIpoBepbpTe akCHMOMBI TOJIA.

Yxkazauue. UT00BI OIpeaeInTh YMHOXKEHNE, ONPEIEIUTE CHAYAJAA OTIePAIIAY
“YMHOXKEHWE Ha MOJOXKUTEIbHOE TeUCTBATEILHOE YUCI0 ¢ U “YMHOXKEHUEe Ha
—17, m JoKaxXuTe TUCTUOYTUBHOCTD IJIA KAaXKIOU U3 HUX MO OTAEILHOCTH.

0.3. CynpemyMm u MHPUMYM.

Onpepenenne 0.7. [lycts A C R — HekoTopoe moaMuox)ecTBO R. MHOXe-
cTBO A Ha3BIBAETCA OrPAHUYEHHBIM CHU3Y, €CJIU BCE DIeMEHTH A 6OJIbIIe
HekoTopou KoHCTaHTH C' € R. MHOoXecTBO A Ha3zbIBaeTCA OrPAHUYEHHBIM
CBEpXY, eCIu Bce daeMeHTh A MeHbIle HeKoTopou KoHcTaHThl C' € R. Muo-
XecTBO A Ha3BIBAETCSA OTPAHUYUYEHHBLIM, €CIH OHO OT'PDAHUYEHHO CBEpPXY U
CHU3Y.

Omnpegenenne 0.8. [lycts A C R — mexkoropoe nmoamuoxkectso R. Undu-
mym A (o6o3nagaercs inf A) ecrs Takoe uuciao ¢ € R, uro ¢ < a mias Bcex
a € A, u B m060M OTKPHITOM OTpe3Ke |z, y[, comexaieM ¢, conepkarcsa u
snemenThl a. Cynpemym A (o6o3nadaercsa sup A) ecTs Takoe ducio ¢ € R,
9TO ¢ > @ 1 BCeX a € A, U B 11060M OTKPBITOM OTPE3Ke |z, y[, coaexamiem
€, COJEPKATCA U DJICMEHTHI a.

3agaga 0.27. [lokaxure, uro inf A u sup A equHCTBEHHBI (€CIM CyLIECTBY-
I0T).

3agaga 0.28 (!). [lycts A — orpaHudeHHOe CBEPXY MHOXKECTBO. [[oKaXKu-
Te, 9TO sup A cymecTsyer.
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Yxazanume. Paccmorpum Bce a € A kak cedenus [legekunmga, T.e. mOIMHO-
xkectBa B Q. BosbMeM ux o6benunenue R; mockoabky Bce a < (', oT0 OymeT
Toxe cedenne /lenexkuuga. [Joxkaxure, uro inf A = R.

3agaga 0.29 (!). Iycte A C R — orpaHuveHHOe CHU3Y MHOXKeCTBO. [[o-
kaxmure, 9To inf A cymecTByer.

3ameuanue. [lycte A C R e orpanndeno cumsy (cBepxy). Torga numryT

inf A = —oo (sup A = o0).

0.4. KopHM MHOIOY/J€HOB HEYETHOM CTEICHU.

3aga4ua 0.30 (!). /lan moaumHOM HedeTHOU cTemenu Hanx Q, P = 2! +
Aont?™ + aop_ 112" + ... + ag. llycts Rp — MHOXecTBO Beex z € Q Taxux,
aro P(t) < 0 ma orpeske | — 0o, x]. [Jokaxure, 410 Rp HEIyCTO.

Ykazanme. [lokaxwure, 4To Rp cogepxur —max(1l, > |a;|).

3agadga 0.31 (!). Joxaxwure, 4T0 Rp — He BCe MHOXKECTBO BEIIECTBEHHBIX
qHCel.

Ykazanme. [loxkaxwure, uro gonoxnenue Q\Rp comepxut max(1l, > |a;)).
3agadga 0.32 (!). Joxaxwure, uro Rp — cedenue [lenekuna.

3agadga 0.33 (!). Joxaxwure, uro P ymnosaerBopser cBoumcTBy Jlummm-
na: 1us mo6oro orpeska I cymecTsyer Takas koucranta C' > 0, uro |P(a)—
P(b)| < Cla — b| masa aobbix a,b € 1.

3agaga 0.34 (!). PaccmoTpuM neaekuHaI0BO ceuenne Rp Kak BeIleCTBEH-
Hoe unciao. [Jokaxure, uro P(Rp) = 0. Tem cambiM, J1060U MHOTOYWICH He-
JeTHOU CTemeHM Hajg R mMeeT KOpeHb.

Ykazanme. [lokaxure cHadaza, 4To P(Rp) < 0. 3aTeMm goKaxuTe, 4TO
P(Rp) < 0 mporuBopeunt 3ajgade 0.33.

Jlexkuuu u 3348494 M0 TOMOJOrUH - 363 - VERY ROUGH DRAFT, VERSION 0.9.5, 16.09.2009



ITPUJIO>KEHUE. BENECTBEHHBIE YUCJIA.

0.5. IIpeaeusi.

Omnpegenenne 0.9. [Iyctb A C R — moaMHOXECTBO B MHOXECTBE Bellle-
CTBEHHBIX YHCEJ, & ¢ — BEIIeCTBEHHOE YHCI0. 109YKa ¢ HA3LIBAETCA IIpe-
JEIBLHOM TOYKOM MOCICIOBATECIRHOCTH A, eCclinm IS KaXJI0r0 OTKPHITOTO
unrepBana I =|x,y[, conepxamero ¢, B I cogep)urcsa GECKOHEYHO MHOI'O
D1eMeHTOB A.

Onpeagenenne 0.10. Ilycte {a;} — mocaegoBaTEIbHOCTH BENIECTBEHHBIX
quCel, a ¢ — BEIECTBEHHOE YUCaO0. [IyCTh MJIsi KaX 10r0 OTKPLITOrO UHTEP-
Bana I =|z,y[, comepxamero c, B I conepxkarcs Bce daeMeHTH {a; }, Kpome
KOHEYIHOTO 9ucaa. Torga roBopAT, 9TO ¢ eCTh IpeAes MOCIeJ0BaATeIbLHO-
ctu {q;} (o6o3uagaercsa ¢ = lim;_, a;). Eme rosopsr, 1yro nocrenosarens-
HOCTH @; CXOOUTCA K C, WIA CTPEMHATCSA K C

3agaga 0.35. Ilycts ¢ — mpenenbHas TOYKA MOCIEIOBATEIBHOCTH {d;}.
[lokaxuTe, 9TO U3 HEe MOXKHO BHIOPATDH MOAIOCAEI0OBATEIBHOCTD, CXOIAIILY-
10cd K C.

3agaga 0.36 (*). /lama nocienoBaTeIbHOCTD {a;} TOYEK HA OTpPe3Ke [T, Y.
[lokaxuTe, 4TO y HEe €CTh MPeaeNbHbIe TOYKH.

Omnpegenenme 0.11. MuoxkectBo A C R HazwsiBaeTCA FUCKPETHBIM, €CIN
Y Hero HeT IpeaeabHbIX TOYEK.

3agadga 0.37 (*). Ilycrs {a;} — mocrenoBarenrsHOCTH. O603HAYNM MHOXKE-
cTBO Beex a; 3a A. [lokaxure, 9T0 {a;} CXOAUTCA TOrJa M TOJBLKO TOTAA,
Korjga A He mMeeT 6eCKOHEYHBIX NUCKPETHHIX IOJAMHOXECTB, 1 UMEeT eI1H-
CTBEHHYIO MPEJIEIbHYIO TOYKY.

3agaua 0.38. Paccmorpum mocaenoBatensnocts 0,1,2,3,4,.... [loxaxmu-
Te, 9YTO Y DTOU MOCAETOBATEALHOCTU HET Tpeea.

3agadga 0.39. Paccmorpum nocrenosarensuocrs 0,1,1/2,1/3,1/4, .. .. [lo-
KAXUTe, 9TO DTa MOCAEI0BATEILHOCTb cxoauTcesa K 0.

3agaua 0.40. /[ana MOHOTOHHO BO3PaCTAIOMIAA MMOCJAEIOBATEILHOCTD (1 <

as < az < ..., a; € R. 3BecTHO, 9TO BCE a; OrPAHUYEHBI CBEPXY HEKOTOPOU
koucraunTou C: a; < C. Jokaxure, 9TO 3Ta MOCJIETOBATEIHLHOCTH MMEET
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npejgen. Vcmonb3yure onpeeienne BEMECTBEHHBIX YUCe] depes cedenus [le-
NEeKUHIA.

Ykasanme. [lokaxwure, uro lim; .., a; = sup{a;}, u Bocmoae3yurecs cyuie-
CTBOBAHUEM CYIIPEMYMaA.

Omnpegenenne 0.12. Ilycrs {a;} = ag, a1, az, . .. — TOCIETOBATEIHLHOCTD Be-
MIECTBEHHBIX umcen. ['oBopaT, uro {a;} — mocaegoBareabHocTs Kommm,
ecan A Kaxaoro € > 0 CymecTByeT OTPe30K [z, Y| IJIWHBL €, KOTOPHIU CO-
IepXKUT BCe {a;}, KpOME KOHEYHOI'O YUCIIA.

3ameuanme. To xe camoe ompeeneHre UCTOIL3YETCA A TOCAeTOBATE b
HocTen Komu panmoHaJbHBIX YuCe.

3agadga 0.41. Ilycrs nocrenoBarenbHOCTD {a;} CXOAUTCA K KAKOMY-HUOY Ib
BellleCTBeHHOMY uucay c. [lokaxure, 4T0O 3TO mocaegoBaTeabHOCTh Kormmu.

3agaua 0.42. Ilycrs y mocrenosareasHoctu Kommu {a;} ects monmocaeno-
BATEIbHOCTD, KoTOpas cxomurcsa K © € R. Tokaxure, uro {a;} cxogurcs K
T.

3agaua 0.43. Ilycrs {a;} — mocaenoBareasuocts Komu. PacemoTpum mo-
C1e0BaTeIbHOCTH {b;}, b; = inf;>; a;. [JokaxuTe, 94T0 3TOT NHPUMYM OIpe-
JeJieH, ¥ 9TO0 TOC/JIeI0BATEeIbHOCTD b; BO3pacTaer.

3agaua 0.44. B ycioBusx mpenbiaymien 3a1add TJOKAXKWTE, 9TO eCJau TIO-
CJeIOBATEIBHOCTE {b;} mMeeT mpegen, To lim; .. a; = lim; ., b;.

3agadga 0.45 (!). Iycrs {a;} — mocregoBarenrsHocTs Komm. [lokaxure,
4o {a;} cxoamresa. Vcnoap3ynre onpegeseHne BEIECTBEHHBIX YUCEN Yepe3
ceuenus [lenexkunna.

Yxkazanue. Bocnoan3yuTech mpeIbIIyIIen 3a1a9€en.

3agadga 0.46 (!). IIycrs {a;} — mocrenoBarenrsrocTs Komm. [Tokaxure,

49To {a;} cxoxurcsa. Vcnoap3ynTe ompegeseHre BEIECTBEHHBIX YHCET depe3
mocaegoBaTenbHOCTH Komm.
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Yxkazanuue. IlycTs BemecTBenHOE 9UCIO {a; } TPEICTABICHO TOCIEIOBATEb-
socrbio Komm panuonansubix gucern a;(0), a;(1), a;(2), .... [lepeitgs k momo-
CJIEJOBATEIBHOCTH, MOXKHO IIPEAI0JIAraTh, 9To Bee a; (i > n) Coepxkarcs B
orpeske guHbl 2" u Bee a;(f) (j > m)cogepxkarcs B oTpe3ke IauHBL 2.
MokaxuTe, 9TO MOCAEAOBATEABHOCTE {a;(i)} — nocaegosareabuocTs Kommn,
U K IOpeJCTaBICHHOMY €l BeIIeCTBEHHOMY YMCIY CXOIUTCA IOCACJOBATENb-
HOCTB {a;}.

3agaga 0.47 (!). (reopema o aByx mumnunuonepax) Ilycrs {a;}, {b;}, {c:}
— CXOJANINECS IOCJIEeTOBATEILHOCTH BENIECTBEHHBIX YHCEN, MpUIeM a; <
b; < ¢; naa Bcex 4. IIpemmoaoxum, dro lim; . a; = lim; . ¢; = x. [oka-
xure, 910 lim;_, o b; = x.

3agaua 0.48 (*). Ilycts mocrenosarensnocTs {a;} cxogurcea K . Jloka-

XKHUTe, 9TO IOCJeJOBATeIbHOCTD b; = % o0 cxogurcs x . [IpuBenure

npumep, korga {b;} cxogurcs, a {a;} He cxogmTCA.

0.6. Paamoi.

Onpegenenne 0.13. Ilycte {a;} — mOCIEIOBATEIBHOCTH BENIECTBEHHBIX
qmces. PaccMOTpUM HOCIEL0BATEIBHOCTD YaCTUYHBIX CYMM Y . o @;. Bcin

BT MOCIELOBATEILHOCTh CXOAUTCA, NOBOPAT, 9TO PAX ) .~ (; CXOZUTCH.

o0
B srom ciyvae mumyT ) ° a; =z, TAe

n
r = lim 5 a;.
1—00
i=0

YacTo mumyT mpome: » | a; = .

Omnpegenenne 0.14. Psx ) a; aGCOMIOTHO CXOAUTCA, €CIU CXOAUTCA DAL

> lail.

3agadga 0.49 (!). [Jau abGcomroTHO cxomsmmucs pajg » a;. [Jokaxure, 9To
DTOT PAJ CXOJIUTCA.

3agadga 0.50. [lan aGcomrorHo cxosammucs pajg » a;. Ilycrs b; — makas
MMOCJeI0BATENHbHOCTh HEOTPUIATEIBHBIX 9uCeN, 9TO a; > b;. [lokaxure, 910
psx Y b; aGCOMOTHO CXOAUTCA.
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3agadga 0.51 (**). Ilycrs a;, b; — Takuwe mocae10BaATEIHLHOCTY BEIECTBEH-
HEIX 9HCeJ, 9TO PAAEL Y az, Y b? cxonarca. lokaxure, 9To pag » . a;b; cxo-
TTATCA.

3agadga 0.52 (*). IIycrs a; — moC/ae10BATEILHOCTD IOJOXKUTENLHBIX Be-
MIECTBEHHBIX 4ucel. [Ipefes mocae0BaTe bHOCTH IPOU3BEIeHUAN

lim J](1+a)
=0

o6osnagaerca |[;-(1 + a;). Ecau sror mpegen cymecrsyer, TO IOBODAT,
(o]
1r0 GeckonedHoe mpoussegenue | [~ (1+a;) cxogurca. Ilycrs npounssegenne
oo o
[[:2o(1 + a;) cxogmrea. Jlokaxure, 9TO PAX » .-, G CXOJUTCH.

Bagaua 0.53 (*). [loxaxure, aro Geckonednoe npoussegenne [ [ (14 5)
CXOUTCA.

3agada 0.54 (**). Ilycrs pag | a; cxogures. Jokaxure, 9to [[2)(14+a;)
TOXKEe CXOJUTCA.

3agadga 0.55 (!). Ilycts ap > a3 > ay > ... — MOHOTOHHO YOBIBAOIIASA
MOCIeJOBATEIHHOCTD MOJOXNATENLHBIX BEMIECTBEHHBIX IUCEN, KOTOPasd CTPe-
murcs K Hymo. Pacemorpum pag > - (—1)'a;. [Jokaxure, 9410 5TOT pAL
cxoguTcea. Takon paj HA3BIBAETCA 3HAKOIEPEMEHHbBIM.

3agadua 0.56. [JokaxuTe, 4TO Py » m CXOJUTCH.

i 1
n (n+1)"

Ykazanue. Bocnoap3ynTech COOTHOLMIEHIEM
3agaua 0.57. [loxkaxure, 9T0 DAL Y. -5 CXOLUTCA.
3agaga 0.58. [lokaxure, 9TO psajg » % CXOIUTCA.

3agadga 0.59 (!). Joxaxwure, 9TO psag y 2% cxonurca. Beraucaure, x vemy
OH CXOAUTCA.

3agaga 0.60 (*). [Jokaxure, 9T0 pag y ., fl—f CXOIUTCA 1JA BCexX T € R.
3agaga 0.61 (**). Paccmorpum pag >~ fb—r,b B IOJHOM YIOPAJOYEHHOM
moae A. CxoxuTcesa Jau >Ta cymma 1is Bcex x € A?
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